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1. (10©) �k�� Z3 = {0̄, 1̄, 2̄}. O�àg�5�§|�k�� Z3 = {0̄, 1̄, 2̄}. O�
àg�5�§| 

x1 + 2̄x2 + x3 + 2̄x4 = 0̄

2̄x1 + x2 + 2̄x3 + x4 = 0̄

x1 + x3 = 0̄

3 Z4
3 ¥�)�m��|ÄÚ�²�)��ê.

). �§|�XêÝ
´

A =


1̄ 2̄ 1̄ 2̄

2̄ 1̄ 2̄ 1̄

1̄ 0̄ 1̄ 0̄

 .

dpd��{�

A −→


1̄ 2̄ 1̄ 2̄

0̄ 0̄ 0̄ 0̄

0̄ 1̄ 0̄ 1̄

 −→


1̄ 0̄ 1̄ 0̄

0̄ 0̄ 0̄ 0̄

0̄ 1̄ 0̄ 1̄

 .

� rank(A) = 2. déó½n��,�§|)�m��ê�u 2. ��O�� (2̄, 0̄, 1̄, 0̄)t

Ú (0̄, 1̄, 0̄, 2̄)t ´)�m��|Ä. T)�m¥�k 8 ��²�). �

2. (10©) �¢Ý


A =


1 −1 −1

−1 1 −1

−1 −1 1

 .

O� A−1 Ú det(A−1)

1



).
1 −1 −1 1 0 0

−1 1 −1 0 1 0

−1 −1 1 0 0 1

 −→


1 −1 −1 1 0 0

0 0 −2 1 1 0

0 −2 0 1 0 1

 −→


1 −1 −1 1 0 0

0 −2 0 1 0 1

0 0 −2 1 1 0



−→


1 −1 0 1

2
−1

2
0

0 −2 0 1 0 1

0 0 −2 1 1 0

 −→


1 0 0 0 −1
2
−1

2

0 1 0 −1
2

0 −1
2

0 0 1 −1
2
−1

2
0

 .

u´,

A−1 =


0 −1

2
−1

2

−1
2

0 −1
2

−1
2
−1

2
0

 Ú det(A) = −4.

�

det(A−1) = −1

4
. �

3. (10©)�k�� Z5 = {0̄, 1̄, 2̄, 3̄, 4̄}, f = x3 + 2̄xÚ g = 2̄x2 + 3̄´ Z5[x]¥�õ�ª.

(i) O� quo(f, g, x) Ú rem(f, g, x).

(ii) O� f(1̄) Ú f(A), Ù¥ A =

(
1̄ 1̄

0̄ 1̄

)
.

). (i)

f − 3̄xg = 3̄x =⇒ quo(f, g, x) = 3̄x, rem(f, g, x) = 3̄x.

(ii) f(1̄) = 3̄

f(A) = A(A2 + 2E) =

(
1̄ 1̄

0̄ 1̄

)((
1̄ 2̄

0̄ 1̄

)
+ 2̄E

)
=

(
1̄ 1̄

0̄ 1̄

)(
3̄ 2̄

0̄ 3̄

)
=

(
3̄ 0̄

0̄ 3̄

)
. �

4. (10©) � H :=

{(
u v

−v̄ ū

)
| u, v ∈ C

}
, Ù¥ ū, v̄ ©O�L u, v ��Ý. y²:

(i) H ´ M2(C) �f�;

(ii) Þ~`² H Ø´���;
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(iii) y² H ¥�z��"��´ H ¥��_�.

).

(i) � W =

(
u v

−v̄ ū

)
Ú Z =

(
x y

−ȳ x̄

)
, Ù¥ u, v, x, y ∈ C. ·�k

W − Z =

(
u− x v − y
−v̄ + ȳ ū− x̄

)
=

(
u− x v − y
−v − y u− x

)
∈ H.

� (H,+, O) ´ (M2(C),+, O) �f+.

O�

WZ =

(
ux− vȳ uy + vx̄

−v̄x− ūȳ −v̄y + ūx̄

)
=

(
ux− vȳ uy + vx̄

−(uy + vx̄) ux− vȳ

)
∈ H.

5¿�

E2 =

(
1 0

−0̄ 1̄

)
∈ H.

� H ´ M2(C) �f�.

(ii) � A =

(
i 0

0 −i

)
Ú B =

(
0 i

i 0

)
. K A,B ∈ H. ��O��

AB =

(
0 −1

1 0

)
, BA =

(
0 1

−1 0

)
.

Ï� AB 6= BA, ¤± H Ø´���.

(iii) � W 6= O. K det(W ) = |u|2 + |v2| 6= 0. � W ´�_Ý
. 3 Mn(C) ¥,

W−1 =
1

uū+ vv̄

(
ū −v
v̄ u

)
∈ H.

� W 3 H ¥�_. �

5. (10©) � n �1�ª

Dn =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 1 · · · 1 1

1 2 2 · · · 2 2

1 2 3 · · · 3 3
...

...
...

. . .
...

...

1 2 3 · · · n− 1 n− 1

1 2 3 · · · n− 1 n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
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O� Dn ��.

). ^1 n− 1 1�~1 n 1, ,�^1 n− 2 1�~1 n− 1 1, ..., ��1�1

�~1�1��

Dn =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 1 · · · 1 1

0 1 1 · · · 1 1

0 0 1 · · · 1 1
...

...
...

. . .
...

...

0 0 0 · · · 1 1

0 0 0 · · · 0 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 1.

����y² Dn = Dn−1. 2d D1 = 1 �Ñ Dn = 1. �

6. (10©) � A ∈ Mn(R), A∨ ´ A ���Ý
. y²: A �_��=� A∨ �_.

y². 5¿� AA∨ = det(A)E. XJ A �_, K det(A) 6= 0. �

(det(A)−1A)A∨ = E.

u´, A∨ �_. ��, � A∨ �_. 2b� det(A) = 0. K AA∨ = O. � A = O. u

´, A∨ = O, gñ. dd��, det(A) 6= 0. l, A �_. �

7. (10©) � (G, ·, e) Ú (H, ?, ε) ´ü�+. 3 G×H ¥½Â��$� ◦ Xe:

∀ (g1, h1), (g2, h2) ∈ G×H, (g1, h1) ◦ (g2, h2) = (g1 · g2, h1 ? h2).

(i) y²: (G×H, ◦, (e, ε)) ´+.

(ii) -+ G � (Zm, +, 0̄m), + H � (Zn, +, 0̄n), Ù¥ m,n ´�u 1 ��ê, 0̄m Ú

0̄n ©O�L�{a� Zm Ú Zn ¥�\{ü �. y²: � m,np��, Zm×Zn

´Ì�+.

y². (i) Ï� g1 · g2 ∈ G, h1 ? h2 ∈ H, ¤± (g1, h1) ◦ (g2, h2) ∈ G × H. � ◦ ´
G×H þ���$�. 2� (g3, h3) ∈ G×H. K

((g1, h1) ◦ (g2, h2)) ◦ (g3, h3) = (g1 · g2, h1 ? h2) ◦ (g3, h3)

= ((g1 · g2) · g3, (h1 ? h2) ? h3) = (g1 · (g2 · g3), h1 ? (h2 ? h3))

= (g1, h1) ◦ ((g2 · g3), h2 ? h3) = (g1, h1) ◦ ((g2, h2) ◦ (g3, h3)).

(ÜÆ¤á.
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é?¿ (g, h) ∈ G×H, (g, h) ◦ (e, ε) = (g · e, h ? ε) = (g, h). Ón, (e, ε) ◦ (g, h) =

(g, h). � (e, ε) ´'u ◦ �ü �.  (g, h) ◦ (g−1, h−1) = (g · g−1, h ? h−1) = (e, ε).

aq, (g−1, h−1) ◦ (g, h)◦ = (e, ε). u´, (g, h)−1 ´ (g−1, h−1).

nþ¤ã, (G×H, ◦, (e, ε)) ´+.

(ii) � a ∈ Z. ^ ām Ú ān ©O�L a � m Ú n ��da. ·�5y²

Zm × Zn = 〈(1̄m, 1̄n)〉.

� k = ord((1̄m, 1̄n)). K

k(1̄m, 1̄n) = (k1̄m, k1̄n) = (k̄m, k̄n) = (0̄m, 0̄n).

� m|k � n|k. Ï� m,n p�, ¤± mn|k. qÏ� card(Zm × Zn) = mn, ¤±

k = mn. dd�� Zm × Zn = 〈(1̄m, 1̄n)〉. �

8. (10©) � D ´��©)��. a, b ∈ D ´�"���_�, gcd(a, b) = 1. y²:

(i) gcd(ab, a+ b) = 1;

(ii) XJ c ∈ D ´ a, b �ú�ª, K (ab)|c.

y². (i) - g = gcd(ab, a+ b). XJ g Ø�_, K�3Ø��� p ∈ D ¦� p|g. K
p|ab. Ï� p ´��, ¤±Ø�� p|a. qÏ� p|a+ b, ¤± p|b. � p ´ a Ú b �ú

Ïf. u´, p|1. gñ.

(ii) d

lcm(a, b) =
ab

gcd(a, b)
Ú gcd(a, b) = 1,

����Ñ ab = lcm(a, b). Ï� c ´ a Ú b �ú�ª, ¤± (ab)|c. �

9. (10©) � A ∈ Rm×n, 0 < k ≤ min(m,n). y²:

A �¤k k �fªÑ�u" ⇐⇒ rank(A) < k.

y². XJ rank(A) < k, K A ¥¤k k �fªÑ�u"(Ý
���fª�'X).

��, � A ¥¤k k �fªÑ�u". b� rank(A) = r ≥ k. K A ¥k r �

��þ�5Ã'. �k k ���þ

~A(j1), . . . , ~A(jk)

�5Ã'. � B ´dù
��þ�¤� m × k �Ý
. K B ���u k. � B k

� k �fª�". TfªÒ´ A ¥��� k ��"fª. gñ. �
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10. (10©) � F ´�, p, q ∈ F [x], g = gcd(p, q). � A ∈ Mn(F ). - Vp Ú Vq ©O´±

p(A) Ú q(A) �XêÝ
�àg�5�§|3 F n ¥�)�m. y²:

(i) g(A) �_ ⇐⇒ Vp ∩ Vq = {0}.

(ii) Vp ⊕ Vq = F n ⇐⇒ g(A) �_� p(A)q(A) = On, Ù¥ On �L n× n �"Ý
.

y². �3 u, v ∈ F [x] ¦� up+ vq = g. �

u(A)p(A) + v(A)q(A) = g(A).

Kéu?¿ x ∈ F n,

u(A)p(A)x + v(A)q(A)x = g(A)x. (1)

(i) � g(A) �_. XJ x ∈ Vp ∩ Vq, K (1) %¹

g(A)x = 0.

Ï� g(A) �_, ¤± x = 0. � Vp ∩ Vq = {0}.

��, � Vp ∩ Vq = {0}. b� g(A) Ø�_. K�3 y ∈ F n \ {0n} ¦�
g(A)y = 0n. Ï��3 a, b ∈ F [x] ¦� p = ag Ú q = bg, ¤±

p(A) = a(A)g(A) Ú q(A) = b(A)g(A).

dd��,

p(A)y = a(A)(g(A)y) = 0 Ú q(A)y = b(A)(g(A)y) = 0.

u´, y ∈ Vp ∩ Vq. gñ.

(ii) � Vp ⊕ Vq = F n. K Vp ∩ Vq = {0}. �â (i) ��, g(A) �_. � x ´ F n

¥?¿�þ. K�3 y ∈ Vp Ú z ∈ Vq ¦� x = y + z. �

p(A)q(A)x = q(A)p(A)y + p(A)q(A)z = 0.

dd�Ñ p(A)q(A) = O.

��, � g(A) �_� p(A)q(A) = On. Ï� g(A) �_, ¤± (1) %¹é?¿

x ∈ F n,

g(A)−1u(A)p(A)x︸ ︷︷ ︸
y

+ g(A)−1v(A)q(A)x︸ ︷︷ ︸
z

= x.
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e¡y² y ∈ Vq. 5¿� q(A)g(A) = g(A)q(A). u´, q(A)g(A)−1 = g(A)−1q(A).

dd�Ñ

q(A)(y) = q(A)g(A)−1u(A)p(A)x = g(A)−1q(A)u(A)p(A)x = g(A)−1u(A)(q(A)p(A))x = 0.

� y ∈ Vq. Ón z ∈ Vp. ·��� Vp + Vq = F n. 2�â g(A) �_Ú (i) ��

Vp ⊕ Vq = F n. �
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