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§1 �5�m

§1.1 Ä���5�m

½Â 1.1 � (V,+,0) ´��+, (F,+, 0, ·, 1) �. �ê¦´N�:

ê¦: F × V −→ V

(α,v) 7→ αv

÷v±e5Æ

(i) ∀ α, β ∈ F,v ∈ V, (αβ)v = α(βv);

(ii) ∀ v ∈ V, 1v = v;

(iii) ∀ α, β ∈ F,v ∈ V, (α + β)v = αv + βv;

(iv) ∀ α ∈ F,u,v ∈ V, α(u + v) = αu + αv.

·�¡ (V,+,0,ê¦, 1) ´� F þ��5�m½�þ�m. � F ¡� V �Ä�.

~ 1.2 (�I�m). � F ´�, F n ´ n ��I�m. äN¢~ Rn, Qn, Cn, Znp , Ù¥ p

´�ê. ��5¿�´ Znp �k pn Ú��.

~ 1.3 (Ý
�m). � F ´�, Fm×n ´ F þ m 1 n ��Ý
�8Ü. 'uÝ
�\

{Úê¦, Fm×n ´ F þ��5�m.

~ 1.4 (�ê�m). � R ´�(Ø�½��). 2� F ⊂ R ´ R �f�. K R ´ F þ

��5�m. �yXe: Äk, (R,+, 0) ´��+. d R ¥�¦{(ÜÆ��

∀ α, β ∈ F, r ∈ R, (αβ)r = α(βr).

Ï� 1 ´ R ��´ F �¦{ü , ¤± 1r = r. R �©�Æ%¹X�m�©�Æ. �

y�..

äN¢~: C ´ R þ��5�m, R ´ Q þ��5�m, F [x1, . . . , xn] ´ F þ�

�5�m. Hamilton o�ê�´ C þ��5�m.
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~ 1.5 (N��m) � S ´��8Ü, V ´� F þ��5�m. - Map(S, V ) ´l S �

V �¤kN��8Ü. é?¿ f, g ∈ Map(S, V ), α ∈ F ½Â:

f + g : S −→ V

x 7→ f(x) + g(x)
Ú

αf : S −→ V

x 7→ αf(x).

- 0̃ : S −→ V ´r S ¥���ÑN¤ 0 �N�. K

(Map(S, V ), +, 0̃, ê¦, 1)

´�5�m.

¢~ Map(R,R) ´�5�m.

·K 1.6 � V ´� F þ��5�m. � λ ∈ F,v ∈ V . K

(i) λ0 = 0;

(ii) λv = 0 ��=� λ = 0 ½ v = 0;

(iii) (−1)v = −v.

y². (i) ��O��

λ0 = λ(0 + 0) = λ0 + λ0 =⇒ λ0 = 0.

(ii) � λv = 0 � λ 6= 0. K

v = 1v = (λ−1λ)v = λ−1(λv) = λ−10
(i)
= 0.

��, d (i) ��y² 0v = 0. ��O��

0v = (0 + 0)v = 0v + 0v =⇒ 0v = 0.

(iii) ��O��

0
(ii)
= 0v = (1 + (−1))v = 1v + (−1)v = v + (−1)v =⇒ (−1)v = −v. �

~ 1.7 y²: (Z,+, 0) Ø�U´?Û� F þ��5�m.

y². �(ØØ¤á. 2� 0F Ú 1F ©O´ F ¥�\{Ú¦{ü . k�Ä F �A�

Ø�u 2 ��/. d�, λ := 1F + 1F 6= 0F . u´ λ−1 �3. ÏL��O��:

2 = 1 + 1 = (1F1 + 1F1) = (1F + 1F )1 = λ1

=⇒ λ−12 = 1

=⇒ λ−1(1 + 1) = 1

=⇒ λ−11 + λ−11 = 1.
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gñ, Ï�ü��Ó�ê�ÚØ�U�u 1.

2� F �A��u 2 ��/. K

2 = 1 + 1 = (1F1 + 1F1) = (1F + 1F )1 = 0F1 = 0.

gñ.

§1.2 f�m

½Â 1.8 � V ´� F þ��5�m§W ´ V ���f8. XJéu?¿� α, β ∈ F ,
x,y ∈ W , ·�k αx + βy ∈ W , K¡ W ´ V �f�m.

5) 1.9 þã½Â¥�^��duéu?¿� λ ∈ F , x,y ∈ W , ·�k x + y ∈ W Ú

λx ∈ W . äN�y�þÆÏ1�Ù 1.4 !.

~ 1.10 (i) � φ : F n −→ Fm ´�5N�. K ker(φ) ´ F n �f�m, im(φ) ´ Fm �

f�m.

(ii) � SMn(F ) ´ F þ¤k n �é¡�
�8Ü, SSMn(F ) ´ F þ¤k n ��é¡�


�8Ü. K§�Ñ´ Mn(F ) þ�f�m. �yXe: � A,B ∈ SMn(F ), α, β ∈ F .
·�k

(αA+ βB)t = αAt + βBt = αA+ βB =⇒ αA+ βB ∈ SMn(F ).

�é¡�/aq.

(iii) � F [x](d) = {p ∈ F [x]| deg(p) < d}. K F [x](d) ´ F [x] �f�m.

(iv) 4«m [a, b] þ�ëY¼ê�8Ü C[a, b] ´ Map([a, b],R) �f�m.

�5�m V ¥�?¿�f�m��E´f�m, Ùy²�þÆÏ1�Ù·K 1.3 aq.

� V1, . . . , Vk ´ V �f�m, ½Â

V1 + V2 + · · ·+ Vk = {v1 + v2 + · · ·+ vk |v1 ∈ V1,v2 ∈ V2, . . . ,vk ∈ Vk}.

K V1 + V2 + · · · + Vk ´f�m. ¡�� V1, . . . , Vk �Ú. �yXe: � α, β ∈ F Ú

u,v ∈ V1 + · · · + Vk. K�3 u1,v1 ∈ V1, . . . ,uk,vk ∈ Vk ¦� u = u1 + · · · + uk Ú

v = v1 + · · ·vk. u´,

αu + βv = α(u1 + · · ·+ uk) + β(v1 + · · ·vk) = (αu1 + βv1) + · · ·+ (αuk + βvk).

Ï� αu1 + βv1 ∈ V1, . . . , αuk + βvk ∈ Vk, ¤± αu + βv ∈ V1 + · · ·+ Vk. �y�..
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§1.3 f�m��Ú

½Â 1.11 � V ´�5�m, V1, . . . , Vk ´ V �f�m, � W = V1 + · · · + Vk. XJé

u?¿ w ∈ W �3��� v1 ∈ V1, . . . ,vk ∈ Vk ¦�

w = v1 + · · ·+ vk.

K¡ W ´ V1, . . . , Vk ��Ú, ¿P�

W = V1 ⊕ · · · ⊕ Vk.

½n 1.12 � V ´�5�m, V1, . . . , Vk ´ V �f�m, � W = V1 + · · · + Vk. K±e

(Ø�d.

(i) W ´ V1, . . . , Vk ��Ú;

(ii) XJ 0 = v1 + · · ·+ vk, v1 ∈ V1, . . . ,vk ∈ Vk, K v1 = · · · = vk = 0.

(iii) é?¿ i ∈ {1, 2, . . . , k},

Vi ∩ (V1 + · · ·+ Vi−1 + Vi+1 + · · ·+ Vk) = {0}.

y². (i) =⇒ (ii). w,.

(ii) =⇒ (iii). Ø�� i = 1. � w ∈ V1 ∩ (V2 + · · ·+Vk). K�3 v2 ∈ V2, . . . ,vk ∈ Vk
¦� w = v2 + · · ·+ vk. u´

0 = −w + v2 + · · ·+ vk.

d −w ∈ V1 Ú (ii) ��, w = 0.

(iii) =⇒ (i). � w ∈ W , �

w = u1 + · · ·+ uk = v1 + · · ·+ vk,

Ù¥ u1,v1 ∈ V1, . . . ,uk,vk ∈ Vk. K 0 = (u1 − v1) + · · ·+ (uk − vk). u´

(v1 − u1) = (u2 − v2) + · · ·+ (uk − vk).

dd�Ñ, v1 − u1 ∈ V1 ∩ (V2 + · · · + Vk). �â (iii), v1 = u1. aq/�� vi = ui,

i = 2, . . . , k. �

~ 1.13 � v1, . . . ,vn ´ Rn ��|Ä. K Rn = 〈v1〉 ⊕ · · · ⊕ 〈vn〉. ù´Ï� Rn ¥��

�Ñ´ v1, . . . ,vn ��5|Ü� v1, . . . ,vn �5Ã'.
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~ 1.14 � F ´A�Ø�u 2 ��. y²: Mn(F ) = SMn(F )⊕ SSMn(F ).

y². � A ∈ Mn(F ). -

B =
1

2
(A+ At) Ú C =

1

2
(A− At).

Ï� 2 6= 0, ¤± B Ú C ´û½Â�. ����y B ∈ SMn(F ), C ∈ SSMn(F ). �

A = B + C. u´ Mn(F ) = SMn(F ) + SSMn(F ). e A ∈ SMn(F ) ∩ SSMn(F ), K

A = At = −At. u´ 2At = O. Ï� 2 �_, ¤± A = O, =ùü�f�m�´²��.

d½n 1.12 (iii), Mn(F ) = SMn(F )⊕ SSMn(F ). �

� F �A��u 2 �, 1 = −1. u´, SMn(F ) = SSMn(F ). �

SMn(F ) ∩ SSMn(F ) 6= {O}.

ùü�f�m�ÚØ´�Ú.

~ 1.15 � V ´�5�m, V1, . . . , Vk ´ V �f�m. XJ V1 + · · · + Vk ´�Ú, Ké

?¿� ` ∈ {1, 2, . . . , k}, V1 + · · ·+ V` �´�Ú.

y². � v1 ∈ V1, . . . ,v` ∈ V` ¦� v1 + · · ·+ v` = 0. K

v1 + · · ·+ v` + 0 + · · ·+ 0︸ ︷︷ ︸
k−`

= 0.

ò½n 1.12 (ii) ^u V1, . . . , V`, . . . , Vk ��, v1 = · · · = v` = 0. 2ò½n 1.12 (ii) ^

u V1, . . . , V` ��, V1 + · · ·+ V` �´�Ú. �

~ 1.16 �

v1 =

(
1

0

)
, v2 =

(
0

1

)
, v3 =

(
1

1

)
∈ R2.

K 〈v1〉∩〈v2〉 = {0}, 〈v1〉∩〈v3〉 = {0}� 〈v3〉∩〈v1〉 = {0}. � 〈v3〉∩(〈v1〉+ 〈v2〉) = 〈v3〉.
u´ 〈v1〉+ 〈v2〉+ 〈v3〉 Ø´�Ú.

§1.4 �5�'5

ÎÒ�½. 3��!Ú±����!¥ V ´� F þ��5�m.

� α1, . . . , αk ∈ F Ú v1, . . . ,vk ∈ V . K α1v1 + · · ·+αkvk ¡� v1, . . . ,vk 3 F þ�

���5|Ü.XJ�3Ø��"� α1, . . . , αk ¦�þã�5|Ü�u 0,K¡ v1, . . . ,vk

3 F þ�5�'. ÄK, ¡ v1, . . . ,vk ´3 F þ�5Ã'.

þÆÏù�'u�5|Ü, �5�'ÚÃ'�(Ø3Ä��5�m¥Ñ¤á. AO

/, ·�£Á�5|ÜÚn(þÆÏ1�ÙÚn 1.1).
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Ún 1.17 � v1, . . . ,vk; w1, . . . ,w` ´ V ¥ü|�þ. XJ k > ` � vi ´ w1, . . . ,w`

��5|Ü, i = 1, . . . , k. K v1, . . . ,vk �5�'.

½Â 1.18 � S ´ V �����f8. XJ S ¥�3��k�f8´�5�'�, K

¡ S ´���5�'8. ÄK§¡ S ´�5Ã'8.

~ 1.19 - V = F [x]. K {1, x, x2, . . .} ´���5Ã'8 (∵ þÆÏ1ÊÙ½n 2.1).

~ 1.20 3 Map(R,R) ¥, sin(x)2, cos(x)2, 1 ´�5�'� (∵ sin(x)2 + cos(x)2 = 1).

~ 1.21 � a =
√
−1 Ú b =

√
−2. K a, b 3 R þ�5�'. ù´Ï�

√
2a− b = 0.

�§�3 Q þ�5Ã'. ÄK, �3 q ∈ Q ¦� b = qa. u´, q =
√

2. gñ.

§1.5 f�m�)¤�

� S ´ V ���f8. - 〈S〉 ´ S ¥����¤k3 F þ��5|Ü�8Ü, =

〈S〉 :=

{
k∑
i=1

αivi | k ∈ Z+, αi ∈ F,vi ∈ S

}
.

����y 〈S〉 ´��f�m. ¡��d S )¤�f�m, S ¥���¡�Tf�m�

)¤�.

·K 1.22 � S ´ V ���f8. K 〈S〉 ´ V ¥�¹ S �¤kf�m��.

y². � U ´ V �f�m� S ⊂ U . K U �¹ S ¥���?¿�5|Ü(�þÆÏ1

�Ù·K 1.3[ùÂÊ]).u´, 〈S〉 ⊂ U . dd��, 〈S〉3�¹ S �¤kf�m��¥. �

〈S〉 ��´f�m, §7,�¹T�. �üö��. �

� U ´ V �f�m. XJ�3k�8 S ⊂ V ¦� U = 〈S〉, K¡ U ´ 3 F þk

�)¤�f�m.

~ 1.23 � V = F [x]. K V Ø´k�)¤�.

y². b� F [x] �±d p1, . . . , p` ∈ F [x] )¤. K 1, x, . . . , x` Ñ´ p1, . . . , p` 3 F þ�

�5|Ü. dÚn 1.17 ��, 1, x, . . . , x` 3 F þ�5�'. gñ.

§2 �5N�

ÎÒ�½. 3�!¥ V,W ´� F þ�ü��5�m. §�¥�"�þ©OP� 0V

Ú 0W .
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§2.1 ½Â�~f

½Â 2.1 � φ : V −→ W . XJé?¿� α, β ∈ F , u,v ∈ V Ñk

φ(αu + βv) = αφ(u) + βφ(v),

K¡ φ ´l V � W ��5N�.

5) 2.2 þã½Â¥�^��duéu?¿� λ ∈ F , u,v ∈ V , ·�k

φ(u + v) = φ(u) + φ(v) Ú φ(λv) = λφ(v).

þÆÏù�'u�5N��5�éÄ���5N�E¤á. AO/, ·�£Á�e

Ø�m�5�(þÆÏ1�Ù·K 3.3).

·K 2.3 � φ : V −→ W ´�5N�. K φ ´ü���=� ker(φ) = {0V }.

y². �þÆÏ1�Ù·K 3.3 (ùÂl). Box

~ 2.4 ±en��5N�A�´²��.

"N� : V −→ W

v 7→ 0W .

ðÓN� : V −→ V

v 7→ v
.

� V ´ W �f�m.

i\N�: V −→ W

v 7→ v.

~ 2.5 � V = F n Ú W = Fm. K φ : V −→ W ´�5N���=��3 A ∈ Fm×n

¦�

φ(x) = Ax, Ù¥ x =


x1
...,

xn

.

~ 2.6 � V = Mn(F ) Ú W = F . -

tr : Mn(F ) −→ F

A 7→ tr(A)

´�5N�. �yXe. � α, β ∈ F , A = (ai,j)n×n, B = (bi,j)n×n, Ù¥ ai,j, bi,j ∈ F . K
αA+ βB = (αai,j + βbi,j). u´,

tr(αA+ βB) =
n∑
i=1

(αai,i + βbi,i) = α

n∑
i=1

ai,i + β

n∑
i=1

bi,i = αtr(A) + βtr(B).

u´ tr ´�5�. � det : Mn(F ) −→ F Ø´�5�.
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~ 2.7 � V = F [x] Ú h ∈ F [x] \ {0}. -

φh F [x] −→ F [x]

f 7→ rem(f, h, x).

´�5N�. �yXe. � α, β ∈ F , f, g ∈ F [x]. dõ�ªØ{��, �3 p, q ∈ F [x]

¦�

f = ph+ φh(f) Ú g = qh+ φh(g).

u´ αf+βg = (αp+βq)h+αφh(f)+βφh(g).Ï� deg(φh(f)) < deg(h)Ú deg(φh(g)) <

deg(h), ¤± deg(αφh(f) + βφh(g)) < deg(h). d{ª���5��

φh(αf + βg) = αφh(f) + βφh(g).

�âõ�ª�Ø{, ·�k

ker(φh) = {f ∈ F [x] |h|f} Ú im(φh) = F [x](deg(h)).

AO/, XJ� h = xd. K φh(f) ´� f �gê�u d �Ü©.

~ 2.8 � F = R, V = C1[a, b] Ú W = C[a, b]. K¦� d/dx ´l V � W ��5N�,

>þ�È© ∫ x
a

: W −→ V

f(t) 7→
∫ x
a
f(t) dt

´�5N�. ��O��

ker

(
d

dx

)
= R, im

(
d

dx

)
= C[a, b]

Ú

ker

(∫ x

a

)
= {0}, im

(∫ x

a

)
= {f ∈ C1[a, b]|f(a) = 0}.

§2.2 �5N��$�

- Hom(V,W ) ´l V � W �¤k�5N��8Ü. §´ Map(V,W ) �f8. �

���y, é?¿� α, β ∈ F , φ, ψ ∈ Hom(V,W ), ·�k αφ + βψ ∈ Hom(V,W ) (�þ

ÆÏ1�Ù·K 4.1). u´ Hom(V,W ) �´ F þ��5�m.

2� U ´,�� F þ��5�m. � φ ∈ Hom(U, V ) Ú ψ ∈ Hom(V,W ). K

ψ ◦ φ ∈ Hom(U,W ). äN�y�þÆÏ1�Ù·K 4.4.

~ 2.9 �Ä~ 2.8 ¥�ü�N�. ·�k∫ x

a

(
d

dt
f(t)

)
dt = f(x)− f(a) Ú

d

dx

(∫ x

a

f(t) dt

)
= f(x).
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·K 2.10 � φ ∈ Hom(V,W ) ´V�. K φ−1 ∈ Hom(W,V ).

y². � w1,w2 ∈ W , v1 = φ−1(w1) Ú v2 = φ−1(w2). é?¿� α1, α2 ∈ F ,

φ(α1v1 + α2v2) = α1φ(v1) + α2φ(v2) = α1w1 + α2w2.

u´

φ−1(α1w1 + α2w2) = α1v1 + α2v2 = α1φ
−1(w1) + α2φ

−1(w2). �

½Â 2.11 XJ�3V� φ ∈ Hom(V,W ), K¡ V Ú W �5Ó�.

�5Ó�´�d'X, Ù�yL§��y+Ó�´�d'Xaq(�þÆÏ1oÙ·K

2.3).

~ 2.12 �5�m Hom(F n, Fm) � Fm×n �5Ó�. �

Φ : Hom(F n, Fm) −→ F n×m

φ 7→ Aφ (φ 3IOÄe�Ý
)

K Φ ´V�. äN�y�þÆÏ1�Ù½n 4.1. 2dþÆÏ1�ÙíØ 4.1, Φ ´�5

�. u´, Φ ´�5Ó�.
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