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3�!¥ V ´� F þ� n ��5�m.

§5.1 �IC�

½n 5.1 � e1, . . . , en ´ V ��|Ä, e′1, . . . , e
′
n ∈ V . K e′1, . . . , e

′
n ´ V ��|Ä�

�=��3��� P ∈ GLn(F ) ¦�

(e′1, . . . , e
′
n) = (e1, . . . , en)P. (1)

(d�¡ P ´lÄ. e1, . . . , en �Ä. e′1, . . . , e
′
n �C�Ý
.)

y². � P ∈ GLn(F ) ¦� (1) ¤á. e α1, . . . , αn ∈ F ¦�

α1e
′
1 + · · ·+ αne

′
n = 0.

K

(e′1, . . . , e
′
n)


α1

...

αn

 = (e1, . . . , en)P


α1

...

αn

 .

Ï� e1, . . . , en �5Ã', ¤±

P


α1

...

αn

 =


0
...

0

 .

Ï� P ÷�, ¤± α1 = · · · = αn = 0. u´ e′1, . . . , e
′
n �5Ã'. Ï� dim(V ) = n, ¤±

e′1, . . . , e
′
n ´ V ��|Ä.



2

��, � e′1, . . . , e
′
n ´ V ��|Ä. Ï� e1, . . . , en ´ V ��|Ä, ¤±�3 P ∈

Mn(F ) ¦� (1) ¤á. ·�Äky² P �_. ÄK, P Ø÷�, l
�3 β1, . . . , βn ∈ F ,
Ø��", ¦�

P


β1
...

βn

 =


0
...

0

 .

d (1),

β1e
′
1 + · · ·+ βne

′
n = 0,

= e′1, . . . , e
′
n �5�'. gñ. u´ P ∈ GLn(F ). 2� Q ∈ GLn(F ) ¦�

(e′1, . . . , e
′
n) = (e1, . . . , en)Q.

K (0, . . . ,0) = (e1, . . . , en)(P − Q). d e1, . . . , en ��5Ã'5�� P − Q = O, =

P = Q. ��5¤á. �

½n 5.2 � e1, . . . , en Ú e′1, . . . , e
′
n ´ V �ü|Ä, P l1�|Ä�1�|�=�Ý
.

� x ∈ V 3ùü|Äe��I©O´ (x1, . . . , xn)
t Ú (x′1, . . . , , x

′
n)
t. K

x′1
...

x′n

 = P−1


x1
...

xn

 .

y². ·�O�

x = (e′1, . . . , e
′
n)


x′1
...

x′n

 = (e1, . . . , en)P


x′1
...

x′n

 .

d�I���5��
x1
...

xn

 = P


x′1
...

x′n

 =⇒


x′1
...

x′n

 = P−1


x1
...

xn

 . �

~ 5.3 � e1, e2 ´ R2 �IOÄ. y²

v1 =

(
2

1

)
Ú v2 =

(
1

2

)

�´�|Ä. � x = (5, 1)t. ¦ x 3 v1,v2 e��I.
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y². ÏLÝ
L«, ·�k

(v1,v2) = (e1, e2)

(
2 1

1 2

)
︸ ︷︷ ︸

P

.

Ï� A �_, ¤±d½n 5.1 ��, v1,v2 ´�|Ä. O��

P−1 =

(
2
3

−1
3

−1
3

2
3

)
.

2�â½n 5.2, x 3 v1,v2 e��I´(
2
3

−1
3

−1
3

2
3

)(
5

1

)
=

(
3

−1

)
.

~ 5.4 �ä p1 = x(x− 1), p2 = x(x− 2), p3 = x(x− 2) + 1 3 F [x](3) ¥ ´Ø´�|Ä.

). Ðm� p1 = x2 − x, p2 = x2 − 2x, p3 = x2 − 2x+ 1. u´

(p1, p2, p3) = (1, x, x2)


0 0 1

−1 −2 −2
1 1 1


︸ ︷︷ ︸

P

.

Ï� det(P ) = 1 6= 0, ¤± A �_. d½n 5.1, p1, p2, p3 ´�|Ä.

§5.2 �5N��Ý
L«

3��!¥ V ´ n ��5�m, W ´ m ��5�m. §�äk�Ó�Ä� F . 3

� e1, . . . , en ´ V ��|Ä, ε1, . . . , εm ´ W ��|Ä.

½n 5.5 � φ ∈ Hom(V,W ). K�3��� A ∈ Fm×n ¦�é?¿ x = x1e1+· · ·+xnen,
φ(x) 3 ε1, . . . , εm e��I´ 

y1
...

ym

 = A


x1
...

xn

 . (2)

d�¡ A ´ φ 3Ä. e1, . . . , en Ú ε1, . . . , εm e�Ý
L«.

y². (�35) � φ(ej) = a1,jε1 + · · ·+ am,jεm, j = 1, 2, . . . , n. -

A =


a1,1 · · · a1,n
...

. . .
...

am,1 · · · am,n

 .
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K φ(ej) = (ε1, . . . , εm) ~A
(j), j = 1, 2, . . . , n. u´

(φ(e1), . . . , φ(en)) = (ε1, . . . , εm)A.

dd��

φ(x) = x1φ(e1) + · · ·+ xnφ(en) = (φ(e1), . . . , φ(en))


x1
...

xn

 = (ε1, . . . , εm)A


x1
...

xn

 .

d�I���5�� (2) ¤á.

(��5) 2� B ∈ Fm×n ¦�r (2) ¥ A �¤ B ��ª¤á. Kéu?¿ j ∈
{1, 2, . . . , n}, φ(ej) = (ε1, . . . , εm) ~B

(j). d�I���5�� ~B(j) = ~A(j), j = 1, 2, . . . , n.

u´ A = B. �

~ 5.6 � f ∈ Hom(V, F ), = f ´ V þ��5¼ê. ¦ f 3 e1, . . . , en Ú 1 e�Ý
.

). � f(ej) = αj, j = 1, 2, . . . , n. K f 3þãÄ.e�Ý
´ (α1, . . . , αn). é?¿

x = x1e1 + · · ·+ xnen, f(x) 'u 1 ��IÚÙ���Ó. u´

f(x) = (α1, . . . , αn)


x1
...

xn

 = α1x1 + · · ·+ αnxn.

~ 5.7 � φ : R[x] −→ R[x] ´ d/dx. ¦ φ 3 1, x, . . . , xn−1 Ú 1, x, . . . , xn−1 e�Ý
.

). 5¿�, φ(1) = 0, φ(xk) = kxk−1, k = 1, 2 . . . , n− 1. u´

(φ(1), φ(x), φ(x2), . . . , φ(xn−1)) = (1, x, x2, . . . , xn−1)



0 1 0 · · · 0 0

0 0 2 · · · 0 0

0 0 0 · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · 0 n− 1

0 0 0 · · · 0 0


︸ ︷︷ ︸

A

.

� p = p0 + p1x+ p2x
2 + · · ·+ pn−1x

n−1. K φ(p) 3 1, x, x2, . . . , n− 1 e��I´

A



p0

p1

p2
...

pn−1


=



p1

2p2
...

(n− 1)pn−1

0


=⇒ φ(p) = p1 + 2p2x+ · · ·+ (n− 1)pn−1x

n−2.
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~ 5.8 � W = F n � ε1, . . . , εn ´ÙIOÄ. d�5N�Ä�½nII(1�Ù1�gùÂ

½n 4.12 )���3φ ∈ Hom(V, F n) ¦� φ(ej) = εj, j = 1, 2, . . . , n. K φ 'uùü|

Ä�Ý
L«´ n �ü �
. d�I���5��, φ ´�5Ó�. �ù�Ó�Ø´“

g,� ”, Ï�§�½Â�6uÄ.�ÀJ.

§6 éó�m

3�!¥ V ´� F þ� n ��5�m.

§6.1 éóÄ

�5�m Hom(V, F ) ¡� V �éó�m, P� V ∗. �ó�, V ∗ ´ V þ¤k�5¼

ê�8Ü, Ù¥�\{Úê¦d Map(V, F ) �Ñ.

~ 6.1 � V = R2, e1, e2 ´IOÄ. K V ∗ ´Xe�5¼ê�8Ü: é?¿� a, b ∈ R,

f : R2 −→ R(
x

y

)
7→ ax+ by.

5¿�éuØÓ� a, b, f ´Ø���.

lAÛþw�"�þ v = (−b, a)t �L�� 〈v〉, 
 ax+ by = 0 �LT����§,

= 〈v〉 ´ ax+ by = 0 �)�m.

éó�m��{�±J��·�þÆÏÆ��£: ��f�mQ�±ÏL§��|)¤

�Ü¤q�±w¤,�àg�5�§|�). ùü�*:3äN�~f¥�k¤�.

½n 6.2 � e1, . . . , en ´ V ��|Ä. K3 V ∗ ¥�3����|Ä e∗1, . . . , e
∗
n ÷v

e∗i (ej) = δi,j, i, j ∈ {1, 2, . . . , n}. AO/, dim(V ∗) = n. (¡ e∗1, . . . , e
∗
n � e1, . . . , en �é

óÄ.)

y². é i ∈ {1, 2, . . . , n}, � e∗i ∈ V ∗ ÷v e∗i (ej) = δi,j, j = 1, 2, . . . , n. d�5N�Ä�

½nII(½n 4.12 )��ù�� e∗i �3���. ·���y² e∗1, . . . , e
∗
n ´ V ∗ ��|Ä

=�.

� α1, . . . , αn ∈ F ¦� α1e
∗
1 + · · ·αne∗n = 0∗, Ù¥ 0∗ �L V ∗ ¥�"�, ="¼ê.

� j ∈ {1, 2, . . . , n}. K

0 = 0∗(ei) =

(
n∑
i=1

αie
∗
i

)
(ej) =

n∑
i=1

αie
∗
i (ej) =

n∑
i=1

αiδi,j = αj.



6

u´ α1 = · · · = αn = 0, = e∗1, . . . , e
∗
n �5Ã'.

2� f ∈ V ∗ � f(ej) = βj, j = 1, 2, . . . , n. - g = β1e
∗
1 + · · · + βne

∗
n. Kéu?¿

j ∈ {1.2. . . . , n}, ·�k

g(ej) =

(
n∑
i=1

βie
∗
i

)
(ej) =

n∑
i=1

βie
∗
i (ej) =

n∑
i=1

βiδi,j = βj.

2d�5N�Ä�½nII¥���5��, f = g. �

~ 6.3 éóÄ���IJø
�½��B. � x = x1e1 + · · · + xnen. y²: é?¿

i ∈ {1, 2, . . . , n}, xi = e∗i (x).

y². ·�O�

e∗i (x) = e∗i

(
n∑
j=1

xjej

)
=

n∑
j=1

xje
∗
i (ej) =

n∑
j=1

xjδi,j = xi. �

dd·��±�Ñ x = 0 ��=� e∗i (x) = 0 for all i ∈ {1, 2, . . . , n}.

~ 6.4 � dim(V ) = n, f ∈ V ∗ \ {0∗}. K�3�| V �Ä e1, . . . , en ¦�é?¿�

x = x1e1 + · · ·+ xnen, ·�k f(x) = x1.

y². Ï� f 6= 0∗, ¤±�3 v ∈ V ¦� f(v) = λ 6= 0. � e1 = λ−1v. K f(e1) = 1.

u´é?¿ α ∈ F , f(αe1) = α. dd�� im(f) = F . l
 dim(im(f)) = 1. k1�

Ù1�ù·K 4.15 (iii), dim(ker(f)) = n − 1. � e2, . . . , en ´ ker(f) ��|Ä. Ï�

e1 /∈ ker(f), ¤± e1, e2, . . . , en �5Ã'. §�´ V ��|Ä. ·�O�

f(x) = f

(
n∑
i=1

xiei

)
= x1f(e1) + x2f(e2) + · · ·+ xnf(en) = x1. �.

Ún 6.5 � f1, . . . , fn ´ V ∗ ��|Ä, x,y ∈ V . K x = y ��=� fi(x) = fi(y),

i = 1, 2, . . . , n.

y². � f ∈ V ∗. K�3 α1, . . . , αn ∈ F ¦� f =
∑n

i=1 αifi. u´

f(x− y) =

(
n∑
i=1

αifi

)
(x− y) =

n∑
i=1

αifi(x− y) =
n∑
i=1

αi(fi(x)− fi(y)) = 0.

d~ 6.3 �� x− y = 0. �

½n 6.6 e�N�
φ : V −→ V ∗∗

v 7→ εv

´�5Ó�, Ù¥

εv : V ∗ −→ F

f 7→ f(v).
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y². k�y εv ∈ V ∗∗. � α, β ∈ F , f, g ∈ V ∗. K

εv(αf + βg) = (αf + βg)(v) = αf(v) + βg(v) = αεv(f) + βεv(g).

�y�.. u´ φ ´û½Â�.

2�y φ ´�5�. � u,v ∈ V , α, β ∈ F . Ké?¿� f ∈ V ∗,

εαu+βv(f) = f(αu+ βv) = αf(u) + βf(v) = αεu(f) + βεv(f).

u´ εαu+βv = αεu + βεv, = φ(αu+ βv) = αφ(u) + βφ(v).

��, ·��y φ �V�. d½n 6.2 ��, dim(V ∗∗) = n. Ï� im(φ) ⊂ V ∗∗ �

dim(ker(φ)) + dim(im(φ)) = n. ·����y ker(φ) = {0} =�. � φ(v) = 0∗∗, Ù¥

0∗∗ �L V ∗∗ ¥�"�. Ké?¿� f ∈ V ∗, f(v) = 0. K v = 0. (�~ 6.3) �

þã½n¥��5Ó� φ �½Â�Ä.Ã', u´·�` V � V ∗∗ g,Ó�.

§6.2 A^

~ 6.7 � U ⊂ F 4 d�þ

u1 =


1

0

1

0

 Ú u2 =


1

0

1

1


)¤. ¦1ê���Ý
 A ¦� U ´± A �XêÝ
�àg�5�§|�).

). �¤¦Ý
� A. ����y dim(U) = 2. u´ A kü1�ùü1�5Ã'. � A

¥��1´ (x1, x2, x3, x4). K§´�§|

(
ut1

ut2

)
x1

x2

x3

x4

 =

(
0

0

)

�). )�m�Ä�Ñ·�¤I���þ. äN��§|�{
x1 + x3 = 0

x1 + x3 + x4 = 0

§�ü��5Ã')´� U ⊂ F 4 d�þ

x1 =


1

0

−1
0

 Ú x2 =


1

1

−1
0

 =⇒ A =

(
xt1

xt2

)
.
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~ 6.8 � U = 〈u1, . . . ,uk〉 Ú W = 〈w1, . . . ,wm〉 ´ F n �ü�f�m. Ó�§�©O

´ A ∈ F `×n Ú B ∈ F s×n �XêÝ
�àg�5�§|�)�m. K U +W ��|)

¤�´ u1, . . . ,uk,w1, . . . ,wm. ��EÝ
 C ¦� U +W ´± C �Ý
�àg�5�

§|�)�mÒØ@o��. aq/, �E U ∩W �)¤�'�æ�, �±(
A

B

)

�XêÝ
�àg�5�§|�)�m�u U ∩W .

� v1, . . . ,v` ∈ V Ú f1, . . . , fk ∈ V ∗. -

M

(
f1, . . . , fk

v1, . . . , v`

)
= (fi(vj))k×`.

Ún 6.9 � v1, . . . ,v` ∈ V Ú f1, . . . , fk ∈ V ∗. 2� v = α1v1 + · · ·+ α`v`. K
f1(v)
...

fk(v)

 =M

(
f1, . . . , fk

v1, . . . , v`

)
α1

...

α`

 .

y². �ª�ý1 i 1´ fi(v) =
∑`

j=1 αjfi(vj). §TÐ´�ªm>�1 i 1, i =

1, 2, . . . , k. �

Ún 6.10 � v1, . . . ,v` ∈ V . Ke�äó�d:

(i) v1, . . . ,v` �5�';

(ii) é?¿ k ∈ Z+, f1, . . . , fk ∈ V ∗,

rank

(
M

(
f1, . . . , fk

v1, . . . , v`

))
< `.

(iii) � g1, . . . , gn ´ V ∗ ��|Ä,

rank

(
M

(
g1, . . . , gn

v1, . . . , v`

))
< `.

y². (i) =⇒ (ii). � α1, . . . , α` ∈ F Ø��"¦� 0 = α1v1 + · · ·+ α`v`. dÚn 6.9,

M

(
f1, . . . , fk

v1, . . . , v`

)
α1

...

α`

 =


0
...

0

 .
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Ï� α1, . . . , α` Ø��", ¤±þã�§|�XêÝ
Ø�U�÷�.

(ii) =⇒ (iii). w,.

(iii) =⇒ (i). d (iii) ¥Ý
��^���, �3 β1, . . . , β` ∈ F Ø��"¦�

M

(
g1, . . . , gn

v1, . . . , v`

)
β1
...

β`

 =


0
...

0

 .

- v = β1v1 + · · ·+ β`v`. dÚn 6.9 ��, gi(v) = 0 = gi(0), i = 1, 2, . . . , n. u´ v = 0

(�Ún 6.5). (i) ¤á. �

½n 6.11 � v1, . . . ,v` ∈ V Ú g1, . . . , gn ∈ V ∗ ´�|Ä. K

dim〈v1, . . . ,vk〉 = rank

(
M

(
g1, . . . , gn

v1, . . . , v`

))
.

y². �

r = rank

(
M

(
g1, . . . , gn

v1, . . . , v`

))
.

Ø��TÝ
¥c r ��5Ã'.·���y² v1, . . . ,vr ´ 〈v1, . . . ,v`〉��|Ä=�.

5¿�ùc r �|¤�fÝ


M

(
g1, . . . , gn

v1, . . . , vr

)

���u r, dÚn 6.10, v1, . . . ,vr �5Ã'. � j ∈ {r + 1, r + 2, . . . , `}. KfÝ


M

(
g1, . . . , gn−1 gn

v1, . . . , vr vj

)

��E�u r, ���u r + 1. 2dÚn 6.10, v1, . . . ,vr,vj �5�'. u´ vj ∈
〈v1, . . . ,vr〉. dd�� v1, . . . ,vr ´ 〈v1, . . . ,v`〉 ��|Ä. �


