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§1 �5N�

� V Ú W ´� F þ� n � Ú m ��5�m.

1. φ ∈ Hom(V,W ) ��=� φ �±�5'X.

• ;.~f: "N�, i\, ûN�, �5¼ê, �5Ó�§Ý�...

• ���5�' =⇒ ��5�';

• V �f�m��´ W �f�m, W �f�m���´ V �f�m;

• φ ´ü���=� ker(φ) = {0};

• �5N�Ä�½n I, II.

• Ø��ê½n: dim(ker(φ)) + dim(im(φ)) = dim(V );

• �5N��EÜE´�5�.

2. Hom(V,W ) � Fm×n �5Ó�.

• �5N��EÜéAÝ
¦{;

• ÏLÝ
��½Â�5N���, l
kØ��ê½n:

dim(ker(φ)) + rank(φ) = dim(V );

• üÝ
Ð��d��=�§�´Ó��5N�3ØÓÄ.e�Ý
L«.

§2 �5�f�Ä�5�

� A ∈ L(V ). � F = C �, � JA ´ A �Ý
L«� Jordan IO..

1. ;.~fµðÓN�, ê¦N�, ������|('u�Ú©)�Ý�, ��N�),

�"N�(�ê), ... .

2. A ü�(ker(A) = {0}) ⇐⇒ ÷�(rank(A) = n) ⇐⇒ V�.

3. F [A] ´ F þ��5�mÚ���.

4. ØØ©)�Ø�©).
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5. L(V ) Ú Mn(F ) �êÓ�;

6. üÝ
�q��=�§�´Ó��5�f3ØÓÄ.e�Ý
L«.

7. �qØCþ

• �, ,, 1�ª;

• A�õ�ª§A��§4�õ�ª;

• ���qØCþ I: {rank(f(A) | f ∈ F [t]};

• ���qØCþ II:

SA = {p ∈ F [t] | f ´ χA ½ µA �Ä�Ø��Ïf}

Ú

{rank(f(A)) | f ´ SA ¥���õ� n g�}.

~ 2.1 ÏL Jordan IO.n)ØØ©)�Ø�©).

(i) Avk�²��ØØ©)��=� JA ¥z�� Jordan¬�A���Ó,= specCA)
�k����;

(ii) A kØ�©)��=� JA ¥z���" Jordan ¬Ñ´ 1 ��.

§3 4�õ�ª

� A ∈ L(V ).

1. µA ´"z A �gê�$§Ä���"õ�ª.

2. ;.~f: ê¦�f�4�õ�ª´�g�, �"�f�4�õ�ª´ t ��g, �

é�z�f�4�õ�ª�pØ�Ó��gÏf�È,

µJn(λ) = (t− λ)n.

3. Ä�5�: µA �Ø"z A �õ�ª, deg(µA) ≤ n, dim(F [A]) = deg(µA).

4. µA|χA �§��Ø��Ïf�Ó(\r�� Hamilton-Cayley ½n).

5. deg(µA) = n ⇐⇒ χA = µA ⇐⇒ V ´ A-Ì��

6. ÏL µA �Ïª©)ÚØØ©)�Ñ2ÂA�f�m©)½n

~ 3.1 ÏL Jordan IO.n) µA = χA ¤á�^�: µA = χA =⇒ JA ¥z�

Jordan ¬�A��ÑØ�Ó.
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§4 ØCf�m

� A ∈ L(V ).

1. f�m U ⊂ V ´ A ØC���=� A(U) ⊂ U .

2. ;.~f: ker(p(A)), V λ = ker(λE − A), im(p(A)), Ù¥ p ∈ F [t]; A-Ì�f�m.

3. ü�: � U ´A ØC�. K

AU ∈ L(U), µAU
|µA, χAU

|χA.

XJ V = U1 ⊕ · · · ⊕ Uk ´ A-ØCf�m©), K

µA = lcm(µAU1
, . . . , µAUk

), χA = χAU1
· · ·χAUk

.

�

A =


A1

A2

. . .

Ak

 ,

Ù¥ Ai Ñ´�
. K

µA = lcm(µA1 , . . . , µAk
), χA = χA1 · · ·χAk

.

�

A =


A1 ∗ · · · ∗

A2 · · · ∗
. . .

...

Ak

 ,

Ù¥ Ai Ñ´�
. K

χA = χA1 · · ·χAk
.

~ 4.1 Jordan IO.¥�z� Jordan ¬éAX A 3��Ø�©f�mþ���
f�Ý
L«. ù
Ø�©f�m��Ú´���m.
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§5 A��þ!A��ÚA�õ�ª

1. O�A��þ!A��ÚA�õ�ª.

• O� χA;

• O� χA ��

• éz�� λ O� V λ = ker(λE − A) ��|Ä.

2. A�f�m��Ú5�!AÛ­ê��ê­ê�5�.

3. �é�z�f�Ê��O{.

• n ��5Ã'�A��þ;

• A�f�m�(�)ÚÜ¤���m;

• þã(Ø��ê�;

• A�õ�ª3 F þ©)��gõ�ª�È�z�A���AÛ­ê�u�ê­

ê;

• 4�õ�ª´�gõ�ª�È�­êÑ´ 1.

4. Hamilton-Cayley ½n9Ù\r�.

~ 5.1 • �f A �é�z��=� JA ¥¤k Jordan ¬��Ñ�u 1;

• ÏL Jordan IO.n) Hamilton-Cayley ½n9Ù\r�: JA ¥z� Jordan ¬

Jdi(λi) �4�õ�ªÚA�õ�ªÑ�u (t− λi)di, i = 1, 2, . . . , k, u´,

µA(t) = lcm((t− λ1)d1 , . . . , (t− λk)dk)|(t− λ1)d1 · · · (t− λk)dk = χA(t),

��ö�Ø��ÏfÑ´ t− λ1, . . . , t− λk ¥�üüØÓ�õ�ª.

§6 Ì�f�m

� A ∈ L(V ).

1. Ì�f�m�L«: F [A] · v = {f(A)(v)|f ∈ F [t]}.

2. Ì�;.~f: R[x]n ´ D-Ì��. XJ�é�z�f A �A��üüØÓ, K V

´ A-Ì��.
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3. Ì�f�m��ê: dim(F [A] · v) = deg µA,v ≤ deg µA.

4. Ì�f�m�Ì�Ä: v,A(v), . . . ,Ad−1(v), Ù¥ d = deg µA,v.

5. V ´Ì�(f)�m��½OK: µA �gê�u n ½ µA = χA.

5) 6.1 X~ 3.1 ¤«, V ´ A Ì����=� JA ¥ Jordan ¬�A��üüØÓ.

§7 �Ú©)

� A ∈ L(V ).

1. V ´ A-Ì�f�m��Ú(dd�Ñ\r�� Hamilton-Cayley ½n) .

2. V ¥z� A ØCf�mÑ´Ì��, Ù���f�4�õ�ª´,�Ø��õ�ª

��g.

5) 7.1 1 2 :éAu JA ¥z� Jordan ¬�4�õ�ª�uA�õ�ª�§�´,

��gõ�ª��g.

§8 Jordan IO.

� A ∈ L(V ) � F = C.

1. � V = V1 ⊕ · · · ⊕ Vk ´ A-Ø�©f�m©), Ai = AVi , µi = µAi
, χi = χAi

, K�3

λi ∈ C, di ∈ Z+ ¦� µi = χi = (t− λi)di , i = 1, 2, . . . , k.

2. |^ µi �AÏ/ª�3 Vi ¥À��|Ä¦�3TÄe Ai �Ý
´ Jdi(λi) (Jordan

¬), l
 A 3 V �,|Äe�Ý
´

JA =


Jd1(λ1)

. . .

Jdk(λk)


(Jordan IO.).

3. � ` ∈ Z+. K Jordan ¬ J`(λi) 3 JA ¥Ñy�gê(­ê)�u

rank((A− λiE)`−1) + rank((A− λiE)`+1)− 2 rank((A− λiE)`).
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4.

JA =


λ1Ed1

. . .

λkEdk


︸ ︷︷ ︸

é�

+


Jd1(0)

. . .

Jdk(0)


︸ ︷︷ ︸

�"

.

~ 8.1 • � λ ∈ specC(A). K λ ��ê­ê�u JA ¥ λ Ñy�gê;

• λ �AÛ­ê�u± λ �A��� Jordan ¬��ê;

• λ 3 µA ¥�­ê�u± λ �A��� Jordan ¬����ê.

5) 8.2 1 4 :éAu Jordan-Chevalley ½n¥�©) A = S +N .

§9 Ý
�q

� A ∈ Mn(F ).

1. �½Ý
�q�ü��½{K.

2. ;.~f: A ∼s At. XJ specF (A) = {1}, K A ∼s A−1.

“ 'uÝ
, kw§� Jordan IO.. ”
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