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3eãSK¥, V ´k��îª�m, Rn´IOîª�m.

1. � v ∈ V ´ü �þ. -

A : V −→ V

x 7→ x− 2(x|v)v
.

(i) �y: A´�5�f;

(ii) y²: A´���f;

(iii) O� A�¤kA��.

). (i) � x,y ∈ V . K

A(x+ y) = x+ y − 2(x+ y|v) = x− 2(x|v) + y − 2(y|v) = A(x) +A(y).

� α ∈ R. K

A(αx) = αx− 2(αx|v) = αx− 2α(x|y) = α(x− 2(x|y)) = αA(x).

� A´�5�f.

(ii) ���y A��=�. |^SÈ�V�5��O��

(A(x)|A(x)) = (x−2(x|v)v|x−2(x|v)v) = (x|x)−4(x|v)(x|v)+4(x|v)2(v|v).

Ï� (v|v) = 1, ¤±þª%¹

(A(x)|A(x)) = (x|x).

(iii) l vÑu�*¿ V ��|ü ��Ä v, ε2, . . . , εn (�1nÙ1�ùí

Ø 3.2). 5¿�

A(v) = v − 2(v|v)v = v − 2v = −v.

u´, λ1=− 1´ A�A��� v´ÙéA�A��þ. é i∈{2, 3, . . . , n},

A(εi) = εi − 2(εi|v)v = εi. (∵ (εi|v) = 0).

� λ2 = 1´ A�A��� ε2, . . . , εn ´A��þ. u´, A3þãÄ.e�
Ý
´

diag(−1, 1, . . . , 1).

dd�� A�kü�A��, §�´ ±1.
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2. �é¡¢Ý


A =


2 2 −2

2 5 −4

−2 −4 5

 .
®�A�õ�ª χA(t) = (t− 10)(t− 1)2.

(i) O���Ý
 P Úé�Ý
 D¦� D = P tAP ;

(ii) O� Ak, Ù¥ k ∈ Z.

)(i) Ý
 A�A��´ λ1 = 1Ú λ2 = 10. ��O��

E − A =


−1 −2 2

−2 −4 4

2 4 −4

 .
Ï� rank(λ1E − A) = 1, ¤± V λ1 ´�§ x1 + 2x2 − 2x3 = 0�)�m. �

V λ
1 = 〈


2

0

1

 ,


2

−1
0

〉 = 〈


2
5

√
5

0

1
5

√
5

 ,


2
15

√
5

−1
3

√
5

−4
√
5

15

〉.
Ï� A�é�z, ¤± R3 = V λ1 ⊕ V λ2 . Ï� V λ1⊥V λ2 , ¤± V λ2 =

(
V λ1

)⊥
.

�

V λ2 = 〈


1

2

−2

〉 = 〈


1
3

2
3

−2
3

 .〉

u´, Ý


P =


2
5

√
5

0

1
5

√
5

2
15

√
5

−1
3

√
5

−4
√
5

15

1
3

2
3

−2
3


� D = P tAP = diag(1, 1, 10).

(ii) Ï� A = PDP t, ¤±��O��

Ak = PDkP t = Pdiag(1, 1, 10k)P t =


(8/9) + (1/9)10k −(2/9) + (2/9)10k (2/9)− (2/9)10k

−(2/9) + (2/9)10k (5/9) + (4/9)10k (4/9)− (4/9)10k

(2/9)− (2/9)10k (4/9)− (4/9)10k (5/9) + (4/9)10k

.
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3. � A ∈ Mn(R)´�5Ý
§E �L n�ü 
. y²: E + A�´�5Ý
.

y². |^ AtA = AAt��O��

(E+A)t(E+A) = (E+At)(E+A) = E+At+A+AtA = E+A+At+AtA = (E+A)(E+A)t.

� E + A´�5Ý
.

4. � A ∈ On(R). y²: XJ A´þn�Ý
, K A´é�Ý
�é��þ�

��� ±1.

y². é n8B. � n = 1�, A = (±1). (Øw,¤á. � n > 1� n− 1�

(Ø¤á. Ï� A´þn�Ý
, ¤±

A =

(
a C

O(n−1)×1 B

)
,

Ù¥ a ∈ R, B ∈ Mn−1(R)´þn�Ý
, C ∈ R1×(n−1). Ï� A´���, ¤

±§´�5�. �â1nÙ1nùÚn 5.11,

A =

(
a O1×(n−1)

O(n−1)×1 B

)
.

?,

E = AtA =

(
a2 O1×(n−1)

O(n−1)×1 BtB

)
.

dd�Ñ a2 = 1� B ��. 2|^8Bb�����Ñ A´é�Ý
�3

é��þ����u ±1.

5. � A ∈ SMn(R)� λ´ A����A��. y²: é?¿�þ x ∈ Rn

(Ax|x) ≤ λ(x|x)

��Ò¤á��=� x ∈ V λ.

y². �
A : Rn −→ Rn

x 7→ Ax.

Ï� A´é¡Ý
, ¤± A´é¡�f(1nÙ1nù·K 5.7). �â1n

Ù1nù½n 6.1, Rn¥k�|ü ��Ä

ε1, . . . , εn
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¦� A3TÄe�Ý
 B = diag(λ1, . . . , λn), Ù¥ λ1, . . . , λn´ A�¤kA

��, Ø7üüØÓ.

� x = x1ε1 + · · ·+ xnεn. K

(Ax|x) = (A(x)|x) = (
n∑
i=1

(λixi)εi|
n∑
i=1

xiεi) =
n∑
i=1

λix
2
i .

|^ λ = max{λ1, . . . , λn}Úþª��

(Ax|x) ≤ λ
n∑
i=1

x2i = λ(x|x).

dþ¡O���

(Ax|x) = λ(x|x) ⇐⇒ (λ− λ1)x21 + · · ·+ (λ− λn)x2n = 0.

� xi 6= 0%¹ λi = λ, = A(x) = λx, �ó�, x ∈ V λ.
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