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1. (15©) �ü�¢Xêàg�5�§|´{
x1 + x2 − x3 + x4 = 0

x1 − x2 + x3 + x4 = 0
Ú

{
3x1 − x2 + x3 + 3x4 = 0

x1 − x2 − x3 − x4 = 0
.

§���)�m©OP� VA Ú VB. O�

(i) VA ∩ VB ��ê,

(ii) VA ∩ VB ��|Ä,

(iii) VA + VB ��ê.

). (i) ü��§|�XêÝ
©O´

A =

(
1 1 −1 1

1 −1 1 1

)
Ú B =

(
3 −1 1 3

1 −1 −1 −1

)
.

Ï� rank(A) = rank(B) = 2, ¤± dim(VA) = dim(VB) = 2. Ï� VA ∩ VB ´þãü�
�§|éá���§|�)�m§¤±

dim(VA ∩ VB) = 4− rank

(
A

B

)
.

d1C���

(
A

B

)
=


1 1 −1 1

1 −1 1 1

3 −1 1 3

1 −1 −1 −1

 −→

1 1 −1 1

0 −2 2 0

0 −4 4 0

0 −2 0 −2

 −→

1 1 −1 1

0 −2 2 0

0 0 0 0

0 0 −2 −2

 .

u´, rank

(
A

B

)
= 3. � dim(VA ∩ VB) = 1.
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(ii) |^rÝ


(
A

B

)
�z¤��F.�� (1, 1, 1,−1)t ´ VA ∩ VB ��|Ä.

(iii) d�êúª�� dim(VA + VB) = 2 + 2− 1 = 3.

2. (15©) � R3 �IOÄ´ e1, e2, e3, R2 �IOÄ´ ε1, ε2. � φ : R3 −→ R2 ´�5N

�, ÷v

φ(e1) = 2ε1, φ(e2) = −3ε2, φ(e3) = ε1 + ε2.

(i) O� φ 3 e1, e2, e3; ε1, ε2 e�Ý
Ú rank(φ).

(ii) �

B =

(
1 −1
0 1

)
� (v1,v2) = (ε1, ε2)B. �y v1,v2 �´ R2 ��|Ä.

(iii) ¦ φ 3 e1, e2, e3;v1,v2 e�Ý
.

). (ii) d φ �½Â��

(φ(e1), φ(e2), φ(e3)) = (ε1, ε2)

(
2 0 1

0 −3 1

)
︸ ︷︷ ︸

A

.

� A ´ φ 3�½Ä.e�Ý
. Ï� rank(A) = 2, ¤± rank(φ) = 2.

(ii) Ï� det(B) = 1, ¤± B �_. dd�Ñ v1,v2 ´ R2 ��|Ä.

(iii) O��

B−1 =

(
1 1

0 1

)
.

� φ 3 e1, e2, e3,v1,v2 e�Ý
´

B−1A =

(
1 1

0 1

)(
2 0 1

0 −3 1

)
=

(
2 −3 2

0 −3 1

)

3. (15©) � R3 þ��g. q(x) = x21 − 3x22 + x23 + 2x1x2, Ù¥ x = (x1, x2, x3)
t.

(i) O� q 3 R3 �IOÄe�Ý
 A.

(ii) ¦ P ∈ GL3(R) ¦� P tAP ´é�Ý
, ¿¦ q �\¶.
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). (i) �g. q �Ý


A =


1 1 0

1 −3 0

0 0 1

 .

(ii) d1�������

(A|E3)→


1 0 0 1 0 0

0 −4 0 −1 1 0

0 0 1 0 0 1

 .

-

P =


1 −1 0

0 1 0

0 0 1

 .

K

P tAP = diag3(1,−4, 1).

u´, q \¶´ (2,1).

4. (15©) �n�¢é¡Ý


A =


a 1 0

1 a 0

0 0 a− 1

 .

(i) � A ´�½�. ¦ a �����.

(ii) � A ´K½�. ¦ a �����.

(iii) � A ÷��´Ø½�. ¦ a �����.

). (i) A �^SÌfª´: a, a2− 1 = (a− 1)(a+1) Ú (a− 1)(a2− 1) = (a− 1)2(a+1).

�� a > 1 �, A �½.

(ii) −A �^SÌfª´: −a, (a− 1)(a+ 1) Ú −(a− 1)2(a+ 1). �� a < −1 �,

−A �½. l
, A K½.

(iii) Ï� A ÷�, ¤±� A QØ�½qØK½�, A ´Ø½�. � a ∈ [−1, 1] �
(a− 1)2(a+ 1) 6= 0 � A Ø½. � a �����´ (−1, 1).

5. (10©) � V ´� F þ�k���5�m, V1, V2, . . . , Vk ´ V ��ê�u"�f�

m. � Bi ´ Vi ��|Ä, i = 1, 2, . . . , k. 2- B = B1 ∪ B2 · · · ∪ Bk. y²: XJ

V1 + V2 + · · ·+ Vk ´�Ú, K
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(i) é?¿ i, j ∈ {1, 2, . . . , k} � i 6= j, Bi ∩Bj = ∅;

(ii) B ´ V1 + V2 + · · ·+ Vk ��|Ä.

y². (i) ·�|^�y{. Ø�� B1 ∩ B2 6= ∅. Ï�Ä.¥���Ñ�"�þ, ¤±

V1 ∩ V2 6= {0}. � V1 ∩ (V2 + · · ·+ Vk) 6= {0}. gñ.

(ii) � U = V1 + · · ·+ Vk. K U = 〈B〉. � d ´ B ¥4��5Ã'|¥����ê.

K d = dim(U) ≤ card(B). ,��¡, Ï� V1 + · · ·+ Vk ´�Ú, ¤±

d = dim(V1) + · · ·+ dim(Vk) = card(B1) + · · ·+ card(Bk) ≥ card(B).

u´, d = card(B), = B ��´�5Ã'�"dd�Ñ B ´ U ��|Ä.

6. (10©) � F ´�, f, g ∈ F [x] ´�"õ�ª, m = deg(f), n = deg(g). - ` ´ f Ú g

���ú�ª,

V = {p ∈ F [x] | deg(p) ≤ m+ n} .

(i) � U ´ V ¥ f Ú g �¤kú�ª�8Ü. �y U ´ V �f�m� ` ∈ U .

(ii) y²: dim(U) = m+ n− d+ 1, Ù¥ d = deg(`).

y². (i) � a, b ∈ U . é?¿ α, β ∈ F ,

f |(αa+ βb) g|(αa+ βb).

dd��, αa+ βb ∈ U . ·��y
 U ´f�m. Ï� d ≤ m+ n, ¤± ` ∈ U .
(ii) 5¿� `, x`, . . . , xm+n−d` ∈ U . Ï�ù
õ�ªgêüüØÓ, ¤±§��5

Ã'. � h ∈ U . Ï� h ´ f, g �ú�ª, ¤± h ´ ` ��ª. ��3 q ∈ F [x] ¦�
h = q`. qÏ� deg(h) ≤ m+ n, ¤± deg(q) ≤ m+ n− d. -

q = qm+n−dx
m+n−d + · · ·+ q1x+ q0, qi ∈ F.

K

h = qm+n−d(x
m+n−d`) + · · ·+ q1(x`) + q0`.

� h ´ `, x`, . . . , xm+n−d` 3 F þ��5|Ü. dd��þãõ�ª´ U �Ä."�

dim(U) = m+ n− d+ 1.

,). �Ä�5N�
φ : V −→ V

p 7→ rem(p, `).
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5¿� d ≤ m+ n. � φ ´û½Â�.

(i) d��ú�ª�½Â�� U = ker(φ). u´, U ´f�m. Ï� φ(`) = 0, ¤±

` ∈ U .
(ii) w, im(φ) = F [x](d). � dim(im(φ)) = d. u´,

dim(U) = dim(V )− d = m+ n+ 1− d.

7. (10©) � V ´ � F þ�k���5�m, F �A�Ø�u 2. � f, g ∈ V ∗ \ {0∗}, Ù
¥ V ∗ �L V �éó�m, 0∗ �Lr V ¥�þÑN¤ 0 ��5¼ê. -

q : V −→ F

x 7→ f(x)g(x).

y²:

(i) q ´ V þ��g.;

(ii) rank(q) = dim〈f, g〉.

y. (i) �

φ(x,y) =
1

2
(f(x)g(y) + f(y)g(x)).

K φ ´é¡V�5.. 5¿�

φ(x,x) = q(x).

� q ´�g..

(ii) � e1, . . . , en ´ V ��|Ä, αi = f(ei), βj = g(ej), i, j ∈ {1, 2, . . . , n}. K q 3

TÄ.e�Ý
´

A = (φ(ei, ej))n×n =

(
αiβj + αjβi

2

)
n×n

=
1

2
(


α1

...

αn

 (β1, . . . , βn) +


β1
...

βn

 (α1, . . . , αn)).

dd�� rank(A) ≤ 2.

XJ dim〈f, g〉 = 1, K�3 λ ∈ F \ {0} ¦� g = λf , = βj = λαj, j = 1, 2, . . . , n.

u´,

A = λ (αiαj)n×n = λ


α1

...

αn

 (α1, . . . , αn).
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� rank(A) = 1.

XJ dim〈f, g〉 = 2, K (α1, . . . , αn) Ú (β1, . . . , βn) Ø�5�'. �Ý
(
α1 · · · αn

β1 · · · βn

)

¥d����fª�". Ø��

det

(
α1 α2

β1 β2

)
6= 0.

K A ¥���fª

det

(
α1β1

α1β2+α2β1
2

α1β2+α2β1
2

β2α2

)
6= 0.

u´, rank(A) ≥ 2 � rank(A) = 2.

(ii) �,y. � dim〈f, g〉 = 1. K�3 λ ∈ F \ {0} ¦� g = λf . �

q(x) = λf 2.

� f = f1x1 + · · ·+ fnxn, Ù¥ f1, . . . , fn ∈ F Ø��". K

q(x) = λ(f1x1 + · · ·+ fnxn)
2.

Kd��{��, q 3,��IC�e�L«�

q(y) = λy21.

� rank(q) = 1.

� dim〈f, g〉 = 2. 2b� rank(q) = 1. dþãín��,

q(x) = α(h1x1 + · · ·+ hnxn︸ ︷︷ ︸
h

)2,

Ù¥ α ∈ F \ {0}, h1, . . . , hn ∈ F , Ø��". ddÚ q(x) = f(x)g(x) ��,

ker(f) ⊂ ker(h) Ú ker(g) ⊂ ker(h).

Ï� dim(ker(f)) = n− 1 � dim(ker(h)) = n− 1, ¤± ker(f) = ker(h). Ón ker(g) =

ker(h). � ker(f) = ker(g). �â�dA|71�ò1 26 �1 3 K, f Ú g �5�'.

dd�Ñ dim〈f, g〉 = 1. gñ.

8. (10©) � n �¢é¡Ý
 A,B Ñ´��½�. y²µ
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(i) A+B ´��½�;

(ii) rank(A+B) ≥ max(rank(A), rank(B)).

y². (i) � x ´ Rn ¥�?¿�þ. K

xt(A+B)x = xtAx+ xtBx ≥ 0.

� A+B ´��½�.

(ii) � A = P tP Ú B = QtQ, Ù¥ P,Q ∈ Mn(R). K rank(A) = rank(P ) �

rank(B) = rank(Q). Ø�� r = rank(P ) ≥ rank(Q).

d (i) ��, �3 R ∈ Mn(R) ¦� A+ B = RtR, � s := rank(A+ B) = rank(R).

·���y² s ≥ r. �d��y² VR ⊂ VP . � v ∈ VR. K Rv = 0. �

vt(A+B)v = 0 =⇒ vtAv + vtBv = 0
A, B��½

=======⇒ vtAv = 0 � vtBv = 0.

dd��, vtAv = 0, = vtP tPv = 0. � Pv = 0. = VR ⊂ VP .

(ii) �,y. é Rn þ��g. q(x) = xtMx. ·�P

CM = {x ∈ Rn | q(x) = 0}.

� M ��½�, CM ´f�m(�1�Ù18ù~ 9.14). � CA, CB, CA+B Ñ´f�m.

� �g. qA(x) = xtAx �3 Ä. v1, . . . ,vn e�5�.´

qA(y) = y21 + · · ·+ y2k,

Ù¥ y = y1v1 + · · · + ykvk + yk+1vk+1 + · · · + ynvn. K CA = 〈vk+1, . . . ,vn〉. AO/,

dim(CA) = n− k, Ù¥ k = rank(A). Ón

dim(CB) = n− rank(B) Ú dim(CA+B) = n− rank(A+B).

Ï� A Ú B Ñ´��½�, ¤± CA+B ⊂ CA ∩ CB. �

n− rank(A+B) = dimCA+B ≤ min(dim(CA), dim(CB)) = n−max(rank(A), rank(B)).

� rank(A+B) ≥ max(rank(A), rank(B)).

(ii) �q,y.

äó. � M ∈ SMn(R) ��½, x ∈ Rn. K

xtMx = 0 ⇐⇒ Mx = 0.
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äó�y². “⇐= ”w,.

“=⇒ ”Ï� M ��½, ¤±�3 P ∈ Mn(R) ¦� M = P tP . ·�k

xtMx = 0 =⇒ xtP tPx = 0 =⇒ (Px)t(Px) = 0 =⇒ Px = 0 =⇒ P tPx = 0 =⇒Mx = 0.

äó¤á.

� VM ´ Mx = 0 �)�m. � v ∈ VA+B. K vt(A + B)v = 0 (þãäó). �

vtAv + vtBv = 0. Ï� A Ú B Ñ��½, ¤± vtAv = 0 � vtBv = 0. 2|^äó�

�, Av = 0 � Bv = 0. = v ∈ VA ∩ VB. ·���

VA+B ⊂ VA ∩ VB.

�

dim(VA+B) ≤ dim(VA∩VB) =⇒ n−rank(A+B) ≤ n−rank

(
A

B

)
≤ n−max(rank(A), rank(B)).

dd�Ñ rank(A+B) ≥ max(rank(A), rank(B)).

8


