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1nÙ SÈ�m

§1 îª�m

�½: 3�!¥ V ´¢ê� R þ�k���5�m.

§1.1 V þ�SÈ

½Â 1.1 � f(x,y) ´ V þ�V�5.÷v f(x,x) ´�½�. K¡ (V, f) ´��îª

�m, f ´ V þ�SÈ.

~ 1.2 (IOîª�m) � V = Rn,

f : V × V −→ R
(x,y) 7→ xty.

5¿� f(x,y) = xtEy. u´, f ´ Rn é¡V�5., � f(x,x) = xtx ´�½�. u

´, (V, f) ´îª�m.

~ 1.3 � V = Mn(R),

f : V × V −→ R
(X, Y ) 7→ tr(X tY ).

e¡·�5�y f ´ V þ�SÈ. Äk� α, β ∈ R, A,B ∈ V ,

f(αA+ βB, Y ) = tr((αA+ βB)tY ) (f �½Â)

= tr((αAt + βBt)Y ) (=��5�)

= tr(α(AtY ) + β(BtY )) (Ý
¦{©�Æ)

= αtr(AtY ) + βtr(BtY ) (tr ´�5¼ê)

= αf(A, Y ) + βf(B, Y ) (f �½Â).

u´, f 'u1��C�´�5�. aq/��y f 'u1��C��´�5�. � f

´V�5.. 5¿�

f(Y,X) = tr(Y tX) = tr((Y tX)t) = tr(X tY ) = f(X, Y ).

u´, f ´é¡�. � X = (xi,j) 6= O. K

f(X,X) = X tX =
n∑

i=1

n∑
j=1

x2i,j > 0.

u´, f(X,X) ´�½�. dd�Ñ (V, f) ´îª�m.
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~ 1.4 � V = R[x]n, a, b ∈ R � a < b.

φ : V × V −→ R
(f, g) 7→

∫ b

a
f(x)g(x) dx.

e¡·�5�y φ ´ V þ�SÈ. Äk� α, β ∈ R, p, q ∈ V ,

φ(αp+ βq, g) =

∫ b

a

(αp(x) + βq(x))g(x))dx (φ �½Â)

= α

∫ b

a

p(x)g(x)dx+ β

∫ b

a

q(x)g(x)dx (

∫ b

a

´�5¼ê)

= αf(p, g) + βf(q, g) (f �½Â).

u´, φ 'u1��C�´�5�. aq/��y φ 'u1��C��´�5�. � φ

´V�5.. φ w,´é¡�. � f ∈ R[x]n \ {0},

φ(f, f) =

∫ b

a

f(x)2dx > 0.

u´, φ(f, f) ´�½�. dd�Ñ (V, φ) ´îª�m.

·�rîª�m V þ�SÈP� ( | ). =

( | ) : V × V −→ R
(x,y) 7→ (x|y).

|^þãÎÒ, SÈ�Ä�5�Xe:

(i) (V�5)é?¿ x,y, z ∈ V , α, β ∈ R,

(αx + βy|z) = α(x|z) + β(y|z), (x|αy + βz) = α(x|y) + β(x|z).

(ii) (é¡5)é?¿ x,y ∈ V ,

(x|y) = (y|x).

(iii) (�½5)é?¿ x ∈ V ,

(x|x) ≥ 0 � (x|x) = 0 ⇐⇒ x = 0.

½Â 1.5 � V ´îª�m, v1, . . . ,vm ∈ V . ½Â

G(v1, . . . ,vm) = ((vi|vj))m×m.

¡�� v1, . . . ,vm � Gram Ý
.
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dSÈ�é¡5�� G(v1, . . . ,vm) ´é¡�.

·K 1.6 � V ´îª�m, v1, . . . ,vm ∈ V . K v1, . . . ,vm �5�'��=�

rank(G(v1, . . . ,vm)) < m.

y². � α1, . . . , αm ∈ R ¦�

G(v1, . . . ,vm)


α1

...

αm

 =


0
...

0

 . (1)

þã�§|�du
m∑
j=1

αj(vi|vj) = 0, i = 1, . . . ,m.

dd�Ñ�d^�:

(vi|
m∑
j=1

αjvj︸ ︷︷ ︸
w

) = 0, i = 1, . . . ,m. (2)

e rank(G(v1, . . . ,vm)) < m, K�3 α1, . . . , αm ∈ R, Ø��", ¦� (1) ¤á. (�

þÆÏ1�Ù1�ùíØ 2.1). u´, (2) ¤á. dd�Ñ

m∑
i=1

αi(vi|w) = (
m∑
i=1

αivi|w) = (w|w) = 0.

� w = 0. l
 v1, . . . ,vm �5�'.

��, � v1, . . . ,vm �5�'. K�3 α1, . . . , αm ∈ R, Ø��", ¦� w = 0. u

´, (2) ¤á. @o, (1) ¤á. dd�Ñ rank(G(v1, . . . ,vm)) < m (þÆÏ1�Ù1�ù

íØ 2.1). �

§1.2 �Ý!ål!�ÝÚ��

�!ld±� V �Lk���îª�m, Ùþ�SÈP� ( | ).

½Â 1.7 � V ´îª�m, x ∈ V . ¡
√

(x|x) ´ x ��Ý, P� ‖x‖. 2� y ∈ V . K

‖x− y‖ ¡� x � y �m�ål.

dSÈ��½5��, ‖x‖ ´û½Â�� ‖x‖ = 0 ��=� x = 0. dV�5��

‖x‖ = ‖ − x‖. l
 x = y ��=� ‖x− y‖ = 0, � ‖x− y‖ = ‖y − x‖.

½n 1.8 � x,y ∈ V . K|(x|y)| ≤ ‖x‖‖y‖ (Cauchy-Bunyakovski Ø�ª). AO/,

|(x|y)| = ‖x‖‖y‖ ��=� x,y �5�'.
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y². � x = 0 ½ y = 0 �½n¥�(Øw,¤á. � y 6= 0 Ú λ ´?¿¢ê. K

(x + λy|x + λy) ≥ 0. |^V�55Úé¡5�

(x + λy|x + λy) = (y|y)λ2 + 2(x|y)λ+ (x|x) ≥ 0.

u´, ∆ := 4(x|y)2 − 4(y|y)(x|y) ≤ 0. dd�Ñ

(x|y)2 ≤ (y|y)(x|y) =⇒ |(x|y)| ≤ ‖x‖‖y‖.

5¿� |(x|y)| = ‖x‖‖y‖ ��=� ∆ = 0 ��=��3 λ ∈ R ¦�

(x + λy|x + λy) = 0.

ù(Ø�du x + λy = 0 (SÈ�½5). 3 y 6= 0 �^�e, þã(Ø�du x Ú y �

5�'. �

~ 1.9 3IOîª�m¥, Cauchy-BunyakovskiØ�ª´é?¿ x1, . . . , xn, y1, . . . , yn∈R

|x1y1 + · · ·+ xnyn| ≤
√
x21 + · · ·+ x2n

√
y21 + · · ·+ y2n.

3~ 1.3 ½Â�Ý
îª�m¥, Cauchy-Bunyakovski Ø�ª´é?¿ A,B ∈ Mn(R),

|tr(AtB)| ≤
√

tr(AtA)
√

tr(BtB).

3~ 1.4 ½Â�õ�ªîª�m¥, Cauchy-Bunyakovski Ø�ª´é?¿ f, g ∈ R[x]n,

|
∫ b

a

f(x)g(x)dx| ≤

√∫ b

a

f(x)2dx

√∫ b

a

g(x)2dx.

� x,y ∈ V , ��3 α ∈ R ¦� x = αy ½ y = αx. K¡ x,y ²1. XJ α ≥ 0, K¡

x,y Ó�. XJ α ≤ 0, K¡ x,y ��. k��¡ 0 ´���.

íØ 1.10 � x,y ∈ V . K ‖x + y‖ ≤ ‖x‖+ ‖y‖. �ª¤á��=� x Ú y Ó�.

y². ·�O�

‖x + y‖2 = (x + y|x + y) (�Ý�½Â)

= (x,x) + 2(x,y) + (y,y) (V�5Úé¡5)

= ‖x‖2 + 2(x|y) + ‖y‖2 (�Ý�½Â)

≤ ‖x‖2 + 2‖x‖‖y‖+ ‖y‖2 (Cauchy-Bunyakovski)

= (‖x‖+ ‖y‖)2.
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u´, ‖x + y‖ ≤ ‖x‖+ ‖y‖.
e¡�y�ª¤á�¿�^�. Ø�� y 6= 0. dþ¡O����ª¤á��=�

(x|y) = ‖x‖‖y‖. �â½n 1.8, d��3 α ∈ R ¦� x = αy. u´, (x|y) = ‖x‖‖y‖ �
du (αy|y) = ‖αy‖‖y‖, = α‖y‖2 = |α|‖y‖2. �ó�, α = |α|. = x,y Ó�. �

� x ∈ V \ {0}. XJ ‖x‖ = 1, K¡ x ´ü �þ. � v ∈ V \ {0}. K v/‖v‖ ´�
v Ó��ü �þ, ¡� v �ü z�þ.

½Â 1.11 � x,y ∈ V \ {0}. ¡

arccos

(
(x|y)

‖x‖‖y‖

)
´ x,y �Y�.

�â Cauchy-Bunyakovski Ø�ª, Y�´û½Â�. §�Ï~����´ [0, π].

½Â 1.12 � x,y ∈ V. XJ (x|y) = 0, K¡ x Ú y ��, P� x⊥y.

"�þ�?Û�þÑ��.

Ún 1.13 � x,x1, . . . ,xk ∈ V , Ù¥ x1, . . . ,xk �".

(i) x⊥x ⇐⇒ x = 0.

(ii) XJ x1, . . . ,xk üü��, K§��5Ã'.

y². (i) 5¿�

(x|x) = 0 ⇐⇒ ‖x‖ = 0 ⇐⇒ x = 0.

(ii) Ï�é?¿ i, j ∈ {1, 2, . . . , k} ÷v i 6= j, ·�k (xi,xj) = 0, ¤±

G(x1, . . . ,xk) = diag((x1|x1), . . . , (xk|xk)).

Ï�é?¿ i ∈ {1, 2, . . . , k}, (xi|xi) 6= 0, ¤± rank(G(x1, . . . ,xk)) = k. �â·K 1.6,

x1, . . . ,xk �5Ã'. �

~ 1.14 (\r����½n) � x,y ∈ V . y² x⊥y ��=� ‖x+y‖2 = ‖x‖2 + ‖y‖2.
y². Ï� ‖x + y‖2 = ‖x‖2 + 2(x|y) + ‖y‖2, ¤± ‖x + y‖2 = ‖x‖2 + ‖y‖2 ��=�
(x|y) = 0, = x⊥y. �
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§1.3 ü ��Ä

� dim(V ) = n, e1, . . . , en ´ V ¥üü���ü �þ. �âÚn 1.13, e1, . . . , en

´ V ��|Ä. ¡� V ��|ü ��Ä.

~ 1.15 3IOîª�m Rn ¥, IOÄ e1, . . . , en ´�|IO��Ä.

3 R2 ¥, u = (cos(θ), sin(θ))t,v = (− sin(θ), cos(θ)) ´�|IOÄ.

½n 1.16 (Gram-Schmidt ��z) � v1, . . . ,vk ∈ V �5Ã'. Küü���ü �þ

ε1, . . . , εk ¦�

〈v1, . . . ,vi〉 = 〈ε1, . . . , εi〉,

i = 1, 2, . . . , k. AO/, V kü ��Ä.

y². é k 8B. � k = 1 �, � ε1 � v1 �ü z�þ=�. ��3üü���ü �

þ ε1, . . . , εk−1 ¦�

〈v1, . . . ,vi−1〉 = 〈ε1, . . . , εi−1〉,

i = 1, 2, . . . , k − 1. -

ε′k = vk − (vk|ε1)ε1 − · · · − (vk|εk−1)εk−1. (3)

·�k5�y

〈v1, . . . ,vk−1,vk〉︸ ︷︷ ︸
Vk

= 〈ε1, . . . , εk−1, ε′k〉︸ ︷︷ ︸
W ′

k

. (4)

�â (3), vk ∈ W ′
k. 
8Bb�%¹ v1, . . . ,vk−1 ∈ W ′

k. � Vk ⊂ W ′
k. ��§8Bb�%

¹ 〈ε1, . . . , εk−1〉 ⊂ Vk, 
 (3) %¹ ε′k ∈ 〈ε1, . . . , εk−1,vk〉. � ε′k ∈ Vk. dd�Ñ W ′
k ⊂ Vk.

�ª (4) ¤á. AO/§·�k dim(W ′
k) = k. � ε′k 6= 0.

é?¿ i ∈ {1, 2, . . . , k − 1}, ·�|^ (3) O��µ

(ε′k|εi) = (vk|εi)−
k−1∑
j=1

(vk|εj)(εj|εi) = (vk|εi)− (vk|εi) = 0.

� ε′k � εi ��. - εk ´ ε′k �ü z�þ. K ε1, . . . , εk−1, εk ´üü���ü �þ.

�â (4), 〈v1, . . . ,vi〉 = 〈ε1, . . . , εi〉.

~ 1.17 � R4 ´IOîª�m,

u1 =


1

0

1

0

 , u2 =


0

−1

1

−1

 , u2 =


1

1

1

1

 .
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O�f�m U = 〈u1,u2,u3〉 ��|ü ��Ä.

). d Gram-Schmidt ��z�

ε1 =
u1

‖u1‖
=

1√
2
u1.

ε′2 = u2 − (u2|ε1)ε1 = u2 − ‖u‖−2(u2|u1)u1 = u2 −
1

2
u1 =


−1

2

−1
1
2

−1

 .

ε2 =
ε′2
‖ε2‖

=
1√
10


−1

−2

1

−2

 .

ε′3 = u3 − (u3|ε1)ε1 − (u3|ε2)ε2 =
1

5


−2

1

2

1

 .

ε3 =
1√
10


−2

1

2

1

 .

u´, U ��|ü ��Ä´ ε1, ε2, ε3. �


