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§1 XTETLREIHE

J. % A€ GL,(R).

(i) X A P RAFER KT W R 69—8%8 45 F A 29 A T RFAERK (7)) =
] R @ —4m 45 A

(ii) % A BF|RAFAERXZE R® 9ARELNEZ. B A T EATRIRAERX (T)
2 1A R 497 I A9 @) 2 ?

IERR. () BTN 4,5 € {1,2,...,n}, (ADYAU) =5, FEZR (AO) & Al
94T, AN A'A = B, LS AA' = B, (0L E223088 = ke 5.1). T
BOMMERE 0,5 € {1,2,...,n}, A(A) = 6, HIETRL A AT RFFMERGS (T) 2318
R [ —2H B IEAZ HE.
A= (1 _4> .
2 2

(ii) % &
HETEA A KIS IEZEE R HAT A IER.

(JE&: W A, BeM,(F). ll AB=FE — BA=E. {H AB XA AREE BA
e AR )
5. () = (i). WMEE x eV, x> =" (x]e;)? = eq,...,e, &V KI—HHNL
IEATEE.
JERA. 5‘61& X =e;. o

n

leu]|* = Z(eﬂei)Q = les||* + Z(eﬂei)? (1)

i1
TE,

led* < e = [lei]* <1 = [lea] < 1.
BN dim(V) = n, FTUAFEIEF R E v € (eg,...,e,)". H (iii) FIA,

n

VP =) (vie)® = (vle)? < [IvIPled]* = [les]| = 1.

i=1



ey RPALFE. (1) TR,

=1+ (ei]e;)” = ) (er]e;)’ =0 = (es]e;) =0, i =2,3,....n.

=2 =2
HWoe 5 e, ... e, #IER. FHEAHEXNER @ € {2,3,...,n}, ¢, REMAEIE
€e1,...,€,_1,€j41,...,€y %KEj—é ]
§2 KT HE+/\FHE

1. &

0 01

A=|o0 1 0| eM,(R).
1 00

HHERIES P 113 P1AP R A4E%E
R, BBATHEAS xva(t) = (¢t = D2t +1). HFE A FRER A\ =1 1 Ny = —1. FHEFZ
B V) R 2 — 25 = 0 HISRZS[A]. #

0 1 0 , 1
va=(l1],loD)=(|l1|,—= |0
( ) = NG )
0 1 0 1
KA VA2 = (VA)L LA
1 ) 1
Ve =(] 0 =50
-1 -1
WAL A SRR
1 1
0 % & 10 0
P=11 0 0 - PAP=|0 1 0 O
1 1
0 % —7 00 —1
2. % e 3FARE %
1 1 _1 _1 1
4 4 4 4
401 4
11 g _1 _1
A — 4 4 4 4
" _1 _1 _1 4 _1
4 4 4 4
T T IR




A, HEL
g, hoRAT SR A RS

= () o (2 ()

L.on=1 %HEMRZE 1. TR, 4N (1,0);

2. n =2 WM 3/4 1 5/4. TR, &L N (2,0);

3. n =3 FRFME 1/2 M1 5/4 (BEH 2). T4, B8N (3,0);

4. n = 4. FRERZ 1/4 R 5/4 (B 3). T2, 84N (4,0);

5.n =5 FHEMRE 0 Fl 5/4 (¥ 4). TR, 4K (4,0);

6. n > 5. KFERZ —(n—5)/4 F5/4 (EFn—1). T ELNn-1,1). 0

3. R Ae L(V) ZAEAFT. £
(i) ker(A)* = im(A);
(ii) im(A) = im(A*).

HERA. (1) &% x € im(A). WAF/E y € V fiifd x = A(y). W z & ker(A) FHM{EE TR, K
it5

(z[x) = (2| A(y)) = (A (2)]y).
HHEE 1 )R ST BRG] 2.1 AT A, ker(A) = ker(A*). T &, A*(z) = 0. ¥ LR TH5EAE 2]
(z|x) = 0. FAFHI zLx. M, x € ker(A)L. BF im(A) C ker(A)*. BN

dim(im(A)) = dim(V) — dim(ker(A)) 1  dim(ker(A)*) = dim(V) — dim(ker(A)),

Horp 2 — SR AR YR E B — & 28 —an i 4.15 (1)), S =AUk A S =25
YR 2.2 (i) MR i 4.16. T,

im(A) C ker(A)" = im(A) = ker(A)*.

(B —F 2 —Phan il 4.15 (1)).

(i) B 7'] A ER, Bl A WIERCGE =8 =518 5.12). MIE (1), FATH
ker(A*)* ( *). A ker(A) = ker(A*), Frbl ker(A)*t = ker(A*)*. R (1), &
NEEE] 1m( ) = im(A*). O



4. % A REIAREREE. GEIR: A2 SHAREF 2.
WERA. R¥ESE = f 5 =y e sEH 7.1, A IECHRE P 1S

N(07 51)

A= Pt N(Oa 53)

—diag(5f, A7)

A2 — Pt _dlag( 3’63)

~~

N
Ky N SRR, EEH A~ N, FTBL A REIGER). O
5. 8 AL Be L(V) REZHT. ik o R AB = BA, W AB &2 E% HT.
MERR. W oer,... e, 52 V I BAIEATHE,, A M B EZHE TR 7002 A M B.
WRYE s =25 =Prardl 6.10, A f1 B #RRZILEMFE. B AB = BA, fItbh AB = BA.
FATH5

(AB)! = B'A' = BA = AB.

W AB RXTRRHLRE.

PR 28 — 2 5 TLR I RERM 3.1, f74E R € GL,(C) f§43 S = R'ARM T = R"'BR
#Wie L= ). PURHER 2RI E, Bl S BAFERYE A R EAR AR A
2 ESEH R = = PHIEIR 6.3). T &, S MEXME e R# & R4 F# T
3200 A 2 B ) T 3R AR IE S

HATE ST = RABR. HIEERIEG ST & =M HST I ML Lo
RS IR W ST FIRHEMRER 2 RS, KN ST ~, AB, FtLh AB BIRFIERR th#R2
TESEH. PR S8 = F M =1HER 6.3, AB IEE. O
Another Proof. By Example 2.1 in the second exercise session of Chapter 2, AB is
similar to a positive definite matrix. So all eigenvalues of AB are positive real numbers.
Since AB = BA, we have that AB is symmetric. It follows from Corollary 6.3 in the
third lecture of Chapter 3 that AB is positive definite. [J
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6. % ABeL(V) RAAEET. EW: o F A £, M AB 845440402 5 5.
MERR. FRATRAEIIZ )@ I FERERR. A A 1ESE, BTBL A1 IEE (WA — &SN UH) 9.17)
FRAME P € GL,(R) i3 P'A™'P = E |HILw5Im[ 7 P = (A7'P)~'. T, HE
AN AT A

P'BP = (A™'P)"'BP = P '(AB)P.
FARE] PIBP ~, AB. T/, P'BP 1 AB GARFRIRHEAL. By B X485, firbh P'BP
YRR, MRYEEE =H =Y E R 6.1, P'BP HHFERAGESLE. T72, AB HIRFERR thAf 2
. O
Another Proof. By Example 9.17 in the sixth lecture of Chapter 9.17, A~! is positive
definite. By Theorem 6.7 in the third lecture of Chapter 3, there exists P € GL,(R) such
that

P'A'P=FE and P'BP=C,

where C' is diagonal. We have
C=EC=(P'A'P)'P'BP = P'A(P")'P'BP = P *(AB)P.

So C' ~4 AB. Hence, all eigenvalues of AB are elements in the diagonal of C', which are

real numbers. [

§3 KXRTHIRZW

2.1 LRHEWLS (BT )ER RIS ORI AT REARILL (RLFTR S5 2 I W B R S50
XU R)

2.2 WP ZIAXRAZ A0, (0 EA%)
2.3 RFALAE L RPAEME  RPAE TS, AR R, (RETA%)
2.4 XA SR TN, (584 RS AN 70 fif 2 BEAN )

2.5 fEIA T2 05 it 2 BRI 458, Hamilton-Cayley 7€ BEINGE R S HHEVS, 0] 4123
IR . (] SRR 7~ 23 43 AN 30 1 25 (8] A RE B AN S0 @R 2.4 Ffgl 3.4 A
R

2.6 Jordan FrifERYIEATG ) @S ACEE £, ) LA BRI AR /N 22 T AR 1 B A
Jordan BRI, MR Jordan FRAERL. (S REUREE DU T ANER)

2.7 T f# Jordan FrifERIME—PELE R, SN HTFA Jordan ARAERY I — M T VERUA E
FEARAAR 775, (R BRI AN LR, ST AR 28 DU 15 AN ER)
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3.1 AW KB GEFEMZ B2 A, STERG] 4.2 AZR)

3.2 IEACAMTSEAMEANE S « ISR FEANSEAY, IR RS 7 AR R e SCRI 7, IR 51
RIS 2 (— AR LT AN, STRER DU 5 A 2E5K)

3.3 BT HIIEACARAERS, XFR, ROMFRAIESZ RS (1) BIARAERL (RRAEAR ) Rr il
TS PRAE B AR A (0 P A0 4%, T SIS R MRS AR R MR bR, R A RFAEAE T
SNFRAEFE 244, JE— I AN — SRR R R R N A bR, IR S5 155
25 R PR K I 2R 1) T SR 28 b I8 S A b 2R F 2 (IR RS 5 1
IR R A HE I RE A SR 3.5 AT 3.6 ANEDK)

AR R EE, 565 % 60%, 5 =% 40%.



