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3eãSK¥, V ´k��îª�m, Rn´IOîª�m.

1. � R4´IOîª�m, w1 = (1, 0, 1, 0)t, w2 = (1, 1, 1, 1)t. O� 〈w1,w2〉⊥�
�|ü ��Ä.

). � e1, e2, e3, e4´R4�IOÄ, x = x1e1+x2e2+x3e3+x4e4. K x ∈ W⊥

��=� (w1|x) = (w2|x) = 0. ={
x1 + x3 = 0

x1 + x2 + x3 + x4 = 0

u´

W⊥ = 〈(1, 0,−1, 0)t, (0, 1, 0,−1)t〉.

d Gram-Schmidt��z�

W⊥ = 〈


1√
2

0

− 1√
2

0

 ,


0
1√
2

0

− 1√
2

〉.

2. � R5¥�f�mW ´XêÝ
�

A =


1 0 1 0 0

1 0 1 0 1

2 0 2 0 1


�àg�5�§|�)�m. O�W⊥ ��|ü ��Ä. ). ��O��

rank(A) = 2. �

W⊥ = 〈 ~At1, ~At2〉.

d Gram-Schmidt��z� 

1√
2

0

1√
2

0

0


,



0

0

0

0

1


.
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3. 3 R3 ¥, f�m W �)¤�´ w1 = (1, 0, 0)t,w2 = (1, 2, 1)t. 2� v =

(1, 1, 1)t. O� v�W �ålÚ v�W �Y�(= v�Ù3W þ��ÝK

�Y�). ). � v3W þ���ÝK´ x = α1w1 + α2w2. K

(v − x)⊥W ⇐⇒ G(w1,w2)

(
α1

α2

)
=

(
(v|w1)

(v|w2)

)
⇐⇒

(
1 1

1 6

)(
α1

α2

)
=

(
1

4

)
.

u´, α1 = 2/5, α2 = 3/5. dd�Ñ

x =
2

5
w1 +

3

5
w2 = (1, 6/5, 3/5)t.

-

y = v − x = (0,−1/5, 2/5)t.

·���

d(v,W ) = ‖y‖ =
√

1

5
.

� θ´ v�W �Y�. K

cos(θ) =
(v|x)
‖v‖‖x‖

⇒ θ = arccos

(√
14

15

)
.

4. � U,W,W1ÚW2´ V �f�m. y²:

(i) XJ U ⊂ W , K U⊥ ⊃ W⊥;

(ii) (W1 +W2)
⊥ = W⊥

1 ∩W⊥
2 ;

(iii) (À�) (W1 ∩W2)
⊥ = W⊥

1 +W⊥
2 .

y². (i) � x ∈ W⊥. K x�W ¥�?¿�þ��. Ï� U ⊂ W , ¤± x�

U ¥�?¿�þ��. dd�Ñ, W⊥ ⊂ U⊥.

(ii) Ï� W1 ⊂ W1 + W2, ¤±(Ø (i) %¹ W⊥
1 ⊃ (W1 + W2)

⊥. Ón,

W⊥
2 ⊃ (W1+W2)

⊥. �W⊥
1 ∩W⊥

2 ⊃ (W1+W2)
⊥. ��, � y ∈ W⊥

1 ∩W⊥
2 . é

?¿ w ∈ W1 +W2, �3 w1 ∈ W1Ú w2 ∈ W2¦� w = w1 +w2. ·�O�

(y|w) = (y|w1 +w2) = (y|w1) + (y|w2) = 0.

� y ∈ (W1+W2)
⊥. dd�Ñ, W⊥

1 ∩W⊥
2 ⊂ (W1+W2)

⊥. nþ¤ã (ii)¤á.

(iii) Ï�W1 ∩W2 ⊂ W1, ¤±(Ø (i)%¹

(W1 ∩W2)
⊥ ⊃ W⊥

1 .

2



Ón

(W1 ∩W2)
⊥ ⊃ W⊥

2 .

�

(W1 ∩W2)
⊥ ⊃ W⊥

1 +W⊥
2 . (1)

·�O�

dim(W⊥
1 +W⊥

2 ) = dim(W⊥
1 ) + dim(W⊥

2 )− dim(W⊥
1 ∩W⊥

2 ) (�êúª)

= dim(W⊥
1 ) + dim(W⊥

2 )− dim((W1 +W2)
⊥) ((Ø (ii))

= dim(V )− dim(W1) + dim(V )− dim(W2)− (dim(V )− dim(W1 +W2))

(V ´f�mÚÙ��Ö��Ú)

= dim(V )− (dim(W1) + dim(W2)− dim(W1 +W2))

= dim(V )− dim(W1 ∩W2) (�êúª)

= dim((W1 ∩W2)
⊥) (V ´f�mÚÙ��Ö��Ú).

þã(Ø� (1)%¹ (iii).

(iii)�,��y². ·�|^ (W⊥)⊥ = W . d (ii)��

(W⊥
1 +W⊥

2 )⊥ = (W⊥
1 )⊥ ∩ (W⊥

2 )⊥ = W1 ∩W2.

é�ªüý2���Ö��

W⊥
1 +W⊥

2 = (W1 ∩W2)
⊥.

5. � v1, . . . ,vm ∈ V � vi,vj �Y�Ñ´
π
3
, i, j ∈ {1, 2, . . . ,m}, i 6= j. y²:

v1, . . . ,vm�5Ã'. y². Ø�� v1, . . . ,vmÑ´ü �þ. K

G(v1, . . . ,vm) =


1 1/2 · · · 1/2

1/2 1 · · · 1/2
...

...
. . .

...

1/2 1/2 · · · 1


m×m

.

�âþÆÏ1nÙ1�ù~ 21.3 det(G(v1, . . . ,vm)) 6= 0. � Gram Ý


G(v1, . . . ,vm)÷�. dd�Ñ v1, . . . ,vm�5Ã'.
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6. (ES)� F ´�A ∈ GLn(F ). y²: (At)
−1

= (A−1)
t
. AO/,�A´(�)é

¡�, A−1�´(�)é¡�. y². A−1A = E ⇒ (A−1A)t = E ⇒ At(A−1)t =

E. � (A−1)t = (At)−1. (�þÆÏ1�Ù1Êù·K 7.19). ?
� Aé¡.

K A = At. � A−1 = (A−1)t. Ón, �y�é¡�/.
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