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1. (15©) � R3 ¥ü|�þ

v1 =


1

0

1

 , v2 =


0

1

1

 , v3 =


0

0

1

 Ú w1 =


1

1

0

 , w2 =


−1
0

1

 , w3 =


1

0

0

 .

(i) �y: v1,v2,v3 Ú w1,w2,w3 ´ R3 �ü|Ä.

(ii) O� P ∈ GL3(R) ¦� (w1,w2,w3) = (v1,v2,v3)P .

(iii) � x = w1 +w2 +w3. O� x 3 v1,v2,v3 e��I.

). (i)� A = (v1,v2,v3)Ú B = (w1,w2,w3). ��O�� rank(A) = rank(B) = 3.

Ï� A Ú B Ñ�_, ¤± v1,v2,v3 Ú w1,w2,w3 Ñ´ R3 �Ä..

(ii) 5¿� B = AA−1B. u´,

P = A−1B =


1 0 0

0 1 0

−1 −1 1

B =


1 −1 1

1 0 0

−2 2 −1

 .

(iii) Ï�

w = (w1,w2,w3)


1

1

1

 = (v1,v2,v3)P


1

1

1

 ,

¤±§�I´

P


1

1

1

 =


1

1

−1

 .

2. (15©) � R[x]3 = {p ∈ R[x] | deg(p) < 3},

φ : R[x]3 −→ R[x]3

f(x) 7→ xd2f
dx2 − df

dx
.

(i) �y: φ ´�5N�.

(ii) O� ker(φ) ��|Ä.
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(iii) O� im(φ) ��ê.

). (i) ���y.

(ii) � f = f2x
2 + f1x+ f0. K φ(f) = 2xf2 − 2xf2 − f1 = −f1. u´ f ∈ ker(φ)

��=� f1 = 0. dd�Ñ ker(φ) ��|Ä.´ 1, x2.

(iii) dim(im(φ)) = 3− 2 = 1.

3. (10©) �

A =


1 1 2

1 0 0

2 0 0

 ∈ SM3(Q).

O� P ∈ GL3(Q) Úé�
 B ¦� B = P tAP.

).

P =


1 −1 0

0 1 −2
0 0 1

 , B =


1 0 0

0 −1 0

0 0 0

 .

4. (10©) � Rn þ���g. q dúªé?¿ x = (x1, . . . , xn)
t ∈ Rn,

q(x) = x21 + · · ·+ x2n −
∑

1≤i<j≤n

xixj

½Â.

(i) O� q 3IOÄe�Ý
.

(ii) O� q �\¶.

). (i) IOÄe�Ý
´

An =



1 −1
2
−1

2
−1

2
· · · −1

2

−1
2

1 −1
2
−1

2
· · · −1

2

−1
2
−1

2
1 −1

2
· · · −1

2

−1
2
−1

2
−1

2
1 · · · −1

2
...

...
...

...
. . .

...

−1
2
−1

2
−1

2
−1

2
· · · 1


.

(ii) Ðm1�ª�

det(An) =

(
1− n− 1

2

)(
3

2

)n−1

.
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(�1�ÆÏ1nÙ1�ù18��~f).

� n = 1 �, q �\¶´ (1, 0). � n = 2 �, q �\¶´ (2, 0). ù´Ï�

det(A1) > 0 � det(A2) > 0.

5¿� det(A3) = 0. d1���C��

A3 ∼c diag

(
1,

3

4
, 0

)
.

� q �\¶�u (2, 0).

e¡�Ä n > 3 ��/. ·�r1o1\�1n1¿Ó���A��C���

An ∼c Bn =



1 −1
2
−1 −1

2
· · · −1

2

−1
2

1 −1 −1
2
· · · −1

2

−1 −1 1 1
2
· · · −1

−1
2
−1

2
1
2

1 · · · −1
2

...
...

...
...

. . .
...

−1
2
−1

2
−1 −1

2
· · · 1


.

·�k det(A1) = det(B1) > 0, det(A2) = det(B2) > 0, det(A3) = 0 � det(B3) < 0,

� det(Ai) = det(Bi) < 0, i = 4, 5, . . . , n. d Jacobi úª

Bn ∼t diagn(1, 1,−1, 1, . . . , 1).

� Bn �\¶´ (n− 1, 1). u´, q �\¶´ (n− 1, 1). �

5) 0.1 ÓÆ�kü«ØÓ��{��
�(�(J.

(a) |^1�����r n > 3 �Ý
ÜÓC����±c®�\¶�Ý
.

(b) |^A�õ�ª(1nÙ��¬ù�).

5. (10©) � V ´� F þ� n ��5�m, Ù¥ n > 1.

(i) � V1, V2 ´ V �f�m, �÷v dim(V1) + dim(V2) > n. y²: V1 ∩ V2 6= {0}.

(ii) Þ~`² V ¥�3n��ê���ýf�mW1,W2,W3,÷vW1+W2+W3 = V

� W1 ∩W2 ∩W3 = {0}; � W1 +W2 +W3 Ø´�Ú.

y². (i) d�êúª

dim(V1 ∩ V2) = dim(V1) + dim(V2)− dim(V1 + V2) ≥ dim(V1) + dim(V2)− n.
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Ï� dim(V1) + dim(V2) > n, ¤± dim(V1 ∩ V2) > 0. u´, V1 ∩ V2 6= {0}.

(ii)� e1, e2, . . . , en´ V ��|Ä.�W1 = 〈e1〉,W2 = 〈e2〉,W3 = 〈e2, e3, . . . , en〉.
§�w,Ñ´ýf�m. Ï� e1, e2, . . . , en ∈ W1+W2+W3. ¤±W1+W2+W3 = V .

Ï� W2 ⊂ W3 ⊂ W1 +W3, ¤± W1 +W2 +W3 Ø´�Ú.

,��¡, � v ∈ W1 ∩W2 ∩W3. K v = αe1 = βe2, Ù¥ α, β ´ F ¥���.

·�k αe1 − βe2 = 0. Ï� e1, e2 �5Ã', ¤± α = β = 0, = v = 0. �

6. (15©) � F ´�. ½Â:

U = {A ∈ Mn(F ) |A ´é�Ý
 � tr(A) = 0}

Ú

V = {A ∈ Mn(F ) |A ¥é��þ��Ñ��}.

(i) �y: U Ú V ´f�m, ¿O� U Ú V ��ê.

(ii) y²: � F A��u"�, Mn(F ) = U ⊕ V .

(iii) � F A����, U + V ´Ø´�½´�Ú? XJ´, �y²�; ÄKÞÑ�~.

y². (i) � X = (xi,j)n×n ´d n2 ���ê|¤�Ý
. K U ´àg�5�
|

x1,1 + x2,2 + · · · + xn,n = 0 Ú xi,j = 0, i, j ∈ {1, 2, . . . , n}, i 6= j, �)�m; V ´à

g�5�§| x1,1 = x2,2 = · · · = xn,n �)�m. u´, U, V Ñ´ Mn(F ) ¥�f�

m. 3½Â U ��§|¥�k n(n − 1) + 1 ��§, z��§¥Ñy���êÑØ

�Ó. u´, T�§|�XêÝ
���u n(n − 1) + 1. l dim(U) = n − 1. 3

½Â V ��§|¥�k n− 1 ��§. T�§|�XêÝ
���u n− 1. u´,

dim(V ) = n2 − n+ 1.

(ii) � A ∈ U ∩ V . Ï� A ∈ V , ¤± A �é��þ���Ñ��, �Ù� a.

Ï� A ∈ U , ¤± A ´é�Ý
. u´ A = aE. dÏ� tr(A) = 0, ¤± na = 0. Ï

� F �A��u", ¤± a = 0, = A = O. � U + V ´�Ú. ?, ·�k

dim(U + V ) = dim(U) + dim(V ) = n(n− 1) + 1 + n− 1 = n2 = dimMn(F ).

dd�Ñ Mn(F ) = U ⊕ V .

(iii) � F �A��u p > 0. � p|n �, E ∈ U ∩ V . d� U + V Ø´�Ú.

7. (10©) � A ∈ Rm×n. y² A �÷���=� AtA �½.

y². � B = AtA. K Bt = (AtA)t = At(At)t = AtA = B. u´ B ∈ SMn(R).
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� B �½. K rank(B) = n. u´ rank(A) ≥ n. Ï� A �k n �, ¤±

rank(A) = n. u´ A �÷�.

� A �÷�, x ∈ Rn \ {0n}. - y = Ax. Ï� A �÷�, ¤± Ax = 0m �k

²�). u´, y 6= 0m. 5¿� xtBx = xtAtAx = yty > 0. u´, B �½. �

8. (10©) � A ∈ SMn(R) ´�½Ý
. ½Â

f : Rn × Rn −→ R

(x,y) 7→ det

(
A x

yt 0

) .

y²µ

(i) f ´ Rn þ�é¡V�5..

(ii) � q(x) = f(x,x). y²: �g. q ´K½�.

y². (i) � z ∈ Rn, α, β ∈ R. K

f(αx+ βz,y) = det

(
A αx+ βz

yt 0

)
= αf(x,y) + βf(z,y).

aq�� f(x, αy + βz) = αf(x,y) + βf(x, z). u´ f ´V�5.. �

B =

(
A x

yt 0

)
.

Ï� A é¡, ¤±

Bt =

(
A y

xt 0

)
.

Ï� det(B) = det(Bt), ¤± f(x,y) = f(y,x). u´, f(x,y) ´é¡�V�5..

(ii) �

C =

(
A x

xt 0

)
.

Ï� A é¡, ¤± C ´é¡Ý
. Ï� A �½, ¤± A−1 �3. d©¬�1���

����

C ∼c

(
A O

O −xtA−1x

)
.
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u´é?¿ x ∈ Rn \ {0}, f(x,x) = det(C) = λ2 det(A)(−xtA−1x) < 0. Ù¥ λ ´

,� n ��_Ý
�1�ª. Ï� A �½, ¤± A−1 �½. u´, −xtA−1x < 0, =

q(x) < 0. q K½. �

9. (5©) � V ´� F þ� n ��5�m, Ù¥ F �A�Ø�u 2. � q ´ V þ��

g.� rank(q) = n. 2��3�"�þ x ∈ V ¦� q(x) = 0. y²: q ´÷�.

y². � e1 = x. l e1 Ñu*¿�|Ä e1, e2, . . . , en. � A = (ai,j) ´ q 3ù|Ä

e�Ý
. Ï� q(e1) = 0, ¤± a1,1 = 0. Ï� A ÷�, ¤±�3 j ∈ {2, . . . , n} ¦
� a1,j 6= 0. - v = αe1 + βej, Ù¥ α, β ∈ F �½. 5¿� a1,j = aj,1. ·�k

q(v) = 2a1,jαβ + aj,jβ
2.

� c ∈ F . -
β = 1, α =

c− aj,j
2a1,j

.

K q(v) = c. �
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