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1. (10©) ���

σ =

(
1 2 3 4 5 6 7 8 9 10

10 1 5 7 9 6 4 3 8 2

)
.

O� σ ��, ¿(½ σ �Ûó5.

): Ï� σ = (1, 10, 2)(3598)(47), ¤± σ ���u lcm(3, 4, 2) = 12. §�ÎÒ�u

(−1)2+3+1 = 1. � σ ´ó��. �

2. (15©) � φ : R5 −→ R3 ´�5N�, φ 3IOÄe�Ý
�

A =


1 0 2 1 1

0 2 −1 1 0

1 6 −1 4 1

 .

(i) O� dim(ker(φ)) Ú dim(im(φ)).

(ii) O� ker(φ) ��|Ä.

(iii) �µ

v =


1

1

1

 .

�½ v ´Ä3 im(φ) ¥, ¿`²nd.

). (i) éÝ
 A �Ð�1C��:

A −→


1 0 2 1 1

0 2 −1 1 0

0 6 −3 3 0

 −→

1 0 2 1 1

0 2 −1 1 0

0 0 0 0 0

 .

� rank(A) = 2. dd�� dim(im(φ)) = 2. �âéó½n, dim(ker(φ)) = 5− 2 = 3.
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(ii) dþã1C��� ker(φ) ´�§|{
x1 + 2x3 + x4 + x5 = 0

2x2 − x3 + x4 = 0

�)�m. Ù�|Ä´

(−2, 1
2
, 1, 0, 0)t, (−1,−1

2
, 0, 1, 0)t, (−1, 0, 0, 0, 1)t.

5: Ä.Ø��.

(iii) ée�Ý
�1C�

B =


1 0 2 1 1 1

0 2 −1 1 0 1

1 6 −1 4 1 1

 −→

1 0 2 1 1 1

0 2 −1 1 0 1

0 6 −3 3 0 0

 −→

1 0 2 1 1 1

0 2 −1 1 0 1

0 0 0 0 0 −2

 .

� rank(B) = 3 6= rank(A). ± B �O2Ý
��5�§|Ã). u´, v /∈ im(φ). �

3. (15©) � R þ�Ý


A =


0 0 0

1 0 0

0 1 0

 , B =


1 0 0 0

0 0 0 0

0 0 0 −1
0 0 0 1

 , M =


a1 a2 a3 a4

b1 b2 b3 b4

c1 c2 c3 c4

 .

(i) y²: A ´�"Ý
. (ii) �½ B ´Ø´��Ý
º¿`²nd. (iii) O� AMB.

). (i) ��O��

A2 =


0 0 0

0 0 0

1 0 0

 Ú A3 = O.

� A ´�"�.

(ii) ��O��

B2 =


1 0 0 0

0 0 0 0

0 0 0 −1
0 0 0 1



1 0 0 0

0 0 0 0

0 0 0 −1
0 0 0 1

 =


1 0 0 0

0 0 0 0

0 0 0 −1
0 0 0 1

 = B.

u´, B ´���.
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(iii)

AMB =


0 0 0

1 0 0

0 1 0



a1 a2 a3 a4

b1 b2 b3 b4

c1 c2 c3 c4

B

=


0 0 0 0

a1 a2 a3 a4

b1 b2 b3 b4



1 0 0 0

0 0 0 0

0 0 0 −1
0 0 0 1



=


0 0 0 0

a1 0 0 a4 − a3
b1 0 0 b4 − b3

 . �

4. (15©) � A,B ∈ Mn(R). XJ�3�_�
 P ∈ Mn(R) ¦�

A = P tBP,

Ù¥ P t �L P �=�, K¡ A � B ´ÜÓ�, ¿P� A ∼c B. �yÜÓ'X ∼c ´�

d'X.

y². é?¿ A ∈ Mn(R), A = EtAE. � A ∼c A. g�5¤á.

2� A ∈ Mn(R) ¦� A ∼c B. K�3�_�
 P ¦�

A = P tBP =⇒ B = (P t)−1AP−1 = (P−1)tAP−1.

é¡5¤á.

?�Úb� C ∈ Mn(R) � A ∼c B Ú B ∼c C. K�3�_�
 P,Q ¦�

A = P tBP, B = QtCQ =⇒ A = P tQtCQP = (QP )tC(QP ),

5¿� PQ �´�_Ý
. � A ∼c C. D45¤á. �

5. (10©) � m,n ∈ Z+, g = gcd(m,n). 2� u, v, d ∈ Z ¦� um+ vn = d.

(i) y²: g|d.

(ii) � ` = n/g. y²: �3 a ∈ {0, 1, . . . , `− 1} Ú b ∈ Z ¦� am+ bn = d.

y². (i) Ï� g|m Ú g|n, ¤± g �Ø m,n �?¿�Xê�5|Ü. � g|d.
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(ii) � k = m/g. K m = kg � n = `g. 2- h = d/g. d (i) ��, h �´�ê. Ï

� k, ` p�, ¤±�3 u, v ∈ Z ¦�

uk + v` = 1,

�

(uh)k + (vh)` = h.

d�êØ{��,

uh = q`+ a

Ù¥ a ∈ {0, 1, . . . , `− 1}. �
ak + b` = h,

Ù¥ b = qk + vh. rþªüýÓ¦± g �

am+ bn = d. �

6. (10©) � k > 1, v1, . . . ,vk ∈ Rn ��3Ø��"�¢ê α1, . . . , αk ¦�

α1v1 + · · ·+ αkvk = 0n.

(i) y²: dim〈v1, . . . ,vk〉 < k.

(ii) 2��3¢ê β1, . . . , βk ¦� β1v1 + · · ·+ βkvk = 0n �

rank

(
α1 · · · αk

β1 · · · βk

)
= 2.

y²: dim〈v1, . . . ,vk〉 < k − 1.

y². � V = 〈v1, . . . ,vk〉.
(i) 5¿�)¤� v1, . . . ,vk ¥�?¿4��5Ã'|Ñ´ V �Ä. Ï� v1, . . . ,vk

�5�',¤± v1, . . . ,vk ¥�?¿4��5Ã'|¥����ê�u k. � dim(V ) < k.

(ii) Ø�� α1 6= 0, K

0 = β1v1+· · ·+βkvk−β1α−1
1 (α1v1+· · ·+αkvk) = (β2−α−1

1 β1α2)v2+· · ·+(βk−α−1
1 β1αk)vk.

�â�½Ý
��^�,

β2 − α−1
1 β1α2, . . . , (βk − α−1

1 β1αk)
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Ø��"(ÄK, 1C�¬���½Ý
���u 2). � v2, . . . ,vk �5�'. qÏ� v1

´ v2, . . . ,vk ��5|Ü. ¤±

V = 〈v2, . . . ,vk〉.

2�â (i) �� dim(V ) < k − 1. �

7. (15©) � U ´ Rn �f�m, dim(U) = d � 0 < d < n. y²µ

(i) �3�5N� φ : Rn −→ Rn ¦� U = ker(φ);

(ii) �3�5N� ψ : Rn −→ Rn ¦� U = im(ψ);

(iii) �3 A ∈ R(n−d)×n ¦� U ´àg�5�§| Ax = 0n−d �)�m, Ù¥

x =


x1
...

xn

 .

y². � U ��|Ä´ u1, . . . ,ud Ú e1, . . . , en ´ Rn ��|Ä.

(i) r u1, . . . ,ud *¿� Rn ��|Ä u1, . . . ,ud,ud+1, . . . ,un. �Ä�5N� φ :

Rn −→ Rn ¦� φ(ui) = 0, i = 1, 2, . . . , d, � φ(ud+j) = ed+j, j = 1, . . . , n − d. K

im(φ) = 〈ed+1, . . . , en〉. � dim(im(φ)) = n− d. déó½n��, dim(ker(φ)) = d. qÏ

� U ⊂ ker(φ), ¤± U = ker(φ).

(ii) �Ä�5N� ψ : Rn −→ Rn ¦� ψ(ei) = ui, i = 1, . . . , d, � ψ(ej) = 0,

j = d + 1, . . . , n. K im(ψ) ⊂ U . qÏ� u1, . . . ,ud ∈ im(ψ) � im(ψ) ´f�m, ¤±

U ⊂ im(ψ). � U = im(ψ).

(iii) � B ´ (i) ¥ φ 3IOÄe�Ý
. K U = ker(φ) = sol(Bx = 0n). Ï�

dimU = d, ¤± dim(im(φ)) = n− d. � rank(B) = n− d. � A ´d B ¥ (n− d) �
�5Ã'�1�þ|¤�Ý
. K B ¥�Ù§1�þÑ´ A ¥1�þ��5|Ü. �

Ax = 0n−d Ú Bx = 0n �d. dd��, U = sol(Ax = 0n−d). �

8. (10©) � A ∈ Mn(R), φA : Rn −→ Rn ´3IOÄe± A �Ý
��5N�. y²:

(i) ker(φA) ⊂ ker(φ2
A), im(φA) ⊃ im(φ2

A).

(ii) ker(φA) ∩ im(φA) = {0n} ⇐⇒ rank(A) = rank(A2).

y². (i) � v ∈ ker(φ). K φ2(v) = φ(0) = 0. u´, v ∈ ker(φ2). � ker(φA) ⊂ ker(φ2
A).

� v ∈ im(φ2). K�3 w ∈ Rn ¦� v = φ2(w) = φ(φ(w)). u´, v ∈ im(φ). ·�k

im(φ2) ⊂ im(φ).
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(ii)� rank(A) = rank(A2). K dim(im(φ)) = dim(im(φ2)). déó½n, dim(ker(φ)) =

dim(ker(φ2)). 2d (i) �� ker(φ) = ker(φ2). � v ∈ ker(φ) ∩ im(φ). K�3 w ∈ Rn

¦� v = φ(w) � φ(v) = φ2(w) = 0. � w ∈ ker(φ2). dd�Ñ w ∈ ker(φ). u´,

v = φ(w) = 0.

��, � ker(φ) ∩ im(φ) = {0}. XJ rank(A) 6= rank(A2), K rank(A) > rank(A2).

u´, dim(im(φ)) > dim(im(φ2)). déó½n��, dim(ker(φ)) < dim(ker(φ2)). �

ker(φ)  ker(φ2). � v ∈ ker(φ2)\ker(φ) Ú w = φ(v). K w 6= 0. � φ(w) = φ2(v) = 0.

� w ∈ ker(φ) ∩ im(φ). gñ. �
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