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1. (15©) � R3 ¥ü|�þ

v1 =


1

0

1

 , v2 =


0

1

1

 , v3 =


0

0

1

 Ú w1 =


1

1

0

 , w2 =


−1
0

1

 , w3 =


1

0

0

 .

(i) �y: v1,v2,v3 Ú w1,w2,w3 ´ R3 �ü|Ä.

(ii) O� P ∈ GL3(R) ¦� (w1,w2,w3) = (v1,v2,v3)P .

(iii) � x = w1 +w2 +w3. O� x 3 v1,v2,v3 e��I.

2. (15©) � R[x]3 = {p ∈ R[x] | deg(p) < 3},

φ : R[x]3 −→ R[x]3

f(x) 7→ xd2f
dx2 − df

dx
.

(i) �y: φ ´�5N�.

(ii) O� ker(φ) ��|Ä.

(iii) O� im(φ) ��ê.

3. (10©) �

A =


1 1 2

1 0 0

2 0 0

 ∈ SM3(Q).

O� P ∈ GL3(Q) Úé�
 B ¦� B = P tAP.

4. (10©) � Rn þ���g. q dúªé?¿ x = (x1, . . . , xn)
t ∈ Rn,

q(x) = x21 + · · ·+ x2n −
∑

1≤i<j≤n

xixj

½Â.

(i) O� q 3IOÄe�Ý
.

(ii) O� q �\¶.
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5. (10©) � V ´� F þ� n ��5�m, Ù¥ n > 1.

(i) � V1, V2 ´ V �f�m, �÷v dim(V1) + dim(V2) > n. y²: V1 ∩ V2 6= {0}.

(ii) Þ~`² V ¥�3n��ê���ýf�mW1,W2,W3,÷vW1+W2+W3 = V

� W1 ∩W2 ∩W3 = {0}; � W1 +W2 +W3 Ø´�Ú.

6. (15©) � F ´�. ½Â:

U = {A ∈ Mn(F ) |A ´é�Ý
 � tr(A) = 0}

Ú

V = {A ∈ Mn(F ) |A ¥é��þ��Ñ��}.

(i) �y: U Ú V ´f�m, ¿O� U Ú V ��ê.

(ii) y²: � F A��u"�, Mn(F ) = U ⊕ V .

(iii) � F A����, U + V ´Ø´�½´�Ú? XJ´, �y²�; ÄKÞÑ�~.

7. (10©) � A ∈ Rm×n. y² A �÷���=� AtA �½.

8. (10©) � A ∈ SMn(R) ´�½Ý
. ½Â

f : Rn × Rn −→ R

(x,y) 7→ det

(
A x

yt 0

) .

y²µ

(i) f ´ Rn þ�é¡V�5..

(ii) � q(x) = f(x,x). y²: �g. q ´K½�.

9. (5©) � V ´� F þ� n ��5�m, Ù¥ F �A�Ø�u 2. � q ´ V þ��

g.� rank(q) = n. 2��3�"�þ x ∈ V ¦� q(x) = 0. y²: q ´÷�.
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