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½n 12.9. � A ∈ L(V ). K�3 A-Ø�©f�m W1, . . . ,Wk ¦�

V = W1 ⊕ · · · ⊕Wk

� Wi ´ A-Ì��, µAWi
´ F [t] ¥,�Ø��õ�ª��g, i = 1, 2, . . . , k.

y². (ÜÚn 12.8 Ú1�Ù1nù½n 7.2 =�. �

~ 12.10 O�e�¢Ý
éA��5�f�Ø�©f�m©):

A =


(
0 1

0 0

)
O

O

(
1 1

0 1

)
 , B =


(
0 1

0 0

)
O

O

(
0 1

0 0

)
 , C =


(
0 1

0 0

)
O

O O


4×4

.
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��O� µA = t2(t− 1)2. d2ÂA�f�m©)(4�õ�ª�)��

R4 = V (t)⊕ V (t− 1)

� µAV (t)
= t2 � µAV (t−1)

= (t− 1)2.

Ï� χA = t2(t − 1)2, ¤± χAV (t)
= t2 � χAV (t−1)

= (t − 1)2 (d2ÂA�f�m©

)(A�õ�ª�)). u´, χAV (t)
= µAV (t)

� χAV (t−1)
= µAV (t−1)

. � V (t) Ú V (t− 1) Ñ

´ A Ø�©�.

��O� µB = t2. d2ÂA�f�m©)(4�õ�ª�)��

V = V (t)

� V Ø´ B-Ì��. � e1, e2, e3, e4 ´ R4 ��|Ä. ��O��

W1 = F [A] · e2 = 〈e1, e2〉 Ú W2 = F [A] · e4 = 〈e3, e4〉.

·�k

R4 = W1 ⊕W2

� µBW1
= µBW2

= t2. f�m W1 Ú W2 ´ B-Ø�©�.

��O� µC = t2. d2ÂA�f�m©)(4�õ�ª�)��

V = V (t)

� V Ø´ C-Ì��. ��O�� W1 = F [A] · e2 = 〈e1, e2〉, W2 = F [A] · e3 = 〈e3〉,
W4 = F [A] · e4 = 〈e4〉. ·�k

R4 = W1 ⊕W2 ⊕W3

� µCW1
= t2, µCW2

= µCW3
= t. f�m W1, W2 Ú W3 ´ C-Ø�©�. �

~ 12.11. � D ´ R[x]n þ��ê�f. K µD = tn � R[x]n ´ D-Ì��(1�Ù1o

ù~ 10.4). u´, R[x]n ´ D-Ø�©�. �

§13 Eê�þ� Jordan IO.£�35¤

PÒ: Ø�AO`², 3�!¥ V ´ C þ� n ��5�m.
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Ún 13.1 � A ∈ L(V ). K V ´ A-Ø�©���=��3 λ ∈ C ¦� µA = (t− λ)n.
d�, A 3 L(V ) �,|Äe�Ý
´

Jn(λ) =



λ 1 0 · · · 0 0

0 λ 1 · · · 0 0

0 0 λ · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · λ 1

0 0 0 · · · 0 λ


. (1)

y². � µA = (t− λ)n. K V ´ A-Ì��(1�Ù1où½n 10.7). d1�Ù1ÊùÚ

n 12.8 ��, V ´ A-Ø�©�. ��, � V ´ A-Ø�©�. Ó��Ún%¹ µA ´ C[t]
¥,�Ä��Ø��õ�ª��g. d�êÆÄ�½n, µA = (t − λ)m, Ù¥ λ ∈ C �
m ∈ Z+. TÚn�%¹ V ´ A-Ì��. u´ m = n (1�Ù1où½n 10.7).

� V ´ A-Ø�©�, V = F [A] · v � µA = (t− λ)n.
äó. - εj = (A− λE)n−j(v), j = 1, 2, . . . , n, ´ V ��|Ä.

äó�y². ��y² ε1, . . . , εn �5Ã'=�. � α1, . . . , αn ∈ C ¦�

α1ε1 + · · ·+ αnεn = 0.

K

α1(A− λE)n−1(v) + · · ·+ αn−1(A− λE)(v) + αnv = 0.

- f(t) = α1(t − λ)n−1 + · · · + αn−1(t − α) + α0. K f(A)(v) = 0. � x ∈ V . K�3

g(t) ∈ C[t] ¦� x = g(A)(v) (1�Ù1où·K 10.2 (i)). u´,

f(A)(x) = f(A)g(A)(v)=g(A)f(A)(v) = g(A)(0) = 0,

Ù¥ f(A)g(A) = g(A)f(A) �d F [A] ´����Ñ(�1�ÆÏ1oÙùÂ�·K

3.4). d x �?¿5��, f(A) = O. Ï� deg(f) < n, ¤± f(t) = 0. ÏL©Û f �g

ê, ·���

α1 = α2 = · · · = αn = 0.

äó¤á.

e¡·�O� A 3 ε1, . . . , εn e�Ý
. � j = 2, . . . , n.

A(εj) = (A−λE+λE)(εj) = (A−λE)((A−λE)n−j(v))+λE(εj) = (A−λE)n−j+1(v)+λεj = εj−1+λεj.




A(ε1) = (A−λE+λE)(ε1) = (A−λE)((A−λE)n−1(v))+λE(ε1) = (A−λE)n(v)+λε1 = λεj.
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u´

A(ε1, . . . , εn) = (ε1, . . . , εn)



λ 1 0 · · · 0 0

0 λ 1 · · · 0 0

0 0 λ · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · λ 1

0 0 0 · · · 0 λ


. �.

·�¡ (1) ¥�Ý
� 'u λ � n � Jordan ¬. Jordan ¬�eZÄ�5�Xe.

5) 13.2 (i) XJ λ 6= 0, K rank(Jn(λ)) = n. 
 rank(Jn(0)) = n− 1;

(ii) Jn(λ) = λEn + Jn(0);

(iii) Jn(λ) �4�õ�ªÚA�õ�ªÑ�u (t− λ)n; l
r Jn(λ) w¤ Cn þ��f

�, Cn ´ Jn(λ)-Ì��;

(iv) Jn(λ) ����A��´ λ, 
éA�A�f�m��ê�u 1, ù´Ï�

Jn(λ)− λEn = Jn(0),

Ù��u n− 1.

(v) Jn(λ) �é�z��=� n = 1.

½n 13.3 � A ∈ L(V ). K A 3 V �,|Äe�Ý
´
Jd1(λ1) O · · · O

O Jd2(λ2) · · · O
...

...
. . .

...

O O · · · Jdk(λk)

 , (2)

Ù¥ d1, . . . , dk ∈ Z+, λ1, . . . , λk ∈ C, ÑØ7üüØÓ.

y². d½n 12.9 ��

V = W1 ⊕ · · · ⊕Wk,

Ù¥ Wi ´ di-� A-Ø�©f�m, i = 1, 2, . . . , k. d1�Ù1ÊùÚn 12.8 Ú�êÆ

Ä�½n, AWi
�4�õ�ª´ (t− λi)di . �âÚn 13.1, AWi

3 Wi �,|Äe�Ý
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´ Jdi(λi). 2d1�Ù1�ù½n 6.9, A 3 V �,|Äe�Ý
´
Jd1(λ1) O · · · O

O Jd2(λ2) · · · O
...

...
. . .

...

O O · · · Jdk(λk)

 . �

~ 13.4 � D : C[x]n −→ C[x]n ´�ê�f. O� D � Jordan IO..

).d~ 12.11, C[x]n ´ D-Ø�©�. u´, D � Jordan IO.´ Jn(0). 5¿�

C[x]n = C[D] · xn−1.

dÚn 13.1 �� D 3Ä.

Dn−j(xn−1) = (n− 1)!

j!
xj, j = 1, 2, . . . , n

e�Ý
´ Jn(0). �

íØ 13.5 � A ∈ Mn(C). K A �qu

JA =


Jd1(λ1) O · · · O

O Jd2(λ2) · · · O
...

...
. . .

...

O O · · · Jdk(λk)

 ,

Ù¥ d1, . . . , dk ∈ Z+, λ1, . . . , λk ∈ C, ÑØ7üüØÓ.

JA ¥�Ý
¡� A ��� Jordan IO.. JA �Ä�5�Xe:

5) 13.6 (i) rank(JA) =
∑k

i=1 rank(Jdi(λi));

(ii) JA �(�´ A �)4�õ�ª�u

lcm((t− λ1)d1 , . . . , (t− λk)dk);

A�õ�ª�u

(t− λ1)d1 · · · (t− λk)dk ;

(iii) � λ ∈ specC(A). K JA ¥��kk��'u λ � Jordan ¬.

(iv) λ ��ê­ê�u λ 3 JA Ìé��þÑy�gê; λ �AÛ­ê�u'u λ �

Jordan ¬3 JA ¥Ñy�gê;
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(v) λ 34�õ�ª¥�­ê�u JA ¥'u λ � Jordan ¬3����ê.

(vi) A �é�z��=� d1 = · · · = dk = 1.

5� (i) 5g JA ´©¬é�Ý
.

5� (ii) ¤á´Ï�1�Ù1�ù½n 6.9 Ú1�Ù1nù~ 8.15.

5� (iii) ¤á´Ï� λ ∈ {λ1, . . . , λk}.
5� (iv)¥�1�Ü©�d (i)¥A�õ�ª�/ª���Ñ.e¡5�y5� (iv)

�1�Ü©. 5¿�

JA − λEn =


Jd1(λ1)− λEd1 O · · · O

O Jd2(λ2)− λEd2 · · · O
...

...
. . .

...

O O · · · Jdk(λk)− λEdk

 .

Ï�

rank(Jdi(λi)− λλiEdi) =

{
di, λ 6= λi,

di − 1, λ 6= λi,

i = 1, 2, . . . , k. u´,

rank(JA − λEn) = n− (JA ¥'u λ � Jordan ¬Ñy�gê).

ddÚÝ
��Ú)�m�ê�'X�Ñ dim(V λ) �u JA ¥'u λ � Jordan ¬Ñy

�gê. u´, (iv) ¤á.

5� (v) 5gu (i) ¥4�õ�ª�/ª.

��, ·�5�y5� (vi). XJ d1 = · · · = dk = 1, K JA �é�z. u´, A �é

�z. ��, A �é�z%¹ µA ¥z�Ïf�­êÑ�u 1 (é�z�O{ V). d5�

(v), JA ´é�
.

~ 13.7 � α ∈ C,

A =


α 0 0

0 α 0

α 0 α

 .

O� JA.

). ��O�� χA = (t− α)3. u´, α ´ A ���A��, Ù�ê­ê�u 3.

rank(A− αE) = rank


0 0 0

0 0 0

α 0 0

 .
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ddwÑ, � α 6= 0 �, rank(A− αE) = 1. � α �AÛ­ê�u 2. dÄ�5� (iv),

JA =

(
J2(α) O

O J1(α)

)
=


α 1 0

0 α 0

0 0 α

 .

� α = 0 �, rank(A− αE) = 0. � α �AÛ­ê�u 3. dÄ�5� (iv),

JA =


J1(0) 0 0

0 J1(0) 0

0 0 J1(0)

 = O3×3. �

~ 13.8 �

A =


1 0 1

1 1 −1
0 0 2

 .

O� JA.

). ��O�� χA = (t − 2)(t − 1)2. u´, 2 ��êÚAÛ­êÑ�u 1. � J1(2) 3

JA ¥Ñy�g. 5¿� 1 �AÛ­ê�u

3− rank(A− E) = 3− rank


0 0 1

1 0 −1
0 0 1

 = 1.

� J2(1) 3 JA ¥Ñy�g. dd�Ñ

JA =

(
J1(2) O

O J2(1)

)
=


2 0 0

0 1 1

0 0 1

 . �

~ 13.9 �

A =


1 0 0 0

0 4 −5 2

0 5 −7 3

0 6 −9 4

 .

O� JA.

). ��O�� χA = (t− 1)2t2. 5¿� 1 �AÛ­ê�u

4− rank(A− E) = 4− rank


0 0 0 0

0 3 −5 2

0 5 −8 3

0 6 −9 3

 = 2.
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� J1(1) 3 JA ¥Ñyüg(1 ��ê­ê´ 2). 0 �AÛ­ê�u

4− rank(A) = 1.

� J2(0) 3 JA ¥Ñy�g.

JA =


J1(1)

J1(1)

J2(0)

 =


1 0 0 0

0 1 0 0

0 0 0 1

0 0 0 0

 . �

~ 13.10 � S ∈ Mn(C) ÷v S2 − nS = O. ¦ JS.

). � f(t) = t(t− n). K f(A) = O.

�/ 1: µS = t. S = O = JS.

�/ 2: µS = t− n. S = nEn = JS.

�/ 3: µS = t(t− n). Ï� n 6= 0, ¤± S �é�z(�O{V). u´

JS =

(
nEr O

O O

)
,

Ù¥ r = rank(S). �

S =


1 1 · · · 1

1 1 · · · 1
...

...
. . .

...

1 1 · · · 1


�, �

JS =


n 0 · · · 0

0 0 · · · 0
...

...
. . .

...

0 0 · · · 0

 . �

'u C þ Jordan IO.ÿØ�����:

(i) ��5´Ä¤á?

(ii) 'uA�� λ � Jordan ¬dõ��, z���´õ�?
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§14 Ð�Ïf|

PÒ: Ø�AO`², 3�!¥ V ´ F þ� n ��5�m, Ù¥ F ´?¿�.

­8 ´�¥����±­EÑy�8Ü.

~ 14.1 � S = {a, a, b} Ú T = {a, b}. §���­8Ø��. �� a 3 S ¥�­ê�

u 2, 3 T ¥�u 1.

~ 14.2 ·�d�©) 24 = 233. |^­8L« 24 ��Ïf� {2, 2, 2, 3}.

½Â 14.3 � A ∈ L(V ),

V = U1 ⊕ · · · ⊕ U` (3)

´ V � A-Ø�©f�m�Ú©). - Ai = AUi
Ú µi = µAi

. ­8 {µ1, . . . , µ`} ¡� A
'u (3) �Ð�Ïf|.

dþ�ùÚn 12.8 ��, Ð�Ïf|¥���Ñ´ F [t] ¥(Ä�)Ø��õ�ª��g.

aq/, ·��±½ÂÝ
�Ð�Ïf|.

~ 14.4 � E ´ V þ�ðÓ�f, e1, . . . , en ´ V ��|Ä. K

V = 〈e1〉 ⊕ · · · ⊕ 〈en〉,

´ V ��� E-Ø�©f�m��Ú©). �f E 'uþã�Ú©)�Ð�Ïf|´

{t− 1, . . . , t− 1︸ ︷︷ ︸
n

}.

~ 14.5 � D ´ R[x]n þ��ê�f. K R[x]n ´ D-Ø�©�. u´, D �Ð�Ïf|
´ {tn}.

3�!¥, ·�ò`²±e(Ø:

(i) éu?Û V � A-Ø�©f�m�Ú©), Ð�Ïf|�Ó;

(ii) � F = C �, Ð�Ïf|��(½ Jordan IO.;

(iii) Ð�Ïf|�±ÏLO�eZÝ
����.

Ún 14.6 � A ∈ L(V ), V ´ A-Ì��. � µA = pq, Ù¥ p, q ∈ F [t] Ä�. 2� v ´

V ¥� A-Ì��þ. - w = q(A)(v). K µA,w = p.
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y². Äk, p(A)(w) = p(A)q(A)(v) = µA(v) = 0. u´, µA,w(t)|p(t). ��, Ï�

µA,w(w) = 0, ¤± (µA,wq)(A)(v) = 0. é?¿ x ∈ V , �3 f ∈ F [t] ¦� x = f(A)(v).
u´, (µA,wq)(A)(x) = f(A)(µA,wq)(A)(v) = 0. u´, (µA,wq)(A) = O. dd�Ñ,

µA|(µA,wq) =⇒ (pq)|(µA,wq) =⇒ p|µA,w.

� p = µA,w. �

Ún 14.7 � A ∈ L(V ), V ´ A-Ì��. � µA = pm, Ù¥ p ∈ F [t] \ F . K

rank(p(A)k) =


(m− k) deg(p), 0 ≤ k ≤ m

0, k > m.

y². � v ∈ V ´ A-Ì��þ. - wk = p(A)k(v).

äó. é?¿ k ∈ Z+, im(pk(A)) = F [A] ·wk.

äó�y². � x ∈ V . K�3 f ∈ F [t] ¦� x = f(A)(v) (1�Ù1où·K 10.2 (i)).

u´,

pk(A)(x) = pk(A)f(A)(v) = f(A)p(A)k(v) = f(A)(wk) ∈ F [A] ·wk.

dd�Ñ, im(pk(A)) ⊂ F [A] · wk. ��, d wk �½Â��, wk ∈ im(pk(A)). Ï�
im(pk(A)) ´ A-ØC�(1�Ù1�ù·K 6.5), ¤± F [A] ·wk ⊂ im(pk(A)). äó¤á.

�â1�Ù1�ùíØ 1.14,

rank(pk(A)) = dim(im(pk(A))).

dþãäó,

rank(pk(A)) = dim(F [A] ·wk).

2d1�Ù1où·K 10.2 (iii),

rank(pk(A)) = deg(µA,wk
).

dÚn 14.6, � 0 ≤ k ≤ m �, µA,wk
= pm−k. u´,

rank(pk(A)) = (m− k) deg(p).

� k > m �, wk = 0, l
 µA,wk
= 1. u´,

rank(pk(A)) = 0. �



11

Ún 14.8 � A ∈ L(V ), f ∈ F [t]. �

V = U1 ⊕ · · · ⊕ U`, (4)

Ù¥ U1, . . . , U` ´ A-ØC�f�m. K

f(A)(V ) = f(A)(U1)⊕ · · · ⊕ f(A)(U`).

y². � W = f(A)(U1) + · · · + f(A)(U`). Ï� Ui ⊂ V , ¤± f(A)(Ui) ⊂ f(A)(V ). u

´, W ⊂ f(A)(V ). ��, � x ∈ f(A)(V ). K�3 v ∈ V ¦� x = f(A)(v). d (4) ��

v = v1 + · · ·+ v`,

Ù¥ vi ∈ Ui, i = 1, 2, . . . , `. dd�Ñ

x = f(A)(v) = f(A)(v1) + · · ·+ f(A)(v`).

Ï� Ui ´ A-ØC�, ¤± f(A)(vi) ∈ Ui. � x ∈ W . ·��� f(A)(V ) = W .

e¡�y: f(A)(U1) + · · ·+ f(A)(U`) ´�Ú. �

0 = w1 + · · ·+w`,

Ù¥ wi ∈ f(A)(Ui). K wi ∈ Ui. d (4) ��, wi = 0, i = 1, 2, . . . , ` (1�Ù1�ù·K

4.16). ?
, Ó��·K%¹ f(A)(U1) + · · ·+ f(A)(U`) ´�Ú. �

½n 14.9 � A ∈ L(V ), µA = pm, Ù¥ p ∈ F [t] \ F Ø��. é?¿ ` ∈ Z+, � n`

´ p` 3 V �,� A-Ø�©f�m©)�Ð�Ïf|¥ p` �­ê. - d = deg(p) Ú

ri = rank(pi(A)), i ∈ N. K

n` =
1

d
(r`−1 + r`+1 − 2r`). (5)


