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§1 'uSK

5. � v1, . . . ,vk ∈ V \ {0}. y²µXJ v1, . . . ,vk üü��Ñ´ π/3, K v1, . . . ,vk �

5Ã'.

y². 5¿� v1, . . . ,vk �5Ã'��=�§��ü z�þ�5Ã'. u´, Ø��

v1, . . . ,vk Ñ´ü �þ. d�, ù
�þ� Gram Ý
´

G =


1 1

2
· · · 1

2
1
2

1 · · · 1
2

...
...

. . .
...

1
2

1
2
· · · 1

 .

u´, det(G) = (1 + (k − 1)/2)(1/2)k−1 6= 0. �v1, . . . ,vk �5Ã'. �

§2 Ä�~f

PÒ: 3±e�!¥ V ´ n �îª�m.

~ 2.1 � A ∈ L(V ) �5. y²: ker(A) = ker(A∗).
y{�. � A 3 V �,|ü ��Ä e1, . . . , en e�Ý
´ A. K A∗ 3Ó�Ä.e�
Ý
´ At. Ï� rank(A) = rank(At), ¤± rank(A∗) = rank(A). u´, � A �_�,

A∗ ��_. ·�k ker(A) = {0} =⇒ ker(A∗) = ker(A).
� ker(A) 6= {0}. d1nÙ1nùÚn 5.14, 0 ∈ specR(A) ∩ specR(A∗). Ó��Ú

n%¹ V 0
A = V 0

A∗, = ker(A) = ker(A∗).
y{�. � x = x1e1 + · · · + xnen 3 ker(A) ¥. K A(x1, . . . , xn)

t = (0, . . . , 0)t. -

(y1, . . . , yn)
t = At(x1, . . . , xn)

t. Ï� AAt = AtA, ¤±

y21 + · · ·+ y2n = (y1, . . . , yn)(y1, . . . , yn)
t

= (x1, . . . , xn)AA
t(x1, . . . , xn)

t

= (x1, . . . , xn)A
tA(x1, . . . , xn)

t = 0.

u´, y1 = · · · = yn = 0. dd�Ñ, x ∈ ker(A∗), = ker(A) ⊂ ker(A∗). aq�y²
ker(At) ⊂ ker(A).
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y{n. � A 3 V �,|ü ��Ä e1, . . . , en e�Ý


A =



N(α1, β1)
. . .

N(αs, βs)

λ2s+1

. . .

λn


,

Ù¥ λ2s+1, . . . , λ` �",  λ`+1 = · · · = λn = 0. Ï� N(α, β) �_, ¤±

A =

(
B O

O O

)
=⇒ At =

(
Bt O

O O

)
,

Ù¥ B ∈ GL`(R). dd��, x ∈ ker(A) ��=� x = x`+1e`+1 + · · · + xnen ��=�

x ∈ ker(A∗). �

~ 2.2 3IOîª�m R3 ¥

x2 + y2 + z2 − 2xy − 2yz − 2xz = 2

���5�.. §�L�o¡?

). �g. q(x, y, z) = x2 + y2 + z2 − 2xy − 2yz − 2xz 3IOÄ e1, e2, e3 eÝ


A =


1 −1 −1
−1 1 −1
−1 −1 1

 .

d1�ÆÏ1nÙ1�ù18��~f��

χA = (t+ 1)(t− 2)2.

u´, λ1 = 2, λ2 = −1. 5¿� V λ1 ´�§ x1 + x2 + x3 = 0 �)�m. u´,

V λ1 = 〈


1

−1
0

 ,


1

0

−1

〉 = 〈


1√
2
−1√
2

0

 ,


1√
6
1√
6
−2√
6


︸ ︷︷ ︸
ü ��Ä

〉.



V λ2 = 〈


1

1

1

〉 = 〈


1√
3
1√
3
1√
3


︸ ︷︷ ︸

ü ��Ä

〉.
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u´, 3ü ��Ä

ε1 =


1√
2
−1√
2

0

 , ε2 =


1√
6
1√
6
−2√
6

 , ε3 =


1√
3
1√
3
1√
3

 ,

e�g.�Ý
´ diag(2, 2,−1). �ó�, - P = (ε1, ε2, ε3). K P ´��Ý
�

P tAP = diag(2, 2,−1). � v = xe1 + ye2 + ze3 = x′ε1 + y′ε2 + z′ε3. K
x

y

z

 = P


x′

y′

z′

 .

�1�Ù1nù½n 5.2. u´,

q(v) = (x, y, z)A(x, y, z)t = (x′, y′, z′)P tAP (x′, y′, z′)

= (x′, y′, z′)diag(2, 2,−1)(x′, y′, z′) = 2(x′)2 + 2(y′)2 − (z′)2.

�¡3Ä. ε1, ε2, ε3 e��§´

2(x′)2 + 2(y′)2 − (z′)2 = 2.

§´^=ü�V¡, Ù^=¶´ ε3. �

~ 2.3 � A ∈ On(R) � −1 /∈ specR(A). y²:

(i) E + A �_;

(ii) S := (E − A)(E + A)−1 �é¡;

(iii) A = (E − S)(E + S)−1.

y². � P ∈ On(R) ¦�

A = P t



N(cos(θ1), sin(θ1))
. . .

N(cos(θs), sin(θs))

1
. . .

1


P.
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�1nÙ1nù½n 8.1. K

E + A = P t



N(1 + cos(θ1), sin(θ1))
. . .

N(1 + cos(θs), sin(θs))

1
. . .

1


P

(i) dþª�� E + A �_.

(ii) ��O��

(E2+N(cos(θ), sin(θ)))−1 = N(1+cos(θ), sin(θ))−1 =
1

2 + 2 cos(θ)
N(1+ cos(θ),− sin(θ))

�

B2(θ) := (E2 −N(cos(θ), sin(θ)))(E2 +N(cos(θ), sin(θ)))−1

=
1

2 + 2 cos(θ)

(
0 2 sin(θ)

−2 sin(θ) 0

)
∈ SSM2(R).

dÝ
©¬$��

(E − A)−1(E + A) = P t



B2(θ1)
. . .

B2(θs)

0
. . .

0


P ∈ SSMn(R).

(ii) �,y. - C = (E − A)(E + A)−1. K

Ct = (E + At)−1(E − At) = (E + A−1)−1(E − A−1)

= (E + A−1)−1A−1A(E − A−1) = (A+ E)−1(A− E)

= (A− E)(A+ E)−1 = −C.

(5µ� M,N ∈ Mn(F ) � M �_. XJ MN = NM , K NM−1 =M−1N .)

(iii) �â1nÙ1nù~ 7.2, E + S �_. dÝ
©¬O��5�, ·����y

N(cos(θ), sin(θ)) = (E2 −B2(θ))(E2 +B2(θ))
−1
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=�. 5¿�

(E2 +B2(θ))
−1 = N

(
1

2
+

1

2
cos(θ),

1

2
sin(θ)

)
.

u´

(E2 −B2(θ))(E2 +B2(θ))
−1 = N

(
1,

sin(θ)

1 + cos(θ)

)
N

(
1

2
+

1

2
cos(θ),

1

2
sin(θ)

)
= N(cos(θ), sin(θ)). �

§3 ��

½Â 3.1 � v ∈ V ´ü �þ. ½Â

Rv : V −→ V

x 7→ x− 2(x|v)v

¡��'u v ���.

·K 3.2 � Rv ´þã½Â¥���. K Rv ´���f.

y². k�y Rv ´�5�. Ï� E Ú A := 2(·|v)v Ñ´�5�f, � Rv = E − A, ¤
± Rv ´�5�f. �â1nÙ1�ù·K 4.9, ·��I��yé?¿ x ∈ V ,

‖x‖ = ‖Rv(x)‖.

O��

(Rv(x)|Rv(x)) = (x−2(x|v)v |x−2(x|v)v) = (x|x)−4(x|v)2+4(x|v)2(v|v) ‖v‖=1
= (x|x).

� Rv ´���f. �

·K 3.3 � dim(V ) = n Ú A ∈ L(V ) ´����=�§3 V �,|ü ��Äe�

Ý
´é�
�é��þ���d n− 1 � 1 Ú�� −1 |¤.

y². � A = Rv X½Â 3.1 �Ñ. ��O�� Rv(v) = −v �é?¿ x ∈ 〈v〉⊥,
Rv(x) = x. u´, 〈v〉 ⊂ V −1 � 〈v〉⊥ ⊂ V 1. Ï� V = 〈v〉 ⊕ 〈v〉⊥ � V −1 + V 1 ´�

Ú(1�Ù1nùÚn 9.7), ¤± V −1 = 〈v〉 � V 1 = 〈v〉⊥. � e1 = v, e2, . . . , en ´ V 1

��|ü ��Ä. K Rv 3ü ��Ä e1, e2, . . . , en e�Ý
´(
−1

En−1

)
n×n

.
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��, � A 3 V �ü ��Ä e1, . . . , en e�Ý
´é�
�é��þ���d n− 1

� 1 Ú�� −1 |¤. Ø�� A(ej) = −1. K A(ei) = ei, i 6= j. �

x = x1e1 + x2e2 + · · ·+ xnen.

K

A(x) = x1e1 + · · ·+ xj−1ej−1 − xjej + xj+1ej+1 + · · ·+ xnen.



Rej(x) = x− 2xjej = x1e1 + · · ·+ xj−1ej−1 − xjej + xj+1ej+1 + · · ·+ xnen = A(x).

� A = Rej . �

íØ 3.4 � Rv ´��. y²: R2
v = E.

y². �d½Â���y½|^þã·K 3.3 ¥Ý
�²�´ü Ý
íÑ. �

~ 3.5 � dim(V ) = 2, e1, e2 ´ V ��|ü ��Ä, A,B ∈ L(V ), §�3 e1, e2 e�

Ý
©O´

A =

(
cos(θ) − sin(θ)

sin(θ) cos(θ)

)
Ú B =

(
cos(θ) sin(θ)

sin(θ) − cos(θ)

)
.

y²:

(i) A Ø´��� B ´��;

(ii) A = BRe2.

y². (i) 5¿� χA = t2 − 2 cos(θ)t + 1. u´, −1 Ø´ A �A��. �â·K 3.3, A

Ø´��. aq/O��� χB = t2 − 1. � B dü�A�� ±1. Ï� B ´��Ý
,

¤± B ´���f. u´, B 3 V �,|Äe�Ý
´ diag(1,−1) (1nÙ1nù½n
8.1). d·K 3.3 ��, B ´��.

(ii) 5¿� Re2 3 e1, e2 e�Ý
�u diag(1,−1).  A = Bdiag(1,−1). d�5
�fÚÝ
L«��êÓ��� A = BRe2. �

PÒ. ·�^ diag(M1, . . . ,Mk) P©¬é�Ý


M =


M1

. . .

Mk

 .
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½n 3.6 � dim(V ) = n � A ´ V þ���f. y² A ´�õ n ����EÜ.

y². d1nÙ1nù½n 8.1, �� A 3 V �,|ü ��Ä e1, . . . , en e�Ý
´

A = diag(N(cos(θ1), sin(θ1)), . . . , N(cos(θs), sin(θs)), 1, . . . , 1).

é i ∈ {1, 2, . . . , s}. � A 6= E . -

Bi = diag(1, . . . , 1,︸ ︷︷ ︸
2(i−1)

(
cos(θi) sin(θi)

sin(θi) − cos(θi)

)
, 1, . . . , 1), Ci = diag(1, . . . , 1,︸ ︷︷ ︸

2(i−1)

(
0 −1
1 0

)
, 1, . . . , 1).

é j ∈ {2s+ 1, , . . . , n} � λj = −1, -

Dj = diag(1, . . . , 1︸ ︷︷ ︸
j−1

,−1, 1, . . . , 1).

d~ 3.5 ��,

A = (B1C1) · · · (BsCs)
n∏

j=2s+1,λj=−1

Dj. (1)

þªmý�z�Ý
Ñ´��Ý
, z�Ý
�kü�A�� −1 Ú 1, � −1 ��ê
ê�u 1. � Bi, Ci,Dj ´3 e1, . . . , en e�Ý
©O� Bj, Cj Ú Dj ��5�f. �

â·K 3.3, ù
�fÑ´��. �â (1),

A = B1C1 · · · BsCs
n∏

j=2s+1,λj=−1

Dj.

5¿�ðÓN��±n)�"����“EÜ”. �
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