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1. (10©) � F ´�.

(i) � A=diag(1, 2)Ú B=diag(2, 1)´ F þ���Ý
. ¦��Ý
 P∈GL2(F )

¦�

P−1AP = B.

(ii) �M ∈ Mm(F )Ú N ∈ Mn(F ). y²: (m+ n)�Ý
(
M O

O N

)
Ú

(
N O

O M

)
�q.

). (i) (5©) �

P =

(
0 1

1 0

)
.

��O�� P−1 = P . O�

P−1AP =

(
0 1

1 0

)
diag(1, 2)

(
0 1

1 0

)
=

(
0 2

1 0

)(
0 1

1 0

)
= diag(2, 1).

� P �¤¦�Ý
.

(ii) (5©) �

Q =

(
O Em

En O

)
���y�

Q−1 =

(
O En

Em O

)
.

�

Q−1

(
M O

O N

)
Q =

(
N O

O M

)
.
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2. (10©) é��ê k = 2, 3, 4, . . ., O� J4(0)
k ���IO..

). £4©¤� k = 2�,

A = J4(0)J4(0) =


0 0 1 0

0 0 0 1

0 0 0 0

0 0 0 0

 .

·�k rank(A) = 2� 0�AÛê�u 4− 2 = 2. � JA kü���¬. ��O

��

A2 =


0 0 1 0

0 0 0 1

0 0 0 0

0 0 0 0



0 0 1 0

0 0 0 1

0 0 0 0

0 0 0 0

 = O4×4.

� µA(t) = t2. u´, JA¥�����¬��� 2. ·�k JA = J2(0)+̇J2(0).

£4©¤��O��

B := J4(0)
3 = AJ4(0) =


0 0 0 1

0 0 0 0

0 0 0 0

0 0 0 0

 .

Ï� rank(B) = 1, ¤± JB = J1(0)+̇J1(0)+̇J2(0).

£2©¤Ï� A2 = O, ¤± J4(0)
k = O, k > 3. �§����IO.Ñ´

J1(0)+̇J1(0)+̇J1(0)+̇J1(0).

3. (10©) � R3´IOî¼�m, Ù¥�n��þ

u =


1

1

0

 , v =


1

0

1

 , w =


0

1

1

 .

O� u��Ý, v� w�Y�, Ú u,v,w|¤�²18¡N�NÈ.

). ‖u‖ =
√
12 + 12 + 02 =

√
2. (3©)

θ = arccos
(v|w)

|v||w|
= arccos

1

2
=
π

3
.

(3©)

det(u,v,w) =

∣∣∣∣∣∣∣∣
1 1 0

1 0 1

0 1 1

∣∣∣∣∣∣∣∣ = −2.
�NÈ�u 2. (4©)
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4. (10©) � R4´IOî¼�m, U ´±

A =


1 0 −1 0

1 1 1 1

1 2 3 2


�XêÝ
�àg�5�§|�)�m. P U⊥� U ���Ö. O�

(i) dim(U)− dim(U⊥),

(ii) U⊥��|ü ��Ä.

). (i)£5©¤��O�� rank(A) = 2. � dim(U) = 4−2 = 2. Ï�R4 = U⊕U⊥,
¤± dim(U⊥) = 2. dd��, dim(U)− dim(U⊥) = 0.

(ii) (5 ©) dÝ
 AÚ§����

U⊥ = 〈 ~At1, ~At2〉.

éùü�)¤�¢� Gram-Schmidt��z� U⊥��|ü ��Ä

ε1 =


1√
2

0

− 1√
2

0

 , ε2 =


1
2
1
2
1
2
1
2

 .

5. (10©) �n�¢é¡Ý


A =


1 −1 −1
−1 1 −1
−1 −1 1

 ,

ÙA�õ�ª´ (t− 2)2(t+ 1). O���Ý
 P Úé�Ý
 D¦� D = P tAP .

). kO� V 2��|Ä. ��O��

2E − A =


1 1 1

1 1 1

1 1 1

 .

� V 2´�§ x1 + x2 + x3 = 0�)�m. T�m��|Ä´

v1 =


1

−1
0

 , v2 =


1

0

−1

 .

� V 2��|ü ��Ä´:

ε1 =


1√
2

− 1√
2

0

 , ε2 =


1√
6
1√
6

− 2√
6

 .
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Ï� V −1 = (V 2)⊥, ¤±

V −1 = 〈


1

1

1

〉 = 〈


1√
3
1√
3
1√
3

〉.
-

P =


1√
2

1√
6

1√
3

− 1√
2

1√
6

1√
3

0 − 2√
6

1√
3

 .

(7©)

K P tAP = diag(2, 2,−1) =: D. (3©)

6. (10©) � V ´� F þ� n��5�m, A´ V þ��5�f.

(i) � u ∈ V . y²: Ì�f�m U = F [A] · u´ A-ØC�;

(ii) � λ ∈ F ´ A�A��. y²: A�f�m V λ´ A-ØC�

(iii) �W Q´ AÌ�f�mq´ A���A�f�m. O� dim(W ).

y². (i) (3©) � x ∈ U . K�3 p ∈ F [t]¦� x = p(A)(u). ·�k

A(x) = Ap(A)(u) = q(A)(u),

Ù¥ q(t)=tp(t). � A(x)∈F [A] · u, =Ì�f�m U=F [A] · u´ A-ØC�.

(ii) (3©) � x ∈ V λ. K A(x) = λx ∈ V λ. � V λ´ A-ØC�.

(iii) (4©) � B´A3W þ����f�W = V λ. K B3W þ´ê¦�f λE.
� µB = t− λ. qÏ� B´W þ�Ì��f, ¤± deg(µB) = dim(W ) = 1. u´,

dim(W ) = 1.

7. (10©)�A´n�EÝ
, χA=(t−λ1)n1(t−λ2)n2 · · · (t−λk)nk ,Ù¥λ1, λ2, . . . , λk∈C,
üüØÓ, n1, n2, . . . , nk ∈ Z+.

(i) � A�4�õ�ª µA�u χA. O� A���IO..

(ii) � µA = (t− λ1)(t− λ2)n2 · · · (t− λk)nk . O� A���IO..

). (i) (5©) Ï� µA = χA, ¤± Jni
(λi)3 JA¥Ñy. qÏ� n1 + · · · + nk = n.

¤±

JA = Jn1(λ1)+̇Jn2(λ2)+̇ · · · +̇Jnk
(λk).

(ii) (5©) d�, J1(λ1) ´ JA ¥Ñy�'u λ1 �����¬. é i = 2, . . . , k,

Jni
(λi)3 JA¥Ñy. qÏ� λi��êê´ ni, i = 1, 2, . . . , k. ¤±

JA = λ1En1+̇Jn2(λ2)+̇ · · · +̇Jnk
(λk).
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8. (10©) � Rn´IOî¼�m, Ù¥��þ´��þ. � v ∈ Rn´ü �þ. - n

��
 Hv = E − 2vvt, Ù¥ En�L n�ü Ý
.

(i) y²: HvQ´é¡�q´���.

(ii) O� Hv�¤kA��Ú§��AÛê.

y². (i) (5©) ��O��

H t
v = Et − 2(vvt)t = E − 2vvt.

u´, Hv ´é¡�. ?,

HvHv = (E − 2(vvt))(E − 2vvt) = E − 4vvt + 4vvtvvt.

Ï� v´ü �þ, ¤± vtv = 1. �

HvHv = E − 4vvt + 4vvt = E.

(ii) (5©) O�

Hvv = v − 2vvtv = −v.

� −1´ Hv �A��. d vÑu��� V ��|ü ��Ä v, e2, . . . , en. K

Hvei = Eei − 2vvtei = ei

� 1´ Hv �A��� e2, . . . , enÑ3 V 1¥. dd�Ñ dim(V 1) ≥ n− 1. qÏ�

V 1 + V −1

´�Ú� dim(V −1) > 0. u´, dim(V −1) = 1. � −1�AÛê�u 1. A��

1�AÛê�u n− 1.

9. (10©)

(i) � α, β ∈ R. y²: (
α −β
β α

)
Ú

(
α β

−β α

)
���q.

(ii) � A ∈ Mn(R)´�5Ý
. y²: AÚ At���q.

y². (5©) (i) �

P =

(
0 −1
−1 0

)
.

K P ´��Ý
. ��O��

P t

(
α −β
β α

)
P = P t

(
β −α
−α −β

)
=

(
α β

−β α

)
.
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u´, (i)¤á.

5: Ý
 P =

(
0 1

1 0

)
½ diag(1,−1)��±.

(ii) (5©) d�5Ý
���IO.��

A ∼o M :=



N(α1, β1)
. . .

N(αs, βs)

λ2s+1

. . .

λn


,

Ù¥ αi, βi ∈ R, βi 6= 0, i = 1, 2, . . . , s, λj ∈ R, j = 2s+ 1, . . . , n. Ï� A ∼o M , ¤

± At ∼o M t. �y² A ∼o At. �Iy²M ∼o M t. � P ´ (i)¥�Ý
,

Q :=


P

. . .

P

En−2s

 .

Ï�z� P Ñ´����Ý
, ¤± Q ´ n ���Ý
. �â (i) �O���

QtMQ =M t. �M ∼o M t. dd�Ñ, A ∼o At.

10. (10©) � V ´Eê� Cþ� n��5�m, A´ V þ��5�f, ÙpØ�Ó�

A��´ λ1, . . . , λm.

(i) � p(t) = (t− λ1)n−m+1 · · · (t− λm)n−m+1. y²: p(t)"z A.

(ii) � A�A�õ�ª χA(t) = (t − λ1)d1 · · · (t − λm)dm . y²: é?¿��ê k,

Ak �A�õ�ª�u (t− λk1)d1 · · · (t− λkm)dm .

y². (i) (5©) ��y² µA(t)|p(t). �â\r�� Cayley-Hamilton½n,

µA = (t− λ1)`1 · · · (t− λm)`m ,

Ù¥ `1, . . . , `m ∈ Z+, � deg(µA) ≤ n. Ïd, ��y² `i ≤ n−m+1, i = 1, . . . ,m

=�. b� `m > n−m+ 1. K

`1 + · · ·+ `m−1 < n− (n−m+ 1) = m− 1.

� `1, . . . , `m−1¥7k��´". gñ.

aq/, ·�k `i ≤ n−m+ 1, i = 1, 2, . . . ,m− 1. � µA|p. l, p(A) = O.

(ii) (5©) 3 V ,|Äe, A�Ý
 A´þn��. u´, 3 A�é��þ��k

di � λi, i = 1, 2, . . . ,m.  Ak 3Ó�Ä.e�Ý
´ Ak, 3Ùé��þk di �

λki , i = 1, 2, . . . ,m. �

χAk = χAk = (t− λk1)d1 · · · (t− λkm)dm .
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