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1. (10©) � e1, e2, e3 ´�5�m V ��|Ä, A ∈ L(V ) ÷v

A(e1) = 2e2, A(e2) = e1 + e3, A(e3) = −e2.

(i) O� A 3 e1, e2, e3 e�Ý
Ú rank(A).

(ii) � v1 = e3,v2 = e2,v3 = e1. O� A 3 v1,v2,v3 e�Ý
.

). (i) A 3 e1, e2, e3 e�Ý
´

A =


0 1 0

2 0 −1
0 1 0

 .

u´, rank(A) = rank(A) = 2.

(ii) dK¿��

(v1,v2,v3) = (e1, e2, e3)


0 0 1

0 1 0

1 0 0


︸ ︷︷ ︸

P

.

K A 3 v1,v2,v3 e�Ý
´

P−1AP
∵P=P−1

=


0 0 1

0 1 0

1 0 0



0 1 0

2 0 −1
0 1 0



0 0 1

0 1 0

1 0 0

 =


0 1 0

−1 0 2

0 1 0

 �
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2. (10©) �¢Ý
 M =


−1 1 0

−4 3 0

1 0 2

 .

(i) O� M �A��.

(ii) �½ M ´Ä�é�z, ¿`²nd.

). (i) A�õ�ª

χM(t) = det


t+ 1 −1 0

4 t− 3 0

−1 0 t− 2

 = (t− 2)((t+ 1)(t− 3) + 4) = (t− 2)(t− 1)2.

Ý
 M �A��´ λ1 = 1 Ú λ2 = 2.

(ii) ��O��

dim(V λ1) = 3− rank


2 −1 0

4 −2 0

−1 0 −1

 = 1.

u´, λ1 AÛ­ê´ 1, �uÙ�ê­ê. dd�� M Ø�é�z. �

3. (10©) � A =


a a 0

0 a 1

0 0 b

 ∈ M3(C). O� A � Jordan IO..

). A�õ�ª χA = (t− a)2(t− b).
�/ 1. a 6= b � a 6= 0. K

rank(A− aE) = rank


0 a 0

0 0 1

0 0 b− a

 = 2.

d�A�� a, b �AÛ­êÑ�u 1. ·���

JA =


a 1 0

0 a 0

0 0 b

 .

�/ 2. a 6= b � a = 0. K

rank(A− aE) = rank


0 0 0

0 0 1

0 0 b

 = 1.

2



d�A�� a, b �AÛ­ê�u§���ê­ê. � A �é�z. ·���

JA =


0 0 0

0 0 0

0 0 b

 .

�/ 3. a = b � a 6= 0. K

rank(A− aE) = rank


0 a 0

0 0 1

0 0 0

 = 2.

d�A�� a �AÛ­ê�u 1, �ê­ê�u 3. ·���

JA =


a 1 0

0 a 1

0 0 a

 .

�/ 4. a = b = 0 � K

rank(A− aE) = rank


0 0 0

0 0 1

0 0 0

 = 1.

d�A�� a �AÛ­ê�u 2, �ê­ê�u 3. ·���

JA =


0 1 0

0 0 0

0 0 0

 .

4. (10©) � R4 ´IOîª�m, U ´�§|

{
x1 − x4 = 0

x2 + x3 = 0
�)�m. O�

(i) U ��|ü ��Ä;

(ii) U⊥ ��|ü ��Ä.

). (i) U ��|Ä´ (1, 0, 0, 1)t, (0, 1,−1, 0)t. � U ��|ü ��Ä´(
1√
2
, 0, 0,

1√
2

)t
,

(
0,

1√
2
,
−1√
2
, 0

)t
.
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(ii) U⊥ ��|Ä´ (1, 0, 0,−1)t, (0, 1, 1, 0)t. � U ��|ü ��Ä´(
1√
2
, 0, 0,

−1√
2

)t
,

(
0,

1√
2
,
1√
2
, 0

)t
.

5. (10©) �é¡Ý


A =



1 0 0 −1

0 −1 1 0

0 1 −1 0

−1 0 0 1


.

®� A�A�õ�ª�u t2(t−2)(t+2). O���Ý
 P Úé�Ý
 B¦� P tAP = B.

). A�f�m V 0 �´�§| {
x1 − x4 = 0

x2 − x3 = 0

�)�m. � V 0 ��|Ä´ (1, 0, 0, 1)t Ú (0, 1, 1, 0)t. §��|ü ��Ä´(
1√
2
, 0, 0,

1√
2

)t
,

(
0,

1√
2
,
1√
2
, 0

)t
.

A�f�m V 2 ´�§| 
x1 + x4 = 0

3x2 − x3 = 0

x2 − 3x3 = 0

�)�m. �|Ä´ (1, 0, 0,−1)t. §�ü z�þ´(
1√
2
, 0, 0,

−1√
2

)t
.

A�f�m V −2 ´�§| 
3x1 − x4 = 0

x2 + x3 = 0

x1 − 3x4 = 0

�)�m. �|Ä´ (0, 1,−1, 0)t. §�ü z�þ´(
0,

1√
2
,
−1√
2
, 0

)t
.
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u´, ��Ý


P =


1√
2

0 1√
2

0

0 1√
2

0 1√
2

0 1√
2

0 −1√
2

1√
2

0 −1√
2

0

 .

?
 P tAP = diag(0, 0, 2,−2). �

6. (10©) � V ´ � F þ�k���5�m, A ´ V þ��5�f. 2� λ1, λ2 ´ A
�ü�A��, v1,v2 ©O´ A 'u λ1, λ2 �A��þ. y²: v1 + v2 3 A �,�A�
f�m¥��=� λ1 = λ2.

y². ��O��

A(v1 + v2) = A(v1) +A(v2) = λ1v1 + λ2v2. (1)

� λ1 = λ2. K A(v1 + v2) = λ1(v1 + v2). � v1 + v2 ∈ V λ1.

��, � α ´ A ���A�� � v1 + v2 ∈ V α.

�/ 1. � α = λ1. K v2 ∈ V λ1. � λ1 = λ2.

�/ 2. � α = λ2. K v1 ∈ V λ2. � λ1 = λ2.

�/ 3. � α 6= λ1, α 6= λ2, 5¿� v1 + v2 ∈ V λ1 + V λ2. 
pØ�Ó�A��éA�A

�f�m´�Ú. u´, v1 + v2 = 0. u´ v2 ∈ V λ1. � λ1 = λ2. gñ. �

7. (10©) � A ∈ Mn(C), ÙA�õ�ª

χA(t) = (t− λ1)n1 · · · (t− λk)nk ,

Ù¥ λ1, . . . , λk ∈ C üüØÓ, n1, . . . , nk ∈ Z+.

(i) � A �4�õ�ª µA(t) = (t− λ1) · · · (t− λk). O� A � Jordan IO..

(ii) � µA(t) = (t− λ1)n1−1 · · · (t− λk)nk−1. y²: n1, . . . , nk Ñ�u 1 � λ1, . . . , λk �A

Û­êÑ�u 2.

y². (i) Ï� µA Ã­Ïf, ¤± A �é�z. u´

JA =


λ1En1

λ2En2

. . .

λkEnk

 .
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(ii) d\r�� Hamilton-Cayley ½n, λ1, . . . , λk Ñ´ µA ��. u´, n1 − 1 > 0,

. . . , nk − 1 > 0. d�, JA ¥Ñy�'u λi � Jordan ¬����´ ni − 1, 
 λi ��

ê­ê´ ni. u´, JA ¥�Tk�¬ J1(λi) Ñy. dd�Ñ, JA ¥Tkü¬'u λi �

Jordan ¬. � λi �AÛ­ê�u 2, i = 1, 2, . . . , k. �

8. (10©) � V ´ n �î¼�m, v ´ V ¥ü �þ. ½ÂN�:

Tv : V −→ V

x 7→ 2(x|v)v − x
.

(i) �y Tv ´ V þ��5�f�´���f.

(ii) � x,y ´ V ¥ü��5Ã'�ü �þ. y²: �3 V ¥�ü �þ v ¦�

Tv(x) = y.

y². (i) é?¿ α, β ∈ R, x,y ∈ V ,

Tv(αx+βy) = 2(αx+βy|v)v−(αx+βy) = α(2(x|v)v−x)+β(2(y|v)v−y) = αTv(x)+βTv(y).

u´, Tv ´�5�.

e¡·�y² Tv ´�S�. ·�O�

(Tv(x)|Tv(y)) = (2(x|v)v−x|2(y|v)v−y) (v|v)=1
= 4(x|v)(y|v)−4(x|v)(y|v)+(x|y) = (x|y).

Ï� Tv �S, ¤± Tv ��.

(ii) � z = x+ y. Ï� x Ú y �5Ã', ¤± z 6= 0. � v ´ z �ü z�þ. ·

�O�

Tv(x) = 2
(x|x+ y)(x+ y)

(x+ y|x+ y)
− x = 2

1 + (x|y)
2 + 2(x|y)

(x+ y)− x = (x+ y)− x = y. �

9. (10©) � A,B,C ´ n �¢Ý
. y²:

(i) XJ A ´�_��é¡Ý
, K A+ A2 ��_;

(ii) XJ B,C Ú B − C Ñ´�½�, K det(B) > det(C).
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y². (i) Ï� A �_, ¤±�3��Ý
 P ¦�

A = P t


N(0, β1)

N(0, β2)
. . .

N(0, βk)

P.

K

A2 = P t


N(0, β1)

2

N(0, β2)
. . .

N(0, βk)
2

P.

u´

A+A2 = P t


N(0, β1) +N(0, β1)

2

N(0, β2) +N(0, β2)
2

. . .

N(0, βk) +N(0, βk)
2

P.

5¿�

N(0, β) +N(0, β)2 =

(
−β2 −β
β −β2

)
´�_Ý
. u´, A+ A2 �_.

(ii) �3 P ∈ GLn(R) ¦�

P tBP = E, P tCP = diag(α1, . . . , αn).

Ï� C �½, ¤± α1, . . . , αn ∈ R+. ��O��

P t(B − C)P = diag(1− α1, . . . , 1− αn).

Ï� B − C �½, ¤± α1, . . . , αn ∈ (0, 1). 2Ï�

det(P )2 det(B) = 1, det(P )2 det(C) = α1 · · ·αn,

¤± det(B) > det(C). �

10. (10©) � V ´ � F þ� n ��5�m, A ´ V þ��5�f.

(i) é?¿ f ∈ F [t], ker(f(A)) ´ A-ØCf�m;
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(ii) XJ V ´ A-Ì��m, Ké?¿ A-ØCf�m U , �3 p ∈ F [t] ¦�

U = ker(p(A)).

y². (i) � x ∈ ker(f(A)). K f(A)(x) = 0. u´, Af(A)(x) = 0. dd�Ñ

f(A)A(x)=0, = f(A)(A(x)) = 0. � A(x) ∈ ker(f(A)). = ker(f(A)) ´ A-ØC
f�m.

(ii) � V ´ A-Ì��m, U ´ A-ØCf�m. d1�Ù1ÊùSK�~ 2.3 ��,

U ´Ì�f�m. � U = F [A] · u. - p(t) = µA,u. é?¿ v ∈ U , �3 f ∈ F [t] ¦�
v = f(A)(u). u´,

p(A)(v) = p(A)f(A)(u) = f(A)p(A)(u) = 0 =⇒ v ∈ ker(p(A)) =⇒ U ⊂ ker(p(A)).

� d = deg(p). K d = dim(U). Ï� ker(p(A)) ´ A-ØC�, ¤± ker(p(A)) �´ A-Ì
��. � ker(p(A)) = F [A] ·w. K p(A)(w) = 0. dd�Ñ µA,w|p. � deg(µA,w) ≤ d.

·��� dim(ker(p(A))) ≤ d. u´, U = ker(p(A)). �
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