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4. � A ∈ GLn(R).

(i) � A ��´IOîª�m Rn ��|ü ��Ä. y²µA �1´IOîª£1¤�

m R1×n ��|ü ��Ä;

(ii) � A ��´IOîª�m Rn �üü����þ. ¯µA �1´Ø´IOîª£1¤

�m R1×n �üü����þº

y². (i) db���é?¿ i, j ∈ {1, 2, . . . , n}, ( ~A(i))t ~A(j) = δi,j. 25¿� ( ~A(i))t ´ At

1 i 1. ·�íÑ AtA = E. dd�Ñ AAt = E. (�þÆÏ1�Ù1ÊùíØ 5.1). u

´, é?¿ i, j ∈ {1, 2, . . . , n}, ~Ai( ~Aj)t = δi,j. dd��, A �1´IOîª£1¤�m

R1×n ��|ü ��Ä.

(ii) �Ä

A =

(
1 −4

2 2

)
.

��O�� A �ü����§�ü1Ø��.

(5¿µ� A,B ∈ Mn(F ). K AB = E =⇒ BA = E. � AB ´é�
Ø%¹ BA

´é�
.)

5. (iii) =⇒ (i). é?¿ x ∈ V , ‖x‖2 =
∑n

i=1(x|ei)2 =⇒ e1, . . . , en ´ V ��|ü 

��Ä.

y². k� x = e1. K

‖e1‖2 =
n∑
i=1

(e1|ei)2 = ‖e1‖4 +
n∑
i=2

(e1|ei)2. (1)

u´,

‖e1‖4 ≤ ‖e1‖2 =⇒ ‖e1‖2 ≤ 1 =⇒ ‖e1‖ ≤ 1.

Ï� dim(V ) = n, ¤±�3�"�þ v ∈ 〈e2, . . . , en〉⊥. d (iii) ��,

‖v‖2 =
n∑
i=1

(v|ei)2 = (v|e1)2 ≤ ‖v‖2‖e1‖2 =⇒ ‖e1‖ ≥ 1.
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� e1 ´ü �þ. d (1) ��,

1 = 1 +
n∑
i=2

(e1|ei)2 =⇒
n∑
i=2

(e1|ei)2 = 0 =⇒ (e1|ei) = 0, i = 2, 3, . . . , n.

� e1 � e2, . . . , en Ñ��. Ón�yé?¿ i ∈ {2, 3, . . . , n}, ei ´ü �þ¿�

e1, . . . , ei−1, ei+1, . . . , en Ñ��. �

§2 'u1�l±SK

1. �

A =


0 0 1

0 1 0

1 0 0

 ∈ Mn(R).

O���Ý
 P ¦� P−1AP ´é�Ý
.

). ��O�� χA(t) = (t− 1)2(t+ 1). Ý
 A �A�� λ1 = 1 Ú λ2 = −1. A�f�

m V λ
1 ´�§ x1 − x3 = 0 �)�m. �

V λ1 = 〈


0

1

0

 ,


1

0

1

〉 = 〈


0

1

0

 ,
1√
2


1

0

1

〉.
Ï� V λ2 = (V λ1)⊥, ¤±

V λ2 = 〈


1

0

−1

〉 = 〈 1√
2


1

0

−1

〉.
���Ý


P =


0 1√

2
1√
2

1 0 0

0 1√
2
− 1√

2

 Ú P tAP =


1 0 0

0 1 0

0 0 −1

 . �

2. �¢é¡Ý


An =



1 −1
4
−1

4
−1

4
· · · −1

4

−1
4

1 −1
4
−1

4
· · · −1

4

−1
4
−1

4
1 −1

4
· · · −1

4

−1
4
−1

4
−1

4
1 · · · −1

4
...

...
...

...
. . .

...

−1
4
−1

4
−1

4
−1

4
· · · 1


.
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O� An �\¶.

). d®��1�ªÐmúª�

χA(t) =

(
t− 1 +

n− 1

4

)(
t− 1− 1

4

)n−1
=

(
t+

n− 5

4

)(
t− 5

4

)n−1
.

1. n = 1. A��´ 1. u´, \¶� (1, 0);

2. n = 2. A��´ 3/4 Ú 5/4. u´, \¶� (2, 0);

3. n = 3. A��´ 1/2 Ú 5/4 (ê 2). u´, \¶� (3, 0);

4. n = 4. A��´ 1/4 Ú 5/4 (ê 3). u´, \¶� (4, 0);

5. n = 5. A��´ 0 Ú 5/4 (ê 4). u´, \¶� (4, 0);

6. n > 5. A��´ −(n− 5)/4 Ú 5/4 (ê n− 1). u´, \¶� (n− 1, 1). �

3. � A ∈ L(V ) ´�5�f. y²:

(i) ker(A)⊥ = im(A);

(ii) im(A) = im(A∗).

y². (i) � x ∈ im(A). K�3 y ∈ V ¦� x = A(y). � z ´ ker(A) ¥�?¿��, ·

�O�

(z|x) = (z|A(y)) = (A∗(z)|y).

d1�lgSK�~ 2.1 ��, ker(A) = ker(A∗). u´, A∗(z) = 0. �âþãO���

(z|x) = 0. ·��� z⊥x. l, x ∈ ker(A)⊥. = im(A) ⊂ ker(A)⊥. Ï�

dim(im(A)) = dim(V )− dim(ker(A)) Ú dim(ker(A)⊥) = dim(V )− dim(ker(A)),

Ù¥1���ª´Ø��ê½n(1�Ù1�ù·K 4.15 (ii)), 1���ª5g1nÙ1

�ù½n 2.2 (ii) Ú1�Ù1�ù·K 4.16. u´,

im(A) ⊂ ker(A)⊥ =⇒ im(A) = ker(A)⊥.

(�1�Ù1�ù·K 4.15 (i)).

(ii) Ï� A �5, ¤± A∗ ��5(1nÙ1nùÚn 5.12). �â (i), ·�k

ker(A∗)⊥ = im(A∗). Ï� ker(A) = ker(A∗), ¤± ker(A)⊥ = ker(A∗)⊥. �â (i), ·

��� im(A) = im(A∗). �
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4. � A ´�é¡¢Ý
. y²: A2 é¡��K½.

y². �â1nÙ1nù½n½n 7.1, �3��Ý
 P ¦�

A = P t



N(0, β1)
. . .

N(0, βs)

0
. . .

0


P.

u´

A2 = P t



−diag(β2
1 , β

2
1)

. . .

−diag(β2
s , β

2
s )

0
. . .

0


︸ ︷︷ ︸

N

P.

Ï� N é¡, �K½� A ∼c N , ¤± A ´�K½�. �

5. � A,B ∈ L(V ) ´�½�f. y²: XJ AB = BA, K AB �´�½�f.

y². � e1, . . . , en ´ V ��|ü ��Ä, A Ú B 3T|Äe�Ý
©O´ A Ú B.

�â1nÙ1nù·K 6.10, A Ú B Ñ´�½Ý
. Ï� AB = BA, ¤± AB = BA.

·�O�

(AB)t = BtAt = BA = AB.

� AB ´é¡Ý
.

�â1�Ù1ÊgSK�~ 3.1,�3 R ∈ GLn(C)¦� S = R−1ARÚ T = R−1BR

Ñ´þn�(E)Ý
. Ï�A��´�qØCþ, ¤± S �A��� A �A���Ó�

Ñ´�¢ê(1nÙ1nùíØ 6.3). u´, S �Ìé��þ���Ñ´�¢ê. Ón T

�Ìé��þ����Ñ´�¢ê.

·�k ST = R−1ABR. ���y� ST �´þn�Ý
�ST �Ìé��þ��

�Ñ´�¢ê. � ST �A��Ñ´�¢ê. Ï� ST ∼s AB, ¤± AB �A���Ñ´

�¢ê. 2�â1nÙ1nùíØ 6.3, AB �½. �

Another Proof. By Example 2.1 in the second exercise session of Chapter 2, AB is

similar to a positive definite matrix. So all eigenvalues of AB are positive real numbers.

Since AB = BA, we have that AB is symmetric. It follows from Corollary 6.3 in the

third lecture of Chapter 3 that AB is positive definite. �
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6. � A,B ∈ L(V ) ´é¡�f. y²: XJ A �½, K AB �A��Ñ´¢ê.

y². ·�5y²TSK�Ý
�.Ï� A�½,¤± A−1 �½(�1�Ù18ù~ 9.17)

u´�3 P ∈ GLn(R) ¦� P tA−1P = E dd���� P t = (A−1P )−1. u´, d1�

��ª��

P tBP = (A−1P )−1BP = P−1(AB)P.

·��� P tBP ∼s AB. u´, P tBP Ú AB k�Ó�A��. Ï� B é¡, ¤± P tBP

é¡. �â1nÙ1nù½n 6.1, P tBP �A��Ñ´¢ê. u´, AB �A���Ñ´

¢ê. �

Another Proof. By Example 9.17 in the sixth lecture of Chapter 9.17, A−1 is positive

definite. By Theorem 6.7 in the third lecture of Chapter 3, there exists P ∈ GLn(R) such

that

P tA−1P = E and P tBP = C,

where C is diagonal. We have

C = EC = (P tA−1P )−1P tBP = P−1A(P t)−1P tBP = P−1(AB)P.

So C ∼s AB. Hence, all eigenvalues of AB are elements in the diagonal of C, which are

real numbers. �

§3 'uÏ"�Á

2.1 �5N�(�f)3ØÓÄ.e�Ý
�
�q. (|^Ø�û�my²�Ø�ªØ�,

éóN�Ø�¦)

2.2 4�õ�ªÚØCf�m. (ØØ©)Ø�)

2.3 A��þ!A��!A�f�m, �qØCþ. (û�fØ�)

2.4 é�z�Ì�f�m. (������|ÚÌ©)½nØ�)

2.5 Ì�f�m©)½n�(Ø, Hamilton-Cayley ½n\r�9ÙíØ§Ø�©f�m

�5�. (2ÂA�f�©)ÚÌ�f�m©)�y²Ø�, SK�~ 2.4Ú~ 3.4Ø

�¦)

2.6 Jordan IO.Ä�nØ, XÛÏL�êê!AÛêÚ4�õ�ª��ê�O

Jordan ¬��ê, lO� Jordan IO.. (SK�1o!Ø�¦)

2.7 
) Jordan IO.��5�(Ø, ¬A^O� Jordan IO.����{Ú�½�


�q��{. (½ny²Ø�¦, SK�1o!Ø�¦)
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3.1 Ä�Ñ¬�9�. (Ý
Úõ�ª��mØ�, SK�~ 4.2 Ø�¦)

3.2 ��ÖO�Ú�Ú5�!��Ý
Ú�d§�5�fÚÝ
�½ÂÚ~f, ���f

��d^�(������fØ�§SK�1o!Ø�¦)

3.3 �5�f���IO., é¡§�é¡Ú��Ý
£�f¤�IO.(A��)¶AO

´é¡Ý
IO.�A^�)§O���Ý
ré¡Ý
z�IO.§|^A��O

�é¡Ý
�\¶§r���½Ý
Ú��é¡Ý
Ó�z�IO.§�½�f��

d^��. :´é¡Ý
IO.�O�Ú�«���dIO.�A^(�5�f�

��IO.�í�L§Ø�, SK�~ 3.5 Ú 3.6 Ø�¦)

Ï"�Á��K§1�Ù 60%, 1nÙ 40%.
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