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§1 îª�m

~ 1.18. ½n 1.16 �y²¡� Gram-Schmidt ��z. T½n`²

εi ∈ 〈v1, . . . ,vi〉 Ú vi = 〈ε1, . . . , εi〉.

��3þn��Ý
 S, T ∈ Mk(R) ¦�

(ε1, . . . , εk) = (v1, . . . ,vk)S Ú (v1, . . . ,vk) = (ε1, . . . , εk)T.

Ï� v1, . . . ,vk Ú ε1, . . . , εk ´ ü|�5Ã'��þ, ¤± S, T Ñ´�_�. e¡y²:

T =


(v1|ε1) (v2|ε1) · · · (vk|ε1)

(v2|ε2) · · · (vk|ε2)
. . .

...

(vk|εk)

 . (1)

� T = (ti,j)k×k. Ï� T ´þn�/Ý
, ¤±

vj = t1,jε1 + · · ·+ tj,jεj.

� i ∈ {1, 2, . . . , j}. ·�O�

(vj|εi) =

(
j∑

`=1

t`,j(ε`|εi)

)
=

j∑
`=1

t`,j(ε`|εi) = ti,j.

u´, (1) ¤á. �

·K 1.19. � V ��|ü ��Ä´ e1, . . . , en, x,y ∈ V 3ù|Äe��I©O´

(x1, . . . , xn)
t Ú (y1, . . . , yn)

t. K

(x|y) = x1y1 + · · ·+ xnyn.

y². dSÈ�V�5�

(x|y) =

(
n∑

i=1

xiei|
n∑

j=1

yjej

)
=

n∑
i=1

n∑
j=1

xiyj(ei|ej).
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Ï� e1, . . . , en ´ü ��Ä, ¤± (ei|ej) = δi,j. �

(x|y) =
n∑

i=1

n∑
j=1

xiyjδi,j =
n∑

i=1

xiyi. �

5º 1.20. þã·K�,�«Lã/ª´V�5. ( | ) 3ü ��Äe�Ý
´ E.

·K 1.21. � V ��|ü ��Ä´ e1, . . . , en, x ∈ V . K x 3TÄe�1 i ��I

©þ´ (x|ei), i = 1, 2, . . . , n.

y². � x 3 e1, . . . , en e��I´ (x1, . . . , xn)
t. K

(x|ei) =

(
n∑

j=1

xjej|ei

)
=

n∑
j=1

xj(ej|ei) =
n∑

j=1

xjδj,i = xi. �

½n 1.22. � V Ú W ´ü� n-�î¼�m, Ù¥�SÈ©OP� ( | )V Ú ( | )W . K�

3�5Ó� φ : V −→ W ÷vé?¿ x,y ∈ V ,

(x|y)V = (φ(y)|φ(y))W .

y². � e1, . . . , en ´ V ��|ü ��Ä,
 ε1, . . . , εn ´ W ��|ü ��Ä.K�

3�5N� φ ¦� φ(ei) = εi, i = 1, 2, . . . , n. (1�Ù1�ù½n 4.12). ?
, φ ´�5

Ó�(1�Ù1�ù½n 4.13�y²). � x = x1e1+ · · ·+xnen Ú y = y1e1+ · · ·+ ynen.
�â·K 1.19,

(x|y)V = x1y1 + · · ·+ xnyn.

Ï� φ(x) = x1ε1 + · · ·+ xnεn Ú φ(y) = y1ε1 + · · ·+ ynεn, ¤±·K 1.21 %¹

(φ(x)|φ(y))W = x1y1 + · · ·+ xnyn.

·�k (x|y)V = (φ(x)|φ(y))W . �

§2 ��Ö

½Â 2.1 � U1, U2 ⊂ V ´f�m. XJéu?¿� u1 ∈ U1 Ú u2 ∈ U2 ·�k u1⊥u2,

K¡f�m U1 Ú U2 ��, P� U1⊥U2.

½n 2.2 � U ⊂ V ´f�m. ½Â U⊥ = {x ∈ V | ∀u ∈ U, u⊥x}. K

(i) U⊥ ´f�m� U⊥U⊥;
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(ii) V = U ⊕ U⊥ (¡ U⊥ ´ U ���Ö).

(iii) (U⊥)⊥ = U .

y². (i) � x,y ∈ U⊥ Ú α, β ∈ R, Ké?¿ u ∈ U ,

(αx+ βy|u) = α(x|u) + β(y|u) = 0.

u´, (αx+ βy)⊥u. ·��� αx+ βy ∈ U⊥. d U⊥ �½Â��, U⊥U⊥.
(ii) � x ∈ U ∩ U⊥. K x⊥x = 0. u´, x = 0 (1nÙ1�ùÚn 1.13 (i)). ·��

�y² V = U + U⊥ =�. XJ U = {0}, K U⊥ = V . (Øw,¤á. � U 6= {0}. �
â1nÙ1�ù½n 1.16, U kü ��Ä. �Ù� {e1, . . . , ed}. é?¿�þ x ∈ V , -

y = (x|e1)e1 + · · · + (x|ed)ed. Ú z = x− y. Ï� y ∈ U , ¤±·���y² z ∈ U⊥ =
�. � u ´ U ¥?¿�þ. K�3 α1, . . . , αd ∈ R, ¦� u = α1e1 + · · ·+ αded. u´,

(z|u) = (x− y|u) = (x|u)− (y|u) =
d∑

i=1

αi(x|ei)−
d∑

i=1

αi(x|ei) = 0.

(iii) d��Ö�½Â�� U ⊂ (U⊥)⊥. �â (ii),

V = U ⊕ U⊥ = U⊥ ⊕ (U⊥)⊥.

u´, dim(U) = dim((U⊥)⊥) (1�Ù1�ù·K 4.16). �â1�Ù1�ù·K 4.15 (i),

·��� U = (U⊥)⊥. �

íØ 2.3 � e1, . . . , ed ´ V ¥�ü ���þ. K e1, . . . , ed �*¿� V ��|ü 

��Ä.

y². � U = 〈e1, . . . , ed〉. K U⊥ k�|ü ��Ä ed+1, . . . , en (1nÙ1�ù½n

1.16). �â½n 2.2, e1, . . . , ed, ed+1, . . . , en ´ V ��|ü ��Ä. �

5) 2.4 þãíØ��±d Gram-Schmidt ��z���Ñ. ù´Ï�l e1, . . . , ed Ñ

u�±�� V ��|Ä e1, . . . , ed,vd+1, . . . ,vn. éù|Ä� Gram-Schmidt ��z��

�ü ��Ä�c d ���E,´ e1, . . . , ed.

~ 2.5 �IOîª�m R3 �IOÄ´ e1, e2, e3. K 〈e1〉⊥ = 〈e2, e3〉.

〈e1〉⊥⊥ = 〈e2, e3〉⊥ = 〈e1〉. �
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~ 2.6 � R4 ´IOîª�m,

u1 =


1

0

1

0

 , u2 =


0

−1
1

−1

 , u2 =


1

1

1

1

 .

O�f�m 〈u1,u2,u3〉⊥ ��|Ä.

). 5¿� x = (x1, x2, x3)
t ∈ 〈u1,u2,u3〉⊥ ��=� (x|u1) = (x|u2) = (x|u3) = 0. =

(ut
1,u

t
2,u

t
3)x = 0 ⇐⇒


1 0 1 0

0 −1 1 −1
1 1 1 1



x1

x2

x3

x4

 =


0

0

0

0

 .

�ó�, 〈u1,u2,u3〉⊥ ´þã�§|�)�m. ��O�T)�m�Ä´ (0, 1, 0,−1)t. �

~ 2.7 �IOîª�m R3 ¥f�m U ´�§|{
x1 + x2 − x3 = 0

2x1 + 3x2 = 0

�)�m. ¦ U⊥ ��|Ä.

). þã�§|�XêÝ


A =

(
1 1 −1
2 3 0

)
.

d�§|�� ~At
1,
~At
2 ∈ U⊥. Ï� rank(A) + dim(U) = 3, ¤± U⊥ = 〈 ~At

1,
~At
2〉. (½n

2.2). Ï� rank(A) = 2, ¤± U⊥ ��|Ä´ ~At
1, ~A

t
2. �

§3 ��Ý
����d

�îª�m V dü|ü ��Ä e1, . . . , en Ú ε1, . . . , εn, Ý
 P ∈ GLn(R) ÷v

(ε1, . . . , εn) = (e1, . . . , en)P.

Ké?¿ i, j ∈ {1, 2, . . . , n}, ·�k

δi,j = (εi|εj) = ((e1, . . . , en)~P
(i)|(e1, . . . , en)~P (j)) = (~P (i))t ~P (j).

dd�Ñ P tP = E, ?
 PP t = E.
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½Â 3.1 � P ∈ GLn(R). XJ P t = P−1, K¡ P ´��Ý
. ¤k n ���Ý
�

8ÜP� On(R).

w,, E ´��Ý
.

·K 3.2 8Ü On(R) ´ GLn(R) �f+.

y². �â1�ÆÏ1nÙ1�ùÚn 2.4,��y²é?¿ P,Q∈On(R), PQ−1∈On(R).
·�O�

(PQ−1)t(PQ−1) = (Q−1)tP tPQ−1 = (Qt)tQ−1 = QQ−1 = E.

u´, (PQ−1)t = (PQ−1)−1. �

·K 3.3 (i) XJ P ∈ On(R), K det(P ) = ±1.

(ii) P ∈ On(R) ��=� P ���þ´IOîª�m Rn ¥��|ü ��Ä.

(iii) P ∈ On(R) ��=� P �1�þ´IOîª�m R1×n ¥��|ü ��Ä.

y². (i) Ï� P tP = 1, ¤± det(P tP ) = 1. u´, det(P t) det(P ) = det(P )2 = 1. �

det(P ) = ±1.
(ii) é?¿ i, j ∈ {1, . . . , n},

(~P i|~P j) = δi,j ⇐⇒ (~P i)t ~P j = δi,j ⇐⇒ P tP = 1.

(iii) �ÄÝ
 P t =�. �

~ 3.4 y²: P ∈ O2(R) ��=��3 θ ¦�

P =

(
cos(θ) − sin(θ)

sin(θ) cos(θ)

)
½ P =

(
cos(θ) sin(θ)

sin(θ) − cos(θ)

)
.

y². �

P =

(
a b

c d

)
´��Ý
. d·K 3.3 (ii) ��, a2 + c2 = 1 ��. ·�Ø�� a = cos(θ). K

c = ± sin(θ). d·K 3.3 (iii) ��, a2 + b2 = 1. u´, b = ± sin(θ). Ón c2 + d2 = 1 �

Ñ d = ± cos(θ).

�/ 1. c = sin(θ), b = − sin(θ). d ab+ cd = 0 �Ñ d = cos(θ). d�

P =

(
cos(θ) − sin(θ)

sin(θ) cos(θ)

)
.
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�/ 2. c = sin(θ), b = sin(θ). d ab+ cd = 0 �Ñ d = − cos(θ). d�

P =

(
cos(θ) sin(θ)

sin(θ) − cos(θ)

)
.

Ù§�/�3þã�/¥r θ �� −θ ��. �

·K 3.5 �îª�m V dÄ e1, . . . , en Ú ε1, . . . , εn, Ý
 P ∈ GLn(R) ÷v

(ε1, . . . , εn) = (e1, . . . , en)P.

2� e1, . . . , en ´ü ��Ä. K ε1, . . . , εn ´ü ��Ä��=� P ∈ On(R).

y². � ε1, . . . , εn ´ü ��Ä. dÚ?��Ý
�Vg�í�L§��, P ∈ On(R).
��, � P ∈ On(R). é?¿ i, j ∈ {1, 2, . . . , n}, ·�k

(εi|εj) = ((e1, . . . , en)~P
(i)|(e1, . . . , en)~P (j)) = (~P (i))t ~P (j) = δi,j (·K 3.3 (ii)).

� ε1, . . . , εn ´ü ��Ä. �

� V kü|ü ��Ä e1, . . . , en Ú ε1, . . . , εn. K�3��� P ∈ On(R) ¦�

(e1, . . . , en) = (ε1, . . . , εn)P.

� A ∈ L(V ) 3 e1, . . . , en Ú ε1, . . . , εn e�Ý
©O´ A Ú B. �â1�Ù1�ù1

2.2 !1�ã,

B = P−1AP = P tAP (∵ P ∈ On(R)).

½Â 3.6 � A,B ∈ Mn(R). XJ�3 P ∈ On(R) ¦� B = P−1AP , K¡ A � B ��

�d(���q), P� A ∼o B.

·�5�y ∼o ´�d'X. Ï� E ∈ On(R), ¤±é?¿ A ∈ Mn(R), A = E−1AE. �

A ∼o A. g�5¤á.

� A,B ∈ Mn(R) ÷v A ∼o B. K�3 P ∈ On(R) ¦� B = P−1AP . u´,

A = PBP−1. �â·K 3.2, P−1 ∈ On(R), ·��� B ∼o A. é¡5¤á.

2� C ∈ Mn(R) � A ∼o B Ú B ∼o C. K�3 P,Q ∈ On(R) ¦� B = P−1AP

Ú C = Q−1BQ. u´, C = Q−1P−1APQ = (PQ)−1A(PQ). �â·K 3.2, PQ ∈ On(R).
� A ∼o C. D4Æ¤á. �y�..

5) 3.7 ÎÒX½Â 3.6, XJ A ∼o B, K A ∼s B � A ∼c B. ù´Ï���Ý
�_

Ú=���. dd��, Ý
��qØCþÚÜÓØCþÑ´���d�ØCþ.
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~ 3.8 �

A =

(
0 2

0 0

)
, B =

(
0 1

0 0

)
∈ M2(R).

y²: A ∼s B, A ∼c B � A �o B.

y². w, χA = χB = t2. Ï� rank(A) = rank(B) � rank(A2) = rank(B2). �â�q

�½{K I, A ∼s B. � P = diag(1/
√
2, 1/
√
2). K P tAP = B. u´, A ∼c B.

b��3 Q ∈ O2(R) ¦� QtAQ = B. �â~ 3.4, ·�k

Q =

(
cos(θ) − sin(θ)

sin(θ) cos(θ)

)
½ Q =

(
cos(θ) sin(θ)

sin(θ) − cos(θ)

)
.

XJ Q �cö, K

AQ = QB =⇒

(
0 2

0 0

)(
cos(θ) − sin(θ)

sin(θ) cos(θ)

)
=

(
cos(θ) sin(θ)

− sin(θ) cos(θ)

)(
0 1

0 0

)
.

u´, sin(θ) = 0 � cos(θ) = 0. gñ. aq/�y² Q �Ø�U�u�ö. �

¯K. �½ A ∈ Mn(R),

1. ¦§3���de�IO..

2. �½ A,B ∈ Mn(R), �½§�´Ä���d.

§4 �5�f��5Ý


PÒµ3�!¥ V ´ n �îª�m, Ù¥ n > 0.

§4.1 ���f

½Â 4.1 � A ∈ L(V ). XJ�f B ∈ L(V ) ÷vé?¿ x,y ∈ V ,

(A(x)|y) = (x|B(y)),

K¡ B ´ A ����f.

·K 4.2 � A ∈ L(V ). K A ����f�3���. XJ A 3 V �ü ��Ä

e1, . . . , en e�Ý
�u A, KÙ���f3TÄe�Ý
�u At.
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y². d�5N�Ä�½n II (1�Ù1�ù½n 4.12), �3�5�f B ¦�

B(ej) =
n∑

i=1

(A(ei)|ej)ei, j = 1, 2, . . . , n.

� x =
∑n

i=1 xiei, y =
∑n

j=1 yjej. ·�O�

(x|B(y)) = (x|
n∑

j=1

yjB(ej)) (B �5)

= (x|
n∑

j=1

yj

n∑
k=1

(A(ek)|ej)ek) (B �½Â)

= (x|
n∑

k=1

(
n∑

j=1

yj(A(ek)|ej)

)
ek) (ÚÒp�)

= (x|
n∑

k=1

(
n∑

j=1

(A(ek)|yjej)

)
ek) (SÈV�5)

= (x|
n∑

k=1

(A(ek)|
n∑

j=1

yjej)ek) (SÈV�5)

= (x|
n∑

k=1

(A(ek)|y)ek) (y �½Â)

= (
n∑

i=1

xiei|
n∑

k=1

(A(ek)|y)ek) (x �½Â)

=
n∑

i=1

xi(A(ei)|y)) (ü ��Äe�SÈúª)

= (
n∑

i=1

xiA(ei)|y) (SÈV�5)

= (A(x)|y) (A �5).

u´, B ´ A ����f. �35¤á.

� C ´ A �,�����f. Kéu?¿ x,y ∈ V , (x|B(y)) = (x|C(y)). u´

(x|B(y)− C(y)) = 0.

� x = B(y)−C(y). ·�k (B(y)−C(y)|B(y)−C(y)) = 0. u´, B(y) = C(y). d y �

?¿5����5¤á.

� A = (ai,j). K

B(ej) =
n∑

i=1

(
n∑

k=1

ak,iek|ej)ei =
n∑

i=1

aj,iei.
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u´, B 3 e1, . . . , en e�Ý
´ (aj,i) = At. �

�âþã·K, ·�r A ����fP� A∗.

§4.2 �5�f

½Â 4.3 � A ∈ L(V ). XJ AA∗ = A∗A, K¡ A ´�5�f. aq/, � A ∈ Mn(R).
XJ AAt = AtA, K¡ A ´�5Ý
.

·K 4.4 � A ∈ L(V ), A 3 V �ü ��Ä e1, . . . , en e�Ý
� A. K A �5�
�=� A �5.

y². d·K 4.2, A∗ 3 e1, . . . , en e�Ý
� At. d1�Ù1�ù½n 2.1, AA∗ Ú
A∗A 3 e1, . . . , en e�Ý
©O´ AAt Ú AtA. kÝ
L«���5��(�1�Ù1

�ù1 1.1 !), AA∗ = A∗A ��=� AAt = AtA. �

½Â 4.5 � A ∈ L(V ). XJ A∗ = A, K¡ A ´é¡�f. XJ A∗ = −A, K¡ A ´
�é¡�f.

é¡Ú�é¡�fÑ´�5�f. w,, é¡Ú�é¡Ý
Ñ´�5Ý
.

~ 4.6 y²��Ý
´�5Ý
.

y². � P ∈ On(R). K P tP = E = PP t. � P ´�5Ý
. �

·K 4.7 � A ∈ L(V ), A 3 V �ü ��Ä e1, . . . , en e�Ý
� A. K A (�)é¡

�f��=� A (�)é¡Ý
.

y². d·K 4.2, A∗ 3 e1, . . . , en e�Ý
� At. u´, A∗ = A ��=� At = A;

A∗ = −A ��=� At = −A; �

½Â 4.8 � A ∈ L(V ). XJéu?¿ x,y ∈ V ,

(x|y) = (A(x)|A(y)),

K¡ A ´�S(È)�.

·K 4.9 � A∈L(V ), A 3 V �ü ��Ä e1, . . . , en e�Ý
� A. Ke�äó�d

(i) A �S;

(ii) A ∈ On(R);

(iii) é?¿ x ∈ V , ‖x‖ = ‖A(x)‖ (��);
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(iv) é?¿ x,y ∈ V , ‖x− y‖ = ‖A(x)−A(y)‖ (�å).

y². (i) =⇒ (ii). é?¿ i, j ∈ {1, 2, . . . , n},

δi,j = (ei|ej) = ((e1, . . . , en) ~A
(i)|(e1, . . . , en) ~A(j)) = ( ~A(i))t ~A(j).

u´, AtA = E. = A ∈ On(R).
(ii) =⇒ (iii). � x = x1e1 + · · ·+ xnen. ·�O�

‖A(x)‖2 = (A(x)|A(x)) = ((e1, . . . , en)A


x1
...

xn

 |(e1, . . . , en)A

x1
...

xn

)

= (x1, . . . , xn)A
tA


x1
...

xn

 = (x1, . . . , xn)


x1
...

xn


= x21 + · · ·+ x2n.

u´, ‖x‖ = ‖A(x)‖.
(iii) =⇒ (iv) é?¿ x,y ∈ V , ·�k

‖x− y‖ = ‖A(x− y)‖ = ‖A(x)−A(y)‖.

(iv) =⇒ (i) é?¿ x,y ∈ V , ·�k

‖x− y‖ = ‖A(x)−A(y)‖ =⇒ (x− y|x− y) = (A(x)−A(y)|A(x)−A(y)).

u´,

‖x‖2 − 2(x|y) + ‖y‖2 = ‖A(x)‖2 − 2(A(x)|A(y)) + ‖A(y)‖2.

5¿� ‖x‖2 = ‖x− 0‖2 = ‖A(x)−A(0)‖ = ‖A(x)‖. Ón ‖y‖ = ‖A(y)‖. dþª��
(x|y) = (A(x)|A(y)). �

5) 4.10 Ï���Ý
´�5Ý
(�~ 4.6), ¤±�S�f´�5�f. §�¡��

�(��!�å)�f.


