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§1 �5�m

§2 �5N�

§3 û�m�g,��5N�

§4 Ä.��ê

§5 �IC�Ú�5N��Ý
L«

§6 éó�m

§7 V�5.

�!¥ V ´ F þ� n ��5�m, n > 0.

§7.1 ½Â�Ý
L«

§7.2 é¡V�5.

§7.3 ä�'(Jacobi)úª

� A ∈ Mn(F ). Ý
 A �fª

M

(
i1, i2, . . . , ik

i1, i2, . . . , ik

)
,

Ù¥ 1 ≤ i1 < i2 < · · · < ik ≤ n, ¡� A ��� k �Ìfª. AO/,

M

(
1, 2, . . . , k

1, 2, . . . , k

)

¡� A � k �^SÌfª.

~ 7.1 �

A =


a1,1 a1,2 a1,3

a2,1 a2,2 a2,3

a3,1 a3,2 a3,3

 .
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Ý
 A �n�^SÌfª©O´

a1,1, det

(
a1,1 a1,2

a2,1 a2,2

)
, det(A).

½n 7.19 (Jacobi úª) � A ∈ SMn(F ). � ∆0 = 1, ∆i ´ A � i �^SÌfª. XJ

∆1,∆2, . . . ,∆n Ñ�". K

A ∼c diag

(
∆1

∆0

,
∆2

∆1

, . . . ,
∆n

∆n−1

)
.

y². � A = (ai,j)n×n. é n 8B. � n = 1 �,

A = (a1,1) =

(
∆1

∆0

)
.

(Ø¤á. � n > 1� n− 1�(Ø¤á. � B ´d A�c (n− 1)1Ú (n− 1)���

|¤�fÝ
. K B é¡�§� n− 1 �^SÌfª´ ∆1, . . . ,∆n−1. d8Bb���

B ∼c diag

(
∆1

∆0

,
∆2

∆1

, . . . ,
∆n−1

∆n−2

)
︸ ︷︷ ︸

C

.

u´�3 P ∈ GLn−1(F ) ¦� P tBP = C. -

Q =

(
P O(n−1)×1

O1×(n−1) 1

)
Ú v =


a1,n

...

an−1,n

 .

K

QtAQ =

(
P t O(n−1)×1

O1×(n−1) 1

)(
B v

vt an,n

)(
P O(n−1)×1

O1×(n−1) 1

)
=

(
C w

wt an,n

)
,

Ù¥ w = P tv. é QtAQ ^Ð�1��C�¿5¿� C é¡, ·���(
En−1 O(n−1)×1

−wt (C−1)
t

1

)(
C w

wt an,n

)(
En−1 −C−1w

O1×(n−1) 1

)
︸ ︷︷ ︸

R

=

(
C w

O1×(n−1) λ

)
R, Ù¥ λ ´ F ¥,���,

=

(
C O(n−1)×1

O1×(n−1) α

)
︸ ︷︷ ︸

M

, Ù¥ α ´ F ¥,���.
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��, ·�5�y α = ∆n/∆n−1. dþãí��Ñ

C = P tBP Ú M = RtQtAQR.

Ï� det(C) = ∆n−1 = det(B), ¤±dþã1���ª%¹ det(P )2 = 1. 
þã1��

�ª%¹ ∆n−1α = ∆n det(P )2. dd�Ñ α = ∆n/∆n−1. �

~ 7.20 �

A =


0 1 1

1 0 1

1 1 0

 ∈ SM3(R).

O�é�
 B ∈ SM3(R) ¦� A ∼c B.

). Ï�ØI�O�=�Ý
 P . ·��±ÁÁ|^ Jacobi �{. � A ���Ìfª�

u". u´, ·�ÏL1���C���

A ∼c B =


2 1 2

1 0 1

2 1 0

 ∼c



2
1

0 0

0

det

2 1

1 0


2

0

0 0 det(B)

det

2 1

1 0




=


2 0 0

0 −1
2

0

0 0 −2

 .

~ 7.21 �

A =

(
0 1

1 0

)
∈ SM2(Z2).

y² A ØÜÓué��
.

y². �

P =

(
a b

c d

)
∈ GL2(Z2)

¦� P tAP = diag2(u, v). K(
a c

b d

)(
c d

a b

)
=

(
2ac ad+ bc

ad+ bc 2bd

)
= diag2(u, v).

u´ u = v = 0 (∵ 2 = 0). dd�� rank(A) = 0. gñ.
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§8 �g. (quadratic forms)

·�lV�5.��ÝÚ\�g., ù��±¦·��±��A^V�5.�(Ø.

,�·�`²�g.Ú�gàgõ�ª�m�'X. 3�!¥ V ´� F þ�k���

5�m, F �A�Ø´ 2.

§8.1 lV�5.��g.

½Â 8.1 � q : V −→ F ¡� V þ��g., XJ

(i) éu?¿� v ∈ V , q(v) = q(−v);

(ii) éu?¿� x,y ∈ V ,

f(x,y) =
1

2
(q(x + y)− q(x)− q(y))

´ V þ�é¡V�5.. f ¡� q ��4.

5) 8.2 � q ´ V þ�V�5.. K q(0) = 0. ù´Ï�3þã½Â^� (ii) ¥�\

x = y = 0, ��

0 = f(0,0) =
1

2
q(0) =⇒ q(0) = 0.

e¡�·K`²�g.Ú�4�m�'X.

·K 8.3 (i) � q ´ V þ��g., Ù�4´ f(x,y). Ké?¿� x ∈ V , q(x) =

f(x,x).

(ii) � f ∈ L+
2 (V ). K q(x) = f(x,x) ´��± f ��4��g..

y². (i). d½Â 8.1 ¥� (ii) Ú (i) ��.

−f(x,x) = f(x,−x)
(ii)
=

1

2
(q(0)− q(x)− q(−x)) = −1

2
(q(x) + q(−x)) =

(i)
= −q(x).

u´, q(x) = f(x,x).

(ii) ��O�� q(−x) = f(−x,−x) = f(x,x) = q(x). dé¡V�5.�4zúª

½Â 8.1 ¥ (ii) ¤á. �

íØ 8.4 � q ´ V þ��g.. Ké?¿� α ∈ F Ú v ∈ V , q(αv) = α2q(v).

y². � f ∈ L+
2 (V ) ´ q ��4. dþã·K (i),

q(αx) = f(αx, αx) = α2f(x,x) = α2q(x). �
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½n 8.5 � V ��|Ä´ e1, . . . , en, q ´ V þ��g.. K�3���Ý
 A ∈
SMn(F ) ¦�éu?¿� x = x1e1 + · · ·+ xnen ¦�

q(x) = (x1, . . . , xn)A


x1
...

xn

 .

y². � f ´ q ��4, A ´ f 3 e1, . . . , en e�Ý
. K A ∈ SMn(F ) �é?¿�

x = x1e1 + · · ·+ xnen Ú y = y1e1 + · · ·+ ynen, ·�k

f(x,y) = (x1, . . . , xn)A


y1
...

yn

 .

u´, d·K 8.3 ��,

q(x) = f(x,x) = (x1, . . . , xn)A


x1
...

xn

 .

�35¤á.

2� B ∈ SMn(F ) ¦�

q(x) = (x1, . . . , xn)B


x1
...

xn

 .

-

g : V × V −→ F

(x,y) 7→ (x1, . . . , xn)B


y1
...

yn

 .

����y g ∈ L+
2 (V ). Ï� g(x,x) = q(x), ¤± g ´ q ��4(·K 8.3 (ii))) � B ´

g 3 e1, . . . , en e�Ý
. Ï� f = g, ¤± A = B. ��5¤á. �

�uþã½n, ·�¡Ý
 A ´�g. q 3Ä. e1, . . . , en e�Ý
. ?
, �4 f

��¡� q ��, P� rank(q).

½n 8.6 � V �ü|Ä´ e1, . . . , en Ú e′1, . . . , e
′
n, �

(e′1, . . . , e
′
n) = (e1, . . . , en)P,
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Ù¥ P ∈ GLn(F ). � V þ��g. q 3 e1, . . . , en e�Ý
� A, 3 e′1, . . . , e
′
n e�

Ý
� B. K B = P tAP .

y². � f ´ q ��4. K A Ú B ©O´ f 3 e1, . . . , en Ú e′1, . . . , e
′
n e�Ý
. dþ

�ù1Ô!¥½n 7.13§B = P tAP . �

~ 8.7 � p ∈ F [x1, . . . , xn]à�g,õ�ª¼ê p : F n −→ F dúª p(v) = p(v1, . . . , vn)

�Ñ, Ù¥ v = (v1, . . . , vn)t ´ F n ¥�?¿��. K p ´ F n þ��g..

y². Ï� p ´à�g�, ¤±

p =
∑

1≤i≤j≤n

αi,jxixj.

- βi,i = αi,i, i = 1, 2 . . . , n, βi,j = αi,j/2, i, j ∈ {1, 2, . . . , n}, Ù¥ {i, j ∈ {1, 2, . . . , n} �
i < j. 
 βj,i = βi,j, Ù¥ {i, j ∈ {1, 2, . . . , n} � i < j. K

p =
n∑
i=1

βi,jx
2
i+

n∑
i,j=1,i 6=j

βi,jxixj =
n∑
i=1

n∑
j=1

βi,jxixj = (x1, . . . , xn)


β1,1 · · · β1,n
...

. . .
...

βn,1 · · · βn,n


︸ ︷︷ ︸

A


x1
...

xn

 .

d βi,j �½Â��, A ´é¡�. - f ´3IOÄeÝ
´ A �é¡V�5.. K

f(v,v) = (v1, . . . , vn)A(v1, . . . , vn)t = p(v).

u´, p ´ F n þ��g.. §3IOÄe�Ý
�u A. dd βi,j �½Â��,

A =


α1,1

α1,2

2
· · · α1,n

2
α1,2

2
α2,2 · · · α2,n

2
...

...
. . .

...
α1,n

2

α2,n

2
· · · αn,n

 .

½n 8.8 � q ´ V þ��g.. K�3 V ��|Ä ε1, . . . , εn ¦� q 3TÄe�Ý


´é�
. 2�Té�
´ diag(λ1, . . . , λn). Ké?¿ x = x1ε1 + · · ·+ xnεn ∈ V ,

q(x) = λ1x
2
1 + · · ·+ λnx

2
n. (1)

y². � q ��4´ f . d1�Ù1où½n 7.13, f d5�Ä ε1, . . . , εn. u´ q 3T

Äe�Ý
´é�
. �Té�
´ diag(λ1, . . . , λn). Ké?¿� x = x1ε1 + · · ·xnεn,

y = y1ε1 + · · ·+ ynεn ∈ V ,

f(x,y) = λ1x1y1 + · · ·+ λnxnyn =⇒ q(x) = f(x,x) = λ1x
2
1 + · · ·+ λnx

2
n. �

Äuþã½n, ·�¡ ε1, . . . , εn ´ q ��|5�Ä, (1) ´ q ���5�..

dþ�!íØ 7.17 ��
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íØ 8.9 � q ´ V þ��g.� r = rank(q). K�3 q ��|5�Ä ε1, . . . , εn ¦�

é?¿ x = x1ε1 + · · ·+ xnεn ∈ V , q(x) = λ1x
2
1 + · · ·+ λrx

2
r.

~ 8.10 � p = x22 − x1x2 + 4x2x3. ¦ p 3 R3 �IOÄe�Ý
Ú�.

). dþ~��,

A =


0 −1

2
0

−1
2

1 2

0 2 0

 .

d½Â�Ñ rank(p) = rank(A) = 2.

~ 8.11 � p ∈ F [x1, . . . , xn], �"à�g. y²: XJ p �±©)�ü��gõ�ª�

È, K p �� F n þ��g.��Øpu 2.

y². � p = fg, Ù¥ f, g ´ F [x1, . . . , xn] �à�gõ�ª. ?
, -

f = α1x1 + · · ·+ αnxn, g = β1x1 + · · ·+ βnxn,

Ù¥ α1, . . . , αn ∈ F Ø��", β1, . . . , βn ∈ F �Ø��". ��O�� p �� F n þ�

�g.�Ý
´

A =

(
αiβj + βiαj

2

)
n×n

=
1

2


α1

...

αn

 (β1, . . . , βn)

︸ ︷︷ ︸
B

+
1

2


β1
...

βn

 (α1, . . . , αn)

︸ ︷︷ ︸
C

.

u´ rank(p) = rank(A) = rank(B + C) ≤ rank(B) + rank(C) = 2 1. �

§8.2 |^��{z5�.

·�^��äN�~f`²XÛ^��{r���g.z�§�5�..

~ 8.12 � p = 2x1x2 + 2x1x3 + 2x2x3 ∈ R[x1, x2, x3]. ¦ R3 þ�g. p ��|5�Ä

Ú��5�..

). � 
x1

x2

x3

 =


1 1 0

1 −1 0

0 0 1


︸ ︷︷ ︸

P1


y1

y2

y3

 .

1Vc(B +C) ⊂ Vc(B) + Vc(C) =⇒ rank(B +C) ≤ dim(Vc(B) + Vc(C)) ≤ dim(Vc(B)) + dim(Vc(C)) =

rank(B) + rank(C).
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K p = 2y21 + 2y22 + 4y1y3 = 2(y21 − 2y1y3 + y23)− 2y22 − 2y23 = 2(y1 + y3)
2 − 2y22 − 2y23. �

z1

z2

z3

 =


1 0 1

0 1 0

0 0 1


︸ ︷︷ ︸

P2


y1

y2

y3

 .

K p = 2z21 − 2z22 − 2z23 . 5¿� 
x1

x2

x3

 = P1P
−1
2


z1

z2

z3

 .

� A ´ p 3IOÄe�Ý
. K

p = (x1, x2, x3)A


x1

x2

x3

 = (z1, z2, z3)
(
P1P

−1
2

)t
A(P1P

−1
2 )


z1

z2

z3

 = (z1, z2, z3)diag(2,−2,−2)


z1

z2

z3

 .

u´, A ∼c diag(2,−2,−2) � 5�Ä´

P1P
−1
2 =


1 1 −1

1 −1 −1

0 0 1


�n���þ.

·K 8.13 � V ´� F þ� n ��5�m, Q(V ) ´ V þ¤k�g.�8Ü. K Q(V )

´ F þ��5�m. ?
�5�m Q(V ), L+
2 (V ) Ú SMn(F ) ´�5Ó��.

y². � p, q ∈ Q(V ),§���4©O´ f Ú g. é?¿� α, β ∈ F ,����y αp+βq

��4´ αf + βg. u´§αp+ βq ∈ Q(V ). l
 Q(V ) ´�5�m. þã(Ø�`²

φ : Q(V ) −→ L+
2 (V )

p 7→ f

´�5N�. � f = φ(p) ´"é¡V�5.. d·K 8.3 (i), p = f(x,x). u´ p ´"�

g.. dd�� φ ´ü�. �â·K 8.3 (ii), φ ´÷�. ·�y²
 φ ´�5Ó�.

� e1, . . . , en ´ V ��|Ä.

ψ : L+
2 (V ) −→ SMn(F )

f 7→ Af = (f(ei, ej))n×n.
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2� g ∈ L+
2 (V ), α, β ∈ F . K

Aαf+βg = ((αf + βg)(ei, ej)) = α(f(ei, ej)) + β(g(ei, ej)) = αAf + βAg.

u´, ψ ´�5�. XJ Af = O, K f w,´"V�5.. u´ ψ ´ü�. � B ∈
SMn(F ). ½Â f : V × V −→ F dúªf(x,y) = (x1, . . . , xn)B(y1, . . . , yn)t �Ñ, Ù¥

x = x1e1 + · · · + xnen, y = y1e1 + · · · + ynen ´ V ¥ü�?¿��þ. K f ∈ L+
2 (V )

� Af = B. dd�� ψ ´÷�. ·�y²
 ψ ´�5Ó�. ?
 ψ ◦ φ ´l Q(V ) �

SMn(M) ��5Ó�. �

§9 ¢�g.

3�!¥, V ´ R þ� n ��5�m.

§9.1 .5½n

½n 9.1 (Sylvester) � q ´ V þ��g.. K�3 q ��|5�Ä e1, . . . , en ¦�3

TÄe q �Ý
� 
Ek O O

O −E` O

O O O


� k + ` = rank(q). ?
, XJ q 3,�|5�Äe�Ý
´

Es O O

O −Et O

O O O


K k = s Ú t = `.

y². � r = rank(q). dþ�!íØ 7.17 9Ùy²��, �3 q ��|Ä¦� q 3TÄ

e�Ý
´

A = diag(λ1, . . . , λr, 0, . . . , 0),

Ù¥ r = rank(q), λ1, . . . , λr ∈ R \ {0}. ·�N�Ä.¥���^S, ·��?�Ú�

λ1, . . . , λk ∈ R+, λk+1, . . . , λk+` ∈ R−, � k + ` = r.

- P � n��_Ý
 diag
(

(
√
λ1)
−1, . . . , (

√
λk)
−1, (

√
−λk+1)

−1, . . . , (
√
−λk+`)−1, 1, . . . , 1

)
.

K

P tAP =


Ek O O

O −E` O

O O O

 .
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� e1, . . . , en Ú ε1, . . . , εn ´ü| q �5�Ä, ¤éA�Ý
©O´

B =


Ek O O

O −E` O

O O O

 Ú C =


Es O O

O −Et O

O O O

 .

� x = x1e1 + · · ·+ xnen = y1ε1 + · · ·+ ynε. K

q(x) = x21 + · · ·+ x2k − x2k+1 − · · · − x2r = y21 + · · ·+ y2s − y2s+1 − · · · − y2r .

b� k > s. K ` < t. ù´Ï� k+` = s+ t = r. - U = 〈e1, . . . , ek〉, W = 〈εs+1, . . . , εn〉.
K

dim(U ∩W ) = dim(U) + dim(W )− dim(U +W ) ≥ k + n− s− n = k − s > 0.

u´d�"�þ v ∈ U ∩W . d U Ú W �)¤���, �3 α1, . . . , αk ∈ R, Ø��",

Ú βs+1, . . . , βn ∈ R ¦�

v = α1e1 + · · ·+ αkek = βs+1εs+1 + · · ·+ βnεn.

u´

q(v) = α2
1 + · · ·+ α2

k > 0 � q(v) = −β2
s+1 − · · · − β2

r ≤ 0.

gñ. �

|^þã½n¥�PÒ, ·�dXe½Â.

½Â 9.2 ¡ k ´ q ��.5�ê, ` ´ q �K.5�ê, (k, `) ´ q �\¶.

þã½n�Ý
�Xe.

íØ 9.3 � A ∈ SMn(R). K�3 k, ` ∈ N ¦�

A ∼c


Ek O O

O −E` O

O O O


� k + ` = rank(q). ?
, XJ

A ∼c


Es O O

O −Et O

O O O


K k = s Ú t = `.



11

|^þãíØ¥�PÒ, ·�dXe½Â.

½Â 9.4 ¡ k ´ A ��.5�ê, ` ´ A �K.5�ê, (k, `) ´ A �\¶.

íØ 9.5 � A,B ∈ SMn(R). K A ∼c B ��=� A Ú B k�Ó�\¶.

y². � A �\¶´ (k, `), B �\¶´ (s, t). XJ A ∼c B, Kd ∼c �D4ÆÚé¡
Æ�Ñ

A ∼c


Ek O O

O −E` O

O O O

 =⇒ B ∼c


Ek O O

O −E` O

O O O

 .

�âíØ 9.3, (k, `) �´ B �\¶.

��§� (k, `) = (s, t). K

A ∼c


Ek O O

O −E` O

O O O

 Ú B ∼c


Ek O O

O −E` O

O O O

 .

Ï� ∼c ´�d'X, ¤± A ∼c B. �


