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6.1 ���½ÂÚ¦{

6.2 Ì�©)

½n 6.12 � σ ∈ Sn \ {e}. K σ ´k��üüpØ��

��Ý�u 1�Ì��È.

y². é n8B. � n = 2�, σ = (12), Ù��´��Ì

�. ½n¤á. � n > 2�½né Sm¥���Ñ¤á, Ù

¥ 2 ≤ m ≤ n− 1.
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Ø�� σ ∈ Sn � σ(1) 6= 1. Ï� σord(σ) = e, ¤

±�3�����ê k ¦� σk(1) = 1 � k > 1. K

{1, σ(1), . . . , σk−1(1)}�½üüØÓ.ÄK,�3 i, j ∈ N÷
v 0 ≤ i < j < k¦� σi(1) = σj(1). u´, σj−i(1) = 1. �

·�k 0 < j − i < k, gñ.

Ø�� σ(1) = 2, σ2(1) = 3, . . .σk−1(1) = k. - τ =

(1, 2, . . . , k) ∈ Sn. K σÚ τ ��3 {1, 2, . . . , k}þ�Ó.

�/ 1. � σ = τ , K σ´��Ì�. ½n¤á.

�/ 2. � σ 6= τ . K k < n.

λ = σ|{k+1,...,n}

´ {k + 1, . . . , n} þ����ðÓ��. �â8Bb�,

λ = λ1 · · ·λ`´eZpØ���Ì��È. �

µi : {1, 2, . . . , n} −→ {1, 2, . . . , n}

j 7→

 j, j ∈ {1, . . . , k}
λi(j), j ∈ {k + 1, . . . , n}

.

K µ1, . . . , µ`´ S`�Ì�.K σ = τµ1 · · ·µ`� τ, µ1, . . . , µ`

üüØ��. �

~ 6.13 r

σ =

1 2 3 4 5 6 7 8 9

9 3 2 4 5 7 6 1 8
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�¤pØ���Ì��È.

). σ = (198)(23)(67).

íØ 6.14 � σ ∈ Sn \ {e}´pØ���Ì� τ1, . . . , τm

�È. K

ord(σ) = lcm(ord(τ1), . . . , ord(τm)).

y². � `i = ord(τi), i = 1, 2, . . . ,m, ` = lcm(`1, . . . , `m).

-

` = ki`i,

Ù¥ ki ∈ Z+, i = 1, 2, . . . ,m. 1nùÚn 6.11%¹

σ` = τ `1 · · · τ `m = τ `1k11 · · · τ `mkmm = e.

� k = ord(σ). �â1nù·K 6.6, k|`. ·�k

σk = τ k1 · · · τ km = e.

Ø�� τ1(1) 6= 1. Ï� τ1 � τ2, . . . , τm ÑØ��, ¤±

τ2(1) = · · · = τm(1) = 1. u´, τ k1 (1) = 1. � τ k1 = e. �â

1nù·K 6.6, ·��� `1|k. Ón, `2|k, . . . , `m|k. � k

�´ `1, . . . , `k�ú�ê. 2�â k|`��, k = `. �

~ 6.15 O�

σ =

1 2 3 4 5 6 7 8 9 10

3 5 4 6 10 8 2 9 1 7
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��.

). σ = (134689)(25107) =⇒ ord(σ) = lcm(6, 4) = 12.

~ 6.16 � σ �Ì�©)´ τ1 · · · τk. dN��B�ø�
5K��,

σ−1 = τ−1k · · · τ
−1
1 .

�â1nù~ 6.8, ���_�±ÏLÌ�©)����.

6.3 ó��ÚÛ��

�Ý�u 2�Ì�¡�é�(transposition). é��_

Ò´Ù��.

Ún 6.17 ?Û��Ì�Ñ´eZ�é��È.

y². ·�5y²

(i1i2 · · · ik) = (ikik−1) · · · (iki2)(iki1),

Ù¥ k > 2. - σ = (ikik−1) · · · (iki2)(iki1).
� ` ∈ {1, 2, . . . , k − 2}. K

σ(i`) = (ikik−1) · · · (iki`+2)︸ ︷︷ ︸ (iki`+1)(iki`)︸ ︷︷ ︸[i`]
= (ikik−1) · · · (iki`+2)︸ ︷︷ ︸[i`+1]

= i`+1.
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σ(ik−1) = (ikik−1)︸ ︷︷ ︸[ik−1] = ik.

��

σ(ik) = (ikik−1) · · · (iki2)︸ ︷︷ ︸ (iki1)︸ ︷︷ ︸[ik] = (ikik−1) · · · (iki2)︸ ︷︷ ︸[i1] = i1.�

~ 6.18 r

σ =

1 2 3 4 5 6

2 4 3 1 6 5


�¤é��È.

). dÌ�©)ÚþãÚn��:

σ = (124)(56) = (42)(41)(56).

Ún 6.19 � σ, τ ∈ Sn ü�é�, σ = (st)� σ 6= τ . K

Sn¥�3ü�é� σ′Ú τ ′÷v

σ′(s) = s, τ ′(s) 6= s � τσ = τ ′σ′.

y². � τ = (uv).

�/ 1. XJ {s, t} ∩ {u, v} = ∅, K- τ ′ = σÚ σ′ = τ . d

1nùÚn 6.11��, τσ = τ ′σ′.

�/ 2. � τ = (su). K u 6= t. - τ ′ = σÚ σ′ = (tu).
τσ(s) = (su)(st)[s] = (su)[t] = t,

τσ(t) = (su)(st)[t] = (su)[s] = u,

τσ(u) = (su)(st)[u] = (su)[u] = s
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Ú 
τ ′σ′(s) = (st)(tu)[s] = (st)[s] = t,

τ ′σ′(t) = (st)(tu)[t] = (st)[u] = u,

τ ′σ′(u) = (st)(tu)[u] = (st)[t] = s.

�/ 3. � τ = (tu). K u 6= s. - τ ′ = (su)Ú σ′ = τ . �a

q/�y τσ = τ ′σ′.

Ún 6.20 � τ1, . . . , τk ∈ Sn´é�. XJ τ1 · · · τk = e, K

k´óê.

y². ·�ky²e�äó:

äó. � k > 2. K e�±�¤ k − 2�é��È.

äó�y². XJ τk−1 = τk, K τk−1τk = e. ·�k

τ1 · · · τk−2 = e. äó¤á.

ÄK τk−1 6= τk. � s ∈ {1, 2, . . . , n}÷v τk(s) 6= s.

�âÚn 6.19, �3é� τ ′k−1, τ
′
k ∈ Sn ÷v τ ′k(s) = s,

τ ′k−1(s) 6= s� τ ′k−1τ
′
k = τk−1τk. u´

e = τ1 · · · τk−2τ ′k−1τ ′k.

AO/, �mý�é�Ø£Ä s.

e¡�Ä τk−2, τ
′
k−1. XJ τk−2τ

′
k−1 = e, K e´ k − 2

�é��È. ÄK, Ún 6.19%¹�3é� τ ∗k−2Ú τ ∗k−1÷

v τ ∗k−1(s) = s, τ ∗k−2(s) 6= sÚ τk−2τ
′
k−1 = τ ∗k−2τ

∗
k−1. u´

e = τ1 · · · τ ∗k−2τ ∗k−1τ ′k.
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AO/, �mý�ü�é�ÑØ£Ä s.

±daí, ·��oy² e´ k − 2�é��È; �o

�Ñ e = λ1λ2 · · ·λk, Ù¥ λ1, . . . , λk ∈ Sn´é�, ÷v

λ1(s) 6= s, � λ2(s) = · · ·λk(s) = s.

�ù¿�X e(s) 6= s. gñ. äó¤á.

�E|^äó��, k´óê. �

½n 6.21 � σ ∈ Sn.

(i) σ´k��é��È.

(ii) � σ = λ1 · · ·λk = µ1 · · ·µm,Ù¥λ1, . . . λk, µ1, . . . , µm

Ñ´é�. K kÚm�Ûó5�Ó.

y². (i) �â½n 6.12, σ´eZÌ��È. dÚn 6.17,

z�Ì�Ñ´eZé��È. � σ´k��é��È.

(ii) dB�ø�5K��, e = λ1 · · ·λkµ−1m · · ·µ−11 . Ï

�é��_´Ù��, ¤±Ún 6.20%¹ k +m´óê.

u´, kÚm�Ûó5�Ó. �

½Â 6.22 � σ ∈ Sn. XJ σ �±�¤Ûê�é��È,

K¡ σ ´Û��. ÄK¡�ó��. AO/, e´ó��.

Û���ÎÒ½Â� −1, ó���ÎÒ� 1. �� σ�Î

ÒP� εσ.
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þã½n`²���ÎÒ´û½Â�.

Ún 6.23 � σ, τ ∈ Sn. K εστ = εσετ .

y². 5¿�ü�ÓÒ���È´ó��, ü�ÉÒ�

��È´Û��. �

5) 6.24 �EA^þã½n��, é σ1, . . . , σk ∈ Sn,

εσ1···σk = εσ1 · · · εσk.

PÒ. ¤k Sn¥ó���8ÜP� An.

~ 6.25 � σ ∈ SnÚ τ ∈ An. K σ−1τσ ∈ An.

y². þã5)%¹:

εσ−1τσ = εσ−1ετεσ = εσ−1εσ = εσ−1σ = εe = 1. �

íØ 6.26 � σ ∈ Sn� σ = τ1 · · · τk, Ù¥ τ1, . . . , τk ´ü

üpØ���Ì�. Kσ�Ûó5��ê

k∑
i=1

(ord(τi)− 1)

�Ó. =

εσ = (−1)
∑k

i=1(ord(τi)−1).
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y². � τ = (i1 . . . im). �âÚn 6.17, τ = (imim−1) · · · (imi1).
u´, ετ = (−1)m−1. 2�â1nùÚn 6.9 ��, m =

ord(τ ). � ετ = (−1)ord(τ)−1. dþãÚnÚ5)��

εσ = (−1)
∑k

i=1(ord(τi)−1). �

~ 6.27 (½e�����ê¿�½ÙÛó5:

π =

 1 2 3 4 5 6 7 8 9 10

3 8 6 10 7 4 5 9 2 1

 .

). O�� π = (136410)(289)(57). u´

ord(π) = lcm(5, 3, 2) = 30.

?

επ = (−1)4+2+1 = −1.

� π´Û��.

7 �ê��ê

7.1 ��úÏfÚ��ú�ê

±eÚn´�Ø���Ä�5�.

Ún 7.1 � m,n, d ∈ Z� d 6= 0. XJ d|m� d|n, Ké
u?¿ u, v ∈ Z, d|(um + vn).
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y². � a, b ∈ Z¦�m = adÚ n = bd. K

um + vn = uad + vbd = (ua + vb)d.

u´, d|(um + vn). �

�m,n, c ∈ Z+. XJ c|m� c|n, K¡ c´m,n�ú

Ïf. � g´ m,n�úÏf. XJ?Û m,n�úÏfÑ

Ø�u g, K¡ g´m,n���úÏf.

5¿� 1´m,n�úÏf. u´m,n���úÏf

7,�3���, ¿P� gcd(m,n).

éuü��"�ê m,n, §����úÏf½Â�

gcd(|m|, |n|). XJ n = 0,K§����úÏf½Â� |m|.
e¡·�£ãü�O���ê���úÏf�{–Î=�

Ø£Euclidean¤�{.

½n 7.2 �m,n ∈ Z+. Ke��{3k�ÚSÑÑ��

ê g, Ú�ê u, v¦�

(i) g = gcd(m,n);

(ii) um + vn = g.

*Ð�Î=�Ø{(Extended Euclidean Algorithm)

Ñ\: m,n ∈ Z+

ÑÑ: g ∈ Z+, u, v ∈ Z¦� g = gcd(m,n)Ú um+vn = g.
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1. [Ð©z] - r0 := m; r1 := n; i = 1; u0 := 1; v0 := 0;

u1 = 0; v1 := 1;

2. [Ì�] while ri 6= 0 do

(a) i := i + 1;

(b) qi := quo(ri−2, ri−1); ri := rem(ri−2, ri−1);

(c) ui := ui−2 − qiui−1; vi := vi−2 − qivi−1;

end do;

3. [O��£] g := ri−1; u := ui−1; v := vi−1;

4. [�£] return g, u, v;

y². Äk�yT�{3k�ÚS7,ª�. 5¿��{

¥�Ì��)��'u{ê�î�4~S�

r1 > r2 > · · · .

Ï�{êÑ�K, ¤±T{êS�k�Ú7,ª�. d�

�����½´". dd��, �{ª�.

� �{ª�u rk+1 = 0. K�{ÑÑ� g = rk �

rem(rk−1, rk) = 0. ¯¢þ, �{�)�ûS�

q2, . . . , qk, qk+1.
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üS��m�'XXe

ri−2 = qiri−1 + ri, i = 2, 3, . . . , k + 1. (1)

e¡·�5�y g = gcd(m,n). �â (1), ·�k

r0 = q2r1 + r2

r1 = q3r2 + r3
...

rk−4 = qk−2rk−3 + rk−2

rk−3 = qk−1rk−2 + rk−1

rk−2 = qkrk−1 + rk

rk−1 = qk+1rk

(2)

äó 1. é j = 1, 2, . . . , k, g|rk−j.

y². é j 8B. � j = 1�, d (2)¥�����§��,

g|rk−1. � j > 1�(Øé 1, 2, . . . , j − 1Ñ¤á. 5¿�

(2)¥��§

rk−j = qk−(j−2)rk−(j−1) + rk−(j−2).

�â8Bb�, ·�k g|rk−(j−2)Ú g|rk−(j−1). 2�âþã
�§ÚÚn 7.1��, g|rk−j. äó 1¤á.

Täó%¹ g|r0Ú g|r1. u´, g´ r0, r1�úÏf.

2� d ∈ Z+´ r0Ú r1�úÏf.

äó 2. é j = 2, 3, . . . , k, d|ri, i = 2, 3, . . . , k.
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y². é i8B. � i = 2�, d (2)¥1���§ÚÚn

7.1��, d|r2. � i > 2�(Øé 2, 3, . . . , i− 1Ñ¤á. 5

¿� (2)¥��§

ri−2 = qiri−1 + ri.

�â8Bb�, ·�k d|ri−2Ú d|ri−1. 2�âþã�§Ú
Ún 7.1��, d|ri. äó 2¤á.

Täó%¹ d|rk. u´, d ≤ g. ·��Ñ g =

gcd(m,n).

���y um + nv = g.

äó 3. é i = 0, 1, . . . , k, uim + vin = ri.

y². é i8B. i = 0, 1�, u0, v0, r0Ú u1, v1, r1Ð©��

�½��, u0m + v0n = r0Ú u1m + v1n = r1. � i > 2�

(Øé 2, 3, . . . , i− 1Ñ¤á. d8Bb���:

ui−2m + vi−2n = ri−2 Ú ui−1m + vi−1n = ri−1.

u´, qiui−1m + qivi−1n = qiri−1. dd�Ñ,

(ui−2 − qiui−1)m + (vi−2 − qivi−1)n = ri−2 − qiri−1.

�â*Ð Euclid�{Ì�¥1 (c)ÚÚ ri = rem(ri−2, ri−1)

��:

uim + vin = ri.

äó 3¤á.
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3äó 3¥� i=k� ukm + vkn=rk, = um + vn=g.

�

5) 7.3 XJ·��O��ê���úÏf, K3*Ð

�Î=�Ø{¥ÃIO�S� q2, q3, . . . , u0, u1, u2, u3, . . . ,

Ú v0, v1, v2, v3, . . . ,

~ 7.4 O� gcd(95, 57).

). � r0 = 95, r1 = 57. K
r2 = rem(r0, r1) = rem(95, 57) = 38,

r3 = rem(r1, r2) = rem(57, 38) = 19,

r4 = rem(r2, r3) = rem(38, 19) = 0.

u´, r3 = gcd(95, 57) = 19.

~ 7.5 O� u, v ∈ Z¦� u× 95 + v × 57 = gcd(95, 57).

14



). � r0 = 95, u0 = 1, v0 = 0, r1 = 57, u1 = 0, v1 = 1. K

r2 = rem(r0, r1) = rem(95, 57) = 38,

q2 = quo(r0, r1) = quo(95, 57) = 1

u2 = u0 − q2u1 = 1, v2 = v0 − q2v1 = −1

r3 = rem(r1, r2) = rem(57, 38) = 19,

q3 = quo(r1, r2) = quo(57, 38) = 1

u3 = u1 − q3u2 = −1, v3 = v1 − q3v2 = 2

r4 = rem(r2, r3) = rem(38, 19) = 0.

u´, (−1)︸︷︷︸
u

×95 + 2︸︷︷︸
v

×57 = 19.

~ 7.6 ½n 7.2�,��y². -:

S = {am + bn|a, b ∈ Z}.

K S ¥k��ê. - g ´ S ¥�����ê. K�3

u, v ∈ Z¦�
um + vn = g.

e¡·��y g = gcd(m,n). � d´ m,n�úÏf. �

âÚn 7.1�� d|g. u´, d ≤ g. � r = rem(m, g). K�

3 q ∈ Z¦�m = qg + r. u´,

qum+qvn = qg =⇒ qum+qvn = m−r =⇒ (1−qu)m+(−qv)n = r.
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d g�4�5Ú r ∈ {0, 1, . . . , g − 1}��, r = 0. � g|m.

Ón g|n. �

½Â 7.7 � m,n ∈ Z. XJ gcd(m,n) = 1, K¡ mÚ n

p�.

½n 7.8 � m,n ∈ Z. K m,np���=��3 u, v∈Z
¦� um + vn = 1.

y². �m,np�. K gcd(m,n) = 1. d½n 7.2��, �

3 u, v ∈ Z¦� um + vn = 1. ��, ��3 u, v ∈ Z¦�
um + vn = 1Ú g = gcd(m,n). Ï� g|mÚ g|n, ¤± g|1
(Ún 7.1). � g = 1. �

½Â 7.9 �m,n, a ∈ Z \ {0}. XJm|a� n|a, K¡ a´

m,n�ú�ê. §���ú�ê¥��ö¡���ú�

ê, P� lcm(m,n).

½n 7.10 �m,n ∈ Z \ {0}. K

lcm(m,n) =
|mn|

gcd(m,n)
.

y². Ø�� m,n ∈ Z+. - g = gcd(m,n). K�3

a, b ∈ Z+¦�m = agÚ n = bg. ?

|mn|
gcd(m,n)

= abg = an = bm.
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� abg´m,n�ú�ª. Ï� g = gcd(m,n), ¤± a, bp

�. �â½n 7.8, �3 u, v ∈ Z¦�

ua + vb = 1.

2� k´ m,n�ú�ª, ·�k k = pm = qn, Ù¥ p, q

´�ê. � k = pag = qbg. dd�Ñ

uak+vbk = k =⇒ ua(qbg)+vb(pag) = k =⇒ (abg)(uq+vp) = k.

u´, (abg)|k. dd�Ñ, abg´mÚ n���ú�ª. �

~ 7.11

lcm(95, 57) =
95× 57

19
= 285.
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