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½Â 11.1 � A ∈ L(V ), µA = pm1
1 · · · pms

s ´ µA 3 F [t] ¥�Ø��©), = p1, . . . , ps

´ F [t] \ F ¥üüp��Ø��(Ä�)õ�ª, m1, . . . ,ms ∈ Z+. é i = 1, 2, . . . , s, -

V (pi) = ker(pmi
i (A)).

¡ V (pi) ´ A 'u pi �2ÂA�f�m.

5) 11.2 d1�Ù1�ù·K 6.5, A �2ÂA�f�mÑ´ A-ØC�.

Ún 11.3 � A ∈ L(V ), p, q ∈ F [t] p�. K p(A) ´ ker(q(A)) þ��_�f.

y². Ï� ker(q(A)) ´ A-ØC�(1�Ù1�ù·K 6.5), ¤±§�´ p(A)-ØC�(1

�Ù1�gSK�~ 3.2). u´, p(A) �±w� ker(q(A)) þ��5�f.
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Ï� p, q p�, ¤±�3 f, g ∈ F [t] ¦� f(t)p(t) + g(t)q(t) = 1. u´,

f(A)p(A) + g(A)q(A) = E .

� x ∈ ker(q(A)) ¦� p(A)(x) = 0. rþªü>�^u x �

f(A)(p(A)(x)) + g(A)(q(A)(x)) = E(x) = x.

Ï� p(A)(x) = q(A)(x) = 0, ¤±þª%¹ x = 0. u´ p(A) �� ker(q(A)) þ���

�f�Ø´²��. �§3 ker(q(A)) þ��_�f(1�Ù1�ùíØ 1.19). �

½n 11.4 (2ÂA�f�m©)–4�õ�ª�) � A ∈ L(V ), µA = pm1
1 · · · pms

s ´ µA

3 F [t] ¥�Ø��©). K±e(Ø¤á:

(i) V = V (p1)⊕ · · · ⊕ V (ps).

(ii) � Ai = AV (pi). K µAi
= pmi

i , i = 1, 2, . . . , s.

(iii) é?¿ i ∈ {1, . . . , s}, pi(A) ´ V (p1) + · · ·+ V (pi−1) + V (pi+1) + · · ·+ V (ps) þ��

_�f.

y². (i) Ú (ii) ´*Ð�ØØ©)½n�SN(1�Ù1�gSK�½n 4.3).

(iii) Ø�� i = 1. Ï� p1 Ú p
mj

j p�, j = 2, . . . ,m. dÚn 11.3, p1(A) 3 V (pj)

þ´�_�f. � x ∈ V (p2) + · · · + V (ps). K�3 xj ∈ V (pj), j = 2, . . . ,m, ¦�

x = x2 + · · ·+ xs. u´

p1(A)(x) = p1(A)(x2) + · · ·+ p1(A)(xs).

XJ p1(A)(x) = 0, K p1(A)(x2) + · · · + p1(A)(xs) = 0. Ï� p1(A)(xj) ∈ V (pj) �

V (p2) + · · · + V (ps) ´�Ú, ¤± p1(A)(x2) = · · · = p1(A)(xs) = 0. (�1�Ù1�ù

½n 1.12 (ii)). �âÚn 11.3, x2 = · · · = xs = 0. u´, x = 0. dd�� p1(A) 3

V (p2) + · · ·+ V (ps) þ´�_�(1�Ù1�ùíØ 1.19). �

~ 11.5 �

A =

(
B O

O C

)
, Ù¥ B =

(
0 1

0 0

)
Ú C =

(
1 1

0 1

)
.

r A w¤ R2 þ��5�f, =3IOÄ e1, e2, e3, e4 eÝ
� A ��5�f. O� A

�2ÂA�f�m©).
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). ��O�� µB = t2 Ú µC = (t − 1)2. u´, µA = lcm(µB, µC) = t2(t − 1)2. �

p1 = t Ú p2 = t− 1.

A2 =


0 0 0 0

0 0 0 0

0 0 1 2

0 0 0 1

 .

u´ V (t) = 〈e1, e2〉.

(A− E)2 =


1 −2 0 0

0 1 0 0

0 0 0 0

0 0 0 0

 .

u´ V (t− 1) = 〈e3, e4〉. l


V = V (t)⊕ V (t− 1) = 〈e1, e2〉 ⊕ 〈e3, e4〉.

~ 11.6 � A ∈ L(V ) ´�é�z�. �y V 'u A �2ÂA�f�m©)Ò´ V '

u A �A�f�m©).

y². dé�z�O{ V ��, µA = (t− λ1) · · · (t− λk), Ù¥ λ1, . . . , λk ∈ F üüØÓ.

d1�Ù1oùíØ 10.12, λ1, . . . , λk |¤
 A �Ì.

V (t− λi) = ker(A− λiE) = {x ∈ V |Ax = λix} = V λi ,

i = 1, 2, . . . , k. u´,

V = V (t− λ1)⊕ · · · ⊕ V (t− λk) = V λ1 ⊕ · · · ⊕ V λk . �

·K 11.7 � A ∈ L(V ), p ´ µA 3 F [t] \ F ¥��� m ­Ïf. y²:

(i) é?¿ k ∈ {0, 1, . . . ,m− 1}, ker(pk(A)) $ V (p); AO/, V (p) 6= {0}.

(ii) é?¿ k > m, ker(pk(A)) = V (p).

y². d1�Ù1�g����

ker(p(A)0) ⊂ ker(p(A)) ⊂ ker(p(A)2) ⊂ · · · . (1)

� µA = pm1
1 · · · pms

s ´ µA 3 F [t] ¥�Ø��©), p = p1 Ú m = m1.

(i)�â (1), ·���y ker(pk1(A)) 6= V (p1). 5¿� pk1(A)3 ker(pk1(A))´"�f

� A �� ker(pk1(A)) þ����f�4�õ�ª�u p`1, Ù¥ ` ≤ k (1�Ù1oùÚ
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n 4.2). d½n 11.4, A ��3 V (p1) ����f�4�õ�ª�u pm1
1 . 
 m1 > `. u

´, ker(pk(A)) 6= V (p).

�� k = 0 �, ·�k ker(p01(A)) = {0} $ V (p1). � V (p1) �²�.

(ii) �â (1), ·���y ker(pk1(A)) ⊂ V (p1). � x ∈ ker(pk1(A)). �â½n 11.4,

x = x1 + x2 + · · ·+ xs, Ù¥ xi ∈ V (pi), i = 1, 2, . . . , s. u´

0 = pk1(A)(x) = pk1(A)(x1) + · · ·+ pk1(A)(xs).

Ï�2ÂA�f�m©)´�Ú, pk1(A)(xi) = 0, i = 1, 2, . . . s (1�Ù1�ù½n 1.12

(ii)). d½n 11.4 (iii) ¥(Ø�Ñ x2 = · · · = xs = 0. u´, x = x1 ∈ V (p1). �

~ 11.8 �

A =

(
B O

O B

)
, Ù¥ B =

(
0 1

0 0

)
.

r A w¤ R2 þ��5�f, =3IOÄ e1, e2, e3, e4 eÝ
� A ��5�f. O� A

�2ÂA�f�m©).

). ��O�� µB = t2. u´, µA = lcm(µB, µB) = t2. d½n 11.4 ��, V = V (t). �

§12 Ì�f�m©)

½n 12.1 (Ì�f�m©)) � A ∈ L(V ). K�3 v1, . . . ,v` ∈ V \ {0} ¦�

V = (F [A] · v1)⊕ · · · ⊕ (F [A] · v`).

y². � n = dim(V ). ·�é n 8B. � n = 1 �, V ´ A-Ì��. (Ø¤á. � n > 1

�(Øé�u n �?Û�5�m¤á.

�Ä n��/. XJ V ´ A-Ì��,� ` = 1=�.ÄK,�3 w ∈ V ¦� F [A] ·w
3¤k A Ì�f�m¥�ê��. �T�ê�u m. K 0 < m < n. ·�ò�E��

A-f�m W ¦� V = (F [A] ·w)⊕W . ,�r8Bb�^� W þ=�.

r F [A] ·w �Ä. w,A(w), . . . ,Am−1(w) *¿� V ��|Ä

w,A(w), . . . ,Am−2(w),Am−1(w), εm+1, . . . , εn.

d�5N�Ä�½n II, �3����5¼ê f ∈ V ∗ ÷v

f(Ai(w)) = 0, i = 0, 1, . . . ,m− 2, f(Am−1(w)) = 1, f(εj) = 0, j = m+ 1, . . . , n.

� fk = f ◦ Ak, k = 0, 1, . . . ,m− 1,

W = ∩m−1k=0 ker(fi).

·�5�y±en�äó.
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(i) dim(W ) = n−m;

(ii) (F [A] ·w) ∩W = {0};

(iii) W ´ A-ØC�.

äó (i) Ú (ii) �y V = (F [A] ·w)⊕W . 
äó (iii) �y8Bb��±A^� W þ.

�yäó(i). ·�Äkw A 3Ä.

w,A(w), . . . ,Am−1(w), εm+1, . . . , εn (2)

e�Ý
. ·�k

(A(w),A2(w), . . . ,Am(w),A(εm+1), . . . ,A(εn)) = (w,A(w), . . . ,Am−1(w), εm+1, . . . , εn)

m→



0 0 · · · 0 ∗ ∗ · · · ∗
1 0 · · · 0 ∗ ∗ · · · ∗
0 1 · · · 0 ∗ ∗ · · · ∗
...

...
. . .

...
...

...
. . .

...

0 0 · · · 1 ∗ ∗ · · · ∗
0 0 · · · 0 0 ∗ · · · ∗
...

...
. . .

...
...

...
. . .

...

0 0 · · · 0 0 ∗ · · · ∗


n×n

↑
m

. �þãÝ
�u A. �5¼ê f 3Ä. (2) e�Ý
´

B = (0, . . . , 0︸ ︷︷ ︸
m−1

, 1, 0, . . . 0︸ ︷︷ ︸
n−m

).


 fk 3Ä. (2) e�Ý
´

BAk = (0, . . . , 0︸ ︷︷ ︸
m−k−1

, 1, ∗, . . . ∗︸ ︷︷ ︸
n−m+k

),

k = 0, 1, . . . ,m− 1. � x ∈ V 3Ä. (2) e���I´ (x1, . . . , xn)t. K
f0(x)

f1(x)
...

fm−1(x)

 =


B

BA
...

BAm−1




x1

x2
...

xn

 =


0 · · · 0 1 ∗ · · · ∗
0 · · · 1 ∗ ∗ · · · ∗
...

. . .
...

...
. . .

...

1 · · · ∗ ∗ ∗ · · · ∗


m×n︸ ︷︷ ︸

C


x1

x2
...

xn


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u´, ∩m−1i=0 ker(fi) ��ê�u± C �XêÝ
�àg�5�§|�)�m��ê, =

n− rank(C) = n−m.

�yäó(ii). � x ∈ (F [A] · w) ∩ W � x 6= 0. K�3 p ∈ {0, 1, . . . ,m − 1},
α0, α1, . . . , αp ∈ F , αp 6= 0, ¦�

x = α0w + α1A(w) + · · ·+ αpAp(w).

K

0 = fm−1−p(x)

= α0fm−1−p(w) + α1fm−1−p(A(w)) + · · ·+ αpfm−1−p(Ap(w)) (fm−1−p �5)

= α0f(Am−1−p(w)) + α1fm−1−p(Am−p(w)) + · · ·+ αpf(Am−1(w)) (f0, . . . , fp Ú w �½Â)

= αp.

gñ. äó (ii) ¤á.

�yäó(iii). � x ∈ W . Ké?¿ k ∈ {0, 1, . . . ,m − 1}, fk(x) = f(Ak(x)) = 0.

� y = A(x). Ké?¿ k ∈ {0, 1, . . . ,m− 2}, fk(y) = fk+1(x) = 0.

�I��y fm−1(y) = 0. d m �4�5��, dim(F [A] · x) ≤ m. �â1�Ù1o

ù·K 10.2 (iii), �3 β0, β1, . . . , βm−1 ∈ F , ¦�

Am(x) = β0x + β1A(x) + · · ·+ βm−1Am−1(x).

u´

fm−1(y) = f(Am−1(y)) (fm−1 �½Â)

= f(Am(x)) (y �½Â)

= f(β0x + β1A(x) + · · ·+ βm−1Am−1(x)) (�þª)

= β0f(x) + β1f(A(x)) + · · ·+ βm−1f(Am−1(x)) (f �5)

= β0f0(x) + β1f1(x) + · · ·+ βm−1fm−1(x) (f0, f1, . . . , fm−1 �½Â)

= 0. (x ∈ W )

u´ y ∈ W . äó (iii) ¤á. �

5) 12.2 ·�)ºþãy²¥�5¼ê f �5
. P U = F [A] · v. �y²¥Ý
 A

¥c m 1Úc m ��¤�fÝ
´ M . K

A =

(
M ?

O(n−m)×m ?

)
,
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Ù¥ ? Ü©·�¿Ø'%. 5¿� M ´ AU 3Ä. v,A(v), . . . , Am−1(v) e�Ý
. Ï

� U ´ AU -Ì��, ¤± µAU
�gê�u m (1�Ù1nù½n 10.7). u´, µM �g

ê��u m (1�Ù1où½n 10.7).

éó�f A∗ 3 (2) �éóÄe�Ý
´

At =

(
M t Om×(n−m)

?t ?t

)
.

(�1�Ù1�ù·K 1.23). u´, û�f Ā∗ ∈ L(V ∗/U0) �Ý
´ M t (�1�Ù1n

ù·K 6.1). Ï� µM �gê��u m, ¤± µMt �gê�u m (N´y² µM = µMt).

dd�Ñ, V ∗/U0 ´ Ā∗-Ì��(f�m U0 �½Â�1�Ù1nùSK 6). � g+U0 ´

V ∗/U0 ¥'u Ā∗ �Ì��þ, Ù¥ g ∈ V ∗. ¯¢þ, ?Û g Ñ�±^5ïáþãn�

äó. �y²¥� f ´�{ü���'u Ā∗ �Ì��þ.

½n 12.3 (Hamilton-Cayley ½n�\r�) � A ∈ L(V ). K

(i) µA(t)|χA(t);

(ii) z� χA(t) 3 F [t] ¥�Ø��ÏfÑ´ µA(t) �Ïf.

y². dÌ�f�m©)½n,

V = U1 ⊕ · · · ⊕ U`,

Ù¥ U1, . . . , U` ´�"� A-Ì�f�m. AO/, U1, . . . , U` ´ A-ØC�(1�Ù1où

·K 10.2 (ii)). - Ai = AUi
, µi = µAi

, χi = χAi
, i = 1, 2, . . . , `. �â1�Ù1�ù½n

6.9, A 3 V �,|Äe�Ý
´:

A =


A1 O · · · O

O A2 · · · O
...

...
. . .

...

O O · · · A`

 .

d1�Ù1�ù½n 6.9,

µA = lcm(µ1, µ2, . . . , µ`).

d1�Ù1nù~ 8.15,

χA = χ1χ2 · · ·χ`.

d1�Ù1oùÚn 10.10, µi = χi, i = 1, 2, . . . , `. �þª�±��:

χA = µ1µ2 · · ·µ`.
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u´, µA(t)|χA(t). (i) ¤á. � p ´ χA ���Ø��Ïf. K p �Ø,� µi (�þÆÏ

1ÊÙ1�ùÚn 3.1). dd��, p|µA �

5) 12.4 � A ∈ L(V ),

µA = pm1
1 · · · pms

s

´ µA 3 F [t] ¥�Ø��©). K χA 3 F [t] ¥�Ø��©)´

µA = pn1
1 · · · pns

s ,

Ù¥ m1 ≤ n1, . . . ,ms ≤ ns � n1 + · · ·+ ns = n.

íØ 12.5 � A ∈ Mn(F ). K

(i) µA(t)|χA(t);

(ii) z� χA(t) 3 F [t] ¥�Ø��ÏfÑ´ µA(t) �Ïf.

~ 12.6 �

J2 =

(
0 1

0 0

)
, A =

(
J2 O

O O

)
4×4

, B =

(
J2 O

O J2

)
.

K µA = µB = t2 � χA = χB = t4. ÏL4�õ�ªÚA�õ�ª, ·�EÃ{3�q�

¿Âe«© A Ú B. 5¿� rank(A) 6= rank(B). u´, A �s B.

½n 12.7 (2ÂA�f�m©)–A�õ�ª�) � A ∈ L(V ), χA = pn1
1 · · · pns

s ´ χA

3 F [t] ¥�Ø��©). K±e(Ø¤á:

(i) V = V (p1)⊕ · · · ⊕ V (ps).

(ii) � Ai = AV (pi). K χAi
= pni

i , AO/ dim(V (pi)) = ni deg(pi), i = 1, 2, . . . , s.

(iii) é?¿ i ∈ {1, . . . , s}, pi(A) ´ V (p1) + · · ·+ V (pi−1) + V (pi+1) + · · ·+ V (ps) þ��

_�f.

y². d½n 12.3, p1, . . . , ps ´ µA(t) 3 F [t] ¥¤k�üüp��(Ä�)Ø��Ïf.

�â½n 11.4 (i) Ú (iii), (i) Ú (iii) ¤á. �â½n 11.4 (ii), µAi
´ pi �,��g. u

´, χAi
= pkii , Ù¥ ki ∈ Z+, i = 1, 2, . . . , s. Ï�

χA(t) = pk11 · · · pkss = pn1
1 · · · pns

s

�1�Ù1nù~ 8.15). dõ�ªØ��Ïf©)���5, ki = ni, i = 1, 2, . . . , s. �

â1�Ù1nù5º 8.8, dim(V (pi)) = ni deg(pi), i = 1, 2, . . . , s. �
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Ún 12.8 � A ∈ L(V ), U ´ A-f�m. K U ´ A-Ø�©���=�eãü�^�
Ñ¤á.

(i) U ´ A-Ì�f�m;

(ii) µAU
´ F [t] ¥,�Ø��õ�ª��g.

y². � U ´ A-Ø�©f�m. K U ´ A-f�m. �â½n 12.1, U ´eZ AU -Ì�

f�m��Ú, �´eZ A-Ì�f�m��Ú. Ï� U ´ A-Ø�©f�m, ¤±�Ú�

�k��, = U ´ A-Ì��. ?
, µAU
´ F [t] ¥,�Ø��õ�ª��g. ÄK, d

½n 11.4 ��, U 'u AU �2ÂA�f�m©)��Ú�Ø���, � U ´ A-Ø�

©f�mgñ.

��,�^� (i)Ú (ii)÷v. � µAU
= pm,Ù¥ p ∈ F [t]Ø��, m > 0. Ï� U ´

A-Ì�f�m,¤± U ´ AU -Ì��m. d1�Ù1oùÚn 10.10, dim(U) = m deg(p).

b� U = U1⊕U2,Ù¥ U1, U2´��ê�A-f�m. K§��´AU f�m. K µAU1
|pm

� µAU2
|pm (1�Ù1�ù·K 6.3). �

pm = lcm(µAU1
, µAU2

)

(1�Ù1�ùÚn 6.7). u´, µAU1
, µAU2

��k���u pm. Ø�� µAU1
= pm, �â

Hamilton-Cayley ½n, χAU1
kÏf pk, Ù¥ k ≥ m. u´,

dim(U1) ≥ m deg(p) = dim(U).

gñ. �


