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~ 14.1 � S = {a, a, b} Ú T = {a, b}. §���8Ø��. �� a 3 S ¥�ê�

u 2, 3 T ¥�u 1.

~ 14.2 ·�d�©) 24 = 233. |^8L« 24 ��Ïf� {2, 2, 2, 3}.

½Â 14.3 � A ∈ L(V ),

V = U1 ⊕ · · · ⊕ U` (1)

´ V � A-Ø�©f�m�Ú©). - Ai = AUi
Ú µi = µAi

. 8 {µ1, . . . , µk} ¡� A
'u (1) �Ð�Ïf|.

dþ�ùÚn 12.8 ��, Ð�Ïf|¥���Ñ´ F [t] ¥(Ä�)Ø��õ�ª��g.

aq/, ·��±½ÂÝ
�Ð�Ïf|.

~ 14.4 � E ´ V þ�ðÓ�f, e1, . . . , en ´ V ��|Ä. K

V = 〈e1〉 ⊕ · · · ⊕ 〈en〉,

´ V ��� E-Ø�©f�m��Ú©). �f E 'uþã�Ú©)�Ð�Ïf|´

{t− 1, . . . , t− 1︸ ︷︷ ︸
n

}.

~ 14.5 � D ´ R[x]n þ��ê�f. K R[x]n ´ D-Ø�©�. u´, D �Ð�Ïf|
´ {tn}.

3�!¥, ·�ò`²±e(Ø:

(i) éu?Û V � A-Ø�©f�m�Ú©), Ð�Ïf|�Ó;

(ii) � F = C �, Ð�Ïf|��(½ Jordan IO.;

(iii) Ð�Ïf|�±ÏLO�eZÝ
����.

Ún 14.6 � A ∈ L(V ), V ´ A-Ì��. � µA = pq, Ù¥ p, q ∈ F [t] Ä�. 2� v ´

V ¥� A-Ì��þ. - w = q(A)(v). K µA,w = p.

y². Äk, p(A)(w) = p(A)q(A)(v) = µA(v) = 0. u´, µA,w(t)|p(t). ��, Ï�

µA,w(w) = 0, ¤± (µA,wq)(A)(v) = 0. é?¿ x ∈ V , �3 f ∈ F [t] ¦� x = f(A)(v).
u´, (µA,wq)(A)(x) = f(A)(µA,wq)(A)(v) = 0. u´, (µA,wq)(A) = O. dd�Ñ,

µA|(µA,wq) =⇒ (pq)|(µA,wq) =⇒ p|µA,w.

� p = µA,w. �
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Ún 14.7 � A ∈ L(V ), V ´ A-Ì��. � µA = pm, Ù¥ p ∈ F [t] \ F . K

rank(p(A)k) =


(m− k) deg(p), 0 < k ≤ m

0, k > m.

y². � v ∈ V ´ A-Ì��þ. - wk = p(A)k(v).

äó. é?¿ k ∈ Z+, im(pk(A)) = F [A] ·wk.

äó�y². � x ∈ V . K�3 f ∈ F [t] ¦� x = f(A)(v) (1�Ù1où·K 10.2 (i)).

u´,

pk(A)(x) = pk(A)f(A)(v) = f(A)p(A)k(v) = f(A)(wk) ∈ F [A] ·wk.

dd�Ñ, im(pk(A)) ⊂ F [A] · wk. ��, d wk �½Â��, wk ∈ im(pk(A)). Ï�
im(pk(A)) ´ A-ØC�(1�Ù1�ù·K 6.5), ¤± F [A] ·wk ⊂ im(pk(A)). äó¤á.

�â1�Ù1�ùíØ 1.14,

rank(pk(A)) = dim(im(pk(A))).

dþãäó,

rank(pk(A)) = dim(F [A] ·wk).

2d1�Ù1où·K 10.2 (iii),

rank(pk(A)) = deg(µA,wk
).

dÚn 14.6, � 0 < k ≤ m �, µA,wk
= pm−k. u´,

rank(pk(A)) = (m− k) deg(p).

� k > m �, wk = 0, l µA,wk
= 1. u´,

rank(pk(A)) = 0. �

Ún 14.8 � A ∈ L(V ), f ∈ F [t]. �

V = U1 ⊕ · · · ⊕ U`, (2)

Ù¥ U1, . . . , U` ´ A-ØC�f�m. K

f(A)(V ) = f(A)(U1)⊕ · · · ⊕ f(A)(U`).
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y². � W = f(A)(U1) + · · · + f(A)(U`). Ï� Ui ⊂ V , ¤± f(A)(Ui) ⊂ f(A)(V ). u

´, W ⊂ f(A)(V ). ��, � x ∈ f(A)(V ). K�3 v ∈ V ¦� x = f(A)(v). d (2) ��

v = v1 + · · ·+ v`,

Ù¥ vi ∈ Ui, i = 1, 2, . . . , `. dd�Ñ

x = f(A)(v) = f(A)(v1) + · · ·+ f(A)(v`).

Ï� Ui ´ A-ØC�, ¤± f(A)(vi) ∈ Ui. � x ∈ W . ·��� f(A)(V ) = W .

e¡�y: f(A)(U1) + · · · + f(A)(U`) ´�Ú. � 0 = w1 + · · · + w`, Ù¥ wi ∈
f(A)(Ui). K wi ∈ Ui. d (2) ��, wi = 0, i = 1, 2, . . . , ` (1�Ù1�ù·K 4.16). ?

, Ó��·K%¹ f(A)(U1) + · · ·+ f(A)(U`) ´�Ú. �
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1�Ê±ùÂ

½n 14.9 � A ∈ L(V ), µA = pm, Ù¥ p ∈ F [t] \ F Ø��. é?¿ ` ∈ Z+, � n`

´ p` 3 V �,� A-Ø�©f�m©)�Ð�Ïf|¥ p` �ê. - d = deg(p) Ú

r` = rank(pm(A)). K
n` =

1

d
(r`−1 + r`+1 − 2r`). (3)

y². �

V = V1 ⊕ · · · ⊕ Vk (4)

´ V ��� A-Ø�©f�m©). � Ai = AVi Ú µi = µAi
, i = 1, 2, . . . , k. K�3

m1, . . . ,mk ∈ {1, 2, . . . , `}¦� µ1 = pm1 , µ2 = pm2 , . . . , µk = pmk . (�1�Ù1�ù½n

6.9). d1�Ù1ÊùÚn 12.8Ú1�Ù1où½n 10.7, dim(Vi) = mid, i = 1, 2, . . . , k.

AO/, dim(Vi) ≤ md. - S = {V1, . . . , Vk}. K n` ´ S ¥�ê�u `d �f�m��ê.

é j ∈ {1, . . . ,m}, - Sj = {U ∈ S | dim(U) = jd}. K (4) ���

V =
m⊕
j=1

⊕
U∈Sj

U

 . (5)

�âÚn 14.8, ·�k

p(A)`(V ) =
m⊕
j=1

⊕
U∈Sj

p(A)`(U)

 . (6)

·�$^�êÚ��'Xí�µ

r` = dim
(
p(A)`(V )

)
(r` �½Â)

= dim

 m⊕
j=1

⊕
U∈Sj

p(A)`(U)

 (�â (6))

=
m∑
j=1

∑
U∈Sj

dim(p(A)`(U))

 (1�Ù1�ù·K 4.16)

=
m∑
j=1

∑
U∈Sj

rank(p(AU)`)

 (���fÚ1�Ù1�ùíØ 1.14)

=
m∑

j=`+1

∑
U∈Sj

(j − `)d

 (Ún 14.7)

=
m∑

j=`+1

nj(j − `)d (nj �½Â)
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é?¿ ` ∈ Z+ ¤á. - r0 = dim(V ). KdþªÚ (8), ·�k

r` = d
m∑

j=`+1

nj(j − `) (7)

é?¿ ` ∈ N ¤á.

·��|^ (7) r n1, n2, . . . , ^ r0, r1, r2, r3, . . . , L«Ñ5. �â (7) ��, é?¿

` ∈ Z+

r`−1 = d

(
n` + 2n`+1 +

m∑
j=`+2

nj(j − `+ 1)

)
,

r` = d

(
n`+1 +

m∑
j=`+2

nj(j − `)

)
,

Ú

r`+1 = d

(∑
j=`+2

nj(j − `− 1)

)
.

u´,

r`−1 − r` = d

(
n` + n`+1 +

m∑
j=`+2

nj

)
, r` − r`+1 = d

(
n`+1 +

m∑
j=`+2

nj

)
.

=

(r`−1 − r`)− (r` − r`+1) = dn` =⇒ n` =
1

d
(r`−1 + r`+1 − 2r`). �

~ 14.10 �

A =



−3 1 −6 5

5 −1 8 −7

−2 1 −5 4

−5 2 −11 9


∈ M4(C).

®� χA = t4. O� JA.

). r0 = rank(A0) = 4, r1 = rank(A) = 2. u´, 0 �AÛê�u 2. dd�Ñ JA ¥

kü�'u 0 � Jordan ¬.

r2 = rank(A2) = rank



1 0 1 −1

−1 0 −1 1

1 0 1 −1

2 0 2 −2


= 1.
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u´

n1 = 4 + 1− 2× 2 = 1.

dd��íÑ n2 = 0, n3 = 1, n4 = 0. �

JA =

(
J3(0)

J1(0)

)
=



0 1 0 0

0 0 1 0

0 0 0 0

0 0 0 0


.

½n 14.11 � A ∈ L(V ), µ 3 F [t] ¥�üüp�Ä��Ø��Ïf´ p1, . . . , ps, §�

�gê©O´ d1, . . . , ds. � ` ∈ Z+, i ∈ {1, 2, . . . , s}, N(i, `) ´ p`i 3 V �,� A-Ø�
©f�m©)�Ð�Ïf|¥ p` �ê. K

N(i, `) =
1

di
(R(i, `− 1) +R(i, `+ 1)− 2R(i, `)),

Ù¥ R(i, j) = rank(pi(A)j), j ∈ N. AO/, ?Û A-Ø�©f�m©)Ð�Ïf|Ñ�
�(¡� A �Ð�Ïf|).

y². �

V = V1 ⊕ · · · ⊕ Vk (8)

´ V ��� A-Ø�©f�m©). 5¿�é j = 1, 2, . . . , k, µj = µAVj
´,� p1, . . . , ps

��g. ·�Ø�é i = 1 5y²½n�(Ø.

� S = {V1, . . . , Vk} � S1 = {U ∈ S | p1|µAU
}. -

W =
⊕
U∈S1

U Ú W̃ =
⊕

U∈(S\S1)

U.

K

V = W ⊕ W̃ . (9)

äó 1. é?¿ ` ∈ N, - r` = rank(p1(AW )`). K

N(1, `) =
1

d1
(r`−1 + r`+1 − 2r`).

äó 1 �y². 5¿� AW ´ W þ��5�f, W =
⊕

U∈S1 U ´ W � AW -Ø�©

f�m©), � AW �4�õ�ª´ p1 �,��g, �â½n 14.9, p`1 3 AW 'uþã
W ��Ú©)�Ð�Ïf|¥Ñy�ê

n` =
1

d1
(r`−1 + r`+1 − 2r`).
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25¿�é?¿ U ∈ (S\S1), AU �4�õ�ªÑØ´ p1�?Û�g. u´ N(1, `) = n`.

äó 1 ¤á.

äó 2. p1(A)|W̃ þ�_.

äó 2 �y². � µAW
= pm1 � q = µA

W̃
. Ï� q ´ p2, . . . ps ��g�È (1�Ù1�

ù½n 6.9), ¤± pm1 � q p�. u´ µA = lcm(pm1 , q) = pm1 q (1�Ù1�ùÚn 6.7 Ú

½n 5.3). �â1�Ù1ÊùÚn 11.3, p1(A)m|W̃ þ�_. u´, p1(A)|W̃ þ�_. äó

2 ¤á.

äó 3. é?¿ ` ∈ N, R(1, `) = r` + dim(W̃ ).

äó 3 �y². dÚn 14.8,

p1(A)`(V ) = p1(A)`(W )⊕ p1(A)`(W̃ ).

u´,

dim(p1(A)`(V )) = dim(p1(A)`(W )) + dim(p1(A)`(W̃ )).

�âäó 2,

dim(p1(A)`(V )) = dim(p1(AW )`(W )) + dim(W̃ ).

�â1�Ù1�ùíØ 1.14

R(1, `) = r` + dim(W̃ ).

äó 3 ¤á.

é?¿ ` ∈ Z+, ·�O�

N(1, `) =
1

d1
(r`−1 + r`+1 − 2r`) (äó 1)

=
1

d1
(r`−1 + dim(W̃ ) + r`+1 dim(W̃ )− 2(r` + dim(W̃ )))

=
1

d1
(R(1, `− 1) +R(1, `+ 1)− 2R(1, `)). (äó 3)

dþãúªwÑ, Ð�Ïf|�� pi(A)` k'. �Ð�Ïf|Õáu A-Ø�©f�m©
)�ÀJ. �

½Â 14.12 � A ∈ Mn(F ). r A w¤l F n þ��5�f¤éA�Ð�Ïf|¡�Ý


 A �Ð�Ïf|.

½n 14.13 � A ∈ Mn(C). 3ØO Jordan ¬�cJe, A � Jordan IO.d A �Ð

�Ïf|��(½.
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y². � A : Cn −→ Cn dúª A(x) = Ax (½. �

V = V1 ⊕ · · · ⊕ Vk

´ V ��� A-Ø�©f�m©). - Ai = AVi Ú µi = µAi
, i = 1, 2, . . . , k. �â�ê

ÆÄ�½n, �3 α1, . . . , αk ∈ C (Ø7üüØÓ), d1, . . . , dk ∈ Z+ ¦�

µ1 = (t− α1)
d1 , . . . , µk = (t− αk)dk .

u´, A �Ð�Ïf|´
{(t− α1)

d1 , . . . , (t− αk)dk}.

�â1�Ù18ùÚn 13.1, A 3 V �,|Äe�Ý
´

JA =


Jd1(α1)

. . .

Jdk(αk)

 .

u´, A ∼s JA � JA dA �Ð�Ïf|��(½. �

dþã½n��,PÒ JA ±9r JA ¡� A� JordanIO.Ñ´Ün�. ?,O

�Eê�þ�
� Jordan IO.�duO�TÝ
�Ð�Ïf|.

5) 14.14 � A ∈ Mn(C) � specC(A) = {λ1, . . . , λs}. K χA �Ø��Ïf´

t− λ1, . . . , t− λs.

·��±r½n 14.11 ¥� Ri,` Ú Ni,` ©OP� Rλi,` Ú Nλi,`. d��êúª´

N(λi, `) = R(λi, `− 1) +R(λi, `+ 1)− 2R(λi, `),

Ù¥ λi ∈ specC(A), ` ∈ Z+.

~ 14.15 �µ

A =



2 0 −1 0 0 0 0

2 2 −2 0 0 0 −1

0 0 1 0 0 0 0

−1 0 1 1 0 0 1

0 0 0 0 1 0 0

2 1 −2 0 1 1 −1

1 0 −1 0 0 0 1



∈ M7(C).
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O� JA.

). dO�ÅO��: χA = t7−9 t6+34 t5−70 t4+85 t3−61 t2+24 t−4 = (t−2)2(t−1)5.
� λ1 = 2 Ú λ2 = 1. w, R(λ1, 0) = 7. dO�Å� R(λ1, 1) = 6, R(λ1, 2) = 5. u´,

N(λ1, 1) = R(λ1, 0) +R(λ1, 2)− 2R(λ1, 1) = 7 + 5− 2× 6 = 0.

dO�Å� R(λ1, 3) = 5., u´,

N(λ1, 2) = R(λ1, 1) +R(λ1, 3)− 2R(λ1, 2) = 6 + 5− 2× 5 = 1.

Ï� λ1 ��êê�u 2, ¤±� ` > 2 �, N(λ1, `) = 0.

w, R(λ2, 0) = 7. dO�Å�R(λ2, 1) = 4, R(λ2, 2) = 2. u´,

N(λ2, 1) = R(λ2, 0) +R(λ2, 2)− 2R(λ1, 1) = 7 + 2− 2× 4 = 1.

dO�Å� R(λ2, 3) = 2., u´,

N(λ2, 2) = R(λ2, 1) +R(λ2, 3)− 2R(λ1, 2) = 4 + 2− 2× 2 = 2.

Ï� λ2 ��êê�u 5, ¤±� ` > 2 �, N(λ2, `) = 0.

dd�Ñ

JA =



2 1 0 0 0 0 0

0 2 0 0 0 0 0

0 0 1 1 0 0 0

0 0 0 1 0 0 0

0 0 0 0 1 1 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1



. �

~ 14.16 � A ∈ M5(C). �

rank(A) = 3, rank(A2) = 2, rank(A+ E) = 4, rank((A+ E)2) = 3.

¦ JA

). d��^��� λ1 = 0 Ú λ2 = −1 ´ A �ü�A��. �â½n 14.11,

N(λ1, 1) = R(λ1, 0) +R(λ1, 2)− 2R(λ1, 1) = 5 + 2− 2× 3 = 1



11

Ú

N(λ2, 1) = R(λ2, 0) +R(λ2, 2)− 2R(λ2, 1) = 5 + 3− 2× 4 = 0.

5¿� rank(A) = 3 Ú rank(A + E) = 4 ©O%¹ λ1 �AÛê´ 2 Ú λ2 �AÛ

ê´ 1. dd�Ñ N(λ1, 2) = 1 Ú N(λ2, 2) = 1. ·�k

JA =



0

0 1

0 0

−1 1

0 −1


. �

§15 Ý
�q��½

Ún 15.1 � A,B ∈ Mn(F ) � A ∼s B. Ké?¿ f ∈ F [t], f(A) ∼s f(B). AO/,

rank(f(A)) = rank(f(B)).

y². � A = P−1BP , Ù¥ P ∈ GLn(F ). d Ak = P−1BkP , k ∈ N, ��

f(A) = P−1f(B)P. �

½n 15.2 (�q�O{I) � A,B ∈ Mn(F ). K A ∼s B ��=� A Ú B d�Ó�Ð

�Ïf|.

y². � A ∼s B. K µA = µB (1�Ù1�ù·K 4.9). � p1, . . . ps ´ µA �üüp�

�Ä��Ø��Ïf, K§��´ µB �üüp��Ä��Ø��Ïf. �âÚn 15.1,

é?¿ ` ∈ N, i ∈ {1, 2, . . . , s}, ·�k rank(pi(A)`) = rank(pi(B)`). d½n 14.11, A Ú

B d�Ó�Ð�Ïf|.

��, � A Ú B d�Ó�Ð�Ïf| {p1, . . . , pk}. r A Ú B w¤ F n ��f©O

P� A Ú B. -
F n = V1 ⊕ · · · ⊕ Vk = W1 ⊕ · · · ⊕Wk,

Ù¥ Vi ´ A-Ø�©�, Wi ´ B-Ø�©�, i = 1, 2, . . . , k. ·�N�eI��2� AVi
Ú BWi

�4�õ�ªÑ´ pi. -

pi = tdi + αi,di−1t
di−1 + · · ·+ αi,1t+ αi,0,
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Ù¥ αi,n−1, . . . , αi,1, αi,0 ∈ F . Ï� Vi ´ A-Ø�©�, ¤±§´ A-Ì��. u´�3

vi ∈ V ¦� Vi = F [AVi ]vi. dd�Ñ AUi
3Ä. vi,A(vi), . . .Adi−1(vi) e�Ý
´

Mi =



0 0 · · · 0 −αi,0
1 0 · · · 0 −αi,1
0 1 · · · 0 −α2

...
...

. . .
...

...

0 0 · · · 1 −αi,di−1


∈ Mdi(F ).

Ón�3 wi ∈ V ¦� Wi = F [BVi ]wi, � BWi
3Ä. wi,B(wi), . . .Bdi−1(wi) e�Ý


�´ Mi. d1�Ù1�ù½n 6.9,

A ∼s


M1 O · · · O

O M2 · · · O
...

...
. . .

...

O O · · · Mk

 Ú B ∼s


M1 O · · · O

O M2 · · · O
...

...
. . .

...

O O · · · Mk

 .

u´, A ∼s B. �

½n 15.3 (�q�O{II) � A,B ∈ Mn(F ). K A ∼s B ��=�eãü:Ó�¤á:

(i) χA = χB, ½ µA = µB;

(ii) � p1, . . . , ps ´ χA ½ µA 3 F [t] ¥�üüp��(Ä��)Ø��Ïf. é?¿

i ∈ {0, 1, . . . , n}, j ∈ {1, 2, . . . , s},

rank(pj(A)
i) = rank(pj(B)i).

y². � A ∼s B. K χA = χB Ú µA = µB (1�Ù1nù½Â 8.6 ��?ØÚ1�Ù1

�ù·K 4.9). dÚn 15.1, é?¿ i ∈ {0, 1, . . . , n}, j ∈ {1, 2, . . . , s},

pj(A)
i ∼s pj(B)i =⇒ rank(pj(A)

i) = rank(pj(B)i).

��, � χA = χB Ú (ii), ½ µA = µB Ú (ii) ¤á. K A Ú B d�Ó�Ð�Ïf

|(½n 14.11). u´, A ∼s B (½n 15.2). �

~ 15.4 � A ∈ Mn(C). y²: A ∼s At.
y². Ï� det((tE −A)) = det((tE −A)t) = det((tE −At)), ¤± χA = χAt. 5¿�é

?¿ f ∈ F [t], f(A)t=f(At). � rank(f(A))=rank(f(At)). d½n 15.3 ��, A∼sAt. �
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½n 15.5 (�q�O{III) � A,B ∈ Mn(F ). K A ∼s B ��=�é?¿ f ∈ F [t],

rank(f(A)) = rank((f(B)).

y². � A ∼s B. Ké?¿ f ∈ F [t], rank(f(A)) = rank((f(B)) (Ún 15.1). ��, Ï

� rank(µA(A)) = 0, ¤± rank(µA(B)) = 0. u´ µA(B) = O. dd�� µB|µA(1�Ù
1�ùÚn 4.2). Ón µA|µB. u´, µA = µB. d½n 15.3 ��, A ∼s B. �.

~ 15.6 � F ´� K �f�. � A,B ∈ Mn(F ). y²: XJ�3 P ∈ GLn(K) ¦�

A = P−1BP , K�3 Q ∈ GLn(F ) ¦� A = Q−1BQ.

y². Ï��3 P ∈ GLn(K) ¦� A = P−1BP , ¤±é?¿ f ∈ K[t],

rank(f(A)) = rank(f(B))

(½n 15.5. AO/, ?¿ g ∈ F [t],

rank(g(A)) = rank(g(B)).

2d½n 15.5, �3 Q ∈ GLn(F ) ¦� A = Q−1BQ. �

~ 15.7 � A ∈ GLn(C). y²:

JA =


Jd1(λ1) O · · · O

O Jd2(λ2) · · · O
...

...
. . .

...

O O · · · Jdk(λk)

 =⇒ JA−1 =


Jd1(λ

−1
1 ) O · · · O

O Jd2(λ
−1
2 ) · · · O

...
...

. . .
...

O O · · · Jdk(λ
−1
k )

 .

y². Äk, A ∈ GLn(C) %¹ A �A���". u´, λ−1i k¿Â. � λ ∈ specC(A). K

|λE − A| = 0 ⇐⇒ |A||λA−1 − E| = 0 ⇐⇒ |λ−1E − A−1| = 0.

= λ ∈ specC(A) ⇐⇒ λ−1 ∈ specC(A
−1). u´, pλ = t − λ ´ χA �Ïf��=�

qλ = t− λ−1 ´ χA−1 �Ïf. � ` ∈ {0, 1, . . . , n}. K

rank((A− λE)`) = rank(A`(E − λA−1)`) = rank((λ−1E − A−1)`).

u´, é?¿ ` ∈ {0, 1, . . . , n}, rank(pλ(A)`) = rank(qλ(A)
`). �â½n 14.11, é?¿

λ ∈ specC(A), pλ 3 A �Ð�Ïf|¥�ê�u qλ 3 A−1 �Ð�Ïf|¥�ê.

�é?¿ m ∈ Z+, Jm(λ) Ñy3 JA ¥�ê�u Jm(λ
−1) Ñy3 JA−1 ¥�ê. �

5) 15.8 þã~f`²: XJ specCA = {1}, K A ∼s A−1.


