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1 �5�'5

1.3 �I�m¥�f�m

Ún 1.23 ��56/M = x+U = y+V ,Ù¥ x,y∈Rn,

U, V ´ Rn�f�m. K U = V � x− y ∈ U.

y². Ï� x + 0 ∈ M , ¤±�3 v ∈ V ¦� x = y + v.

u´, x− y ∈ V . aq�� y − x ∈ U . ·���

±(x− y) ∈ U ∩ V. (1)

� u ∈ U . K x + u ∈M . u´, �3 v ∈ V ¦�

x + u = y + v.

d (1)��, u = (y − x) + v. � u ∈ V . ·��� U ⊂ V .

Ón V ⊂ U . � U = V . ?, x− y ∈ U ∩ V = U. �

5) 1.24 ���56/´f�m��=�§¹k"�

þ. ù´Ï�T6/�±�¤"�þÚ§����Ú.

��56/M = x+U ,Ù¥ x ∈ RnÚ U ´Rn�f

�m. ·�¡ U ´M ���.
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½Â 1.25 � S ´ Rn���f8. Kd S ¥���¤k

�5|Ü�¤�8Ü¡�d S )¤�f�m. P� 〈S〉.
8Ü S ¥���¡�f�m 〈S〉��|)¤�.

·K 1.26 � S ´ Rn���f8.

(i) 〈S〉´f�m;

(ii) � U ´ Rn�f�m� S ⊂ U . K 〈S〉 ⊂ U .

y². (i) � x,y ∈ 〈S〉. K�3 u1, . . . ,uk,v1, . . . ,v` ∈ S,
α1, . . . , αk, β1, . . . , β` ∈ R¦�

x =

k∑
i=1

αiui Ú y =
∑̀
j=1

βjvj.

Ké?¿ λ, µ ∈ R, ·�k

λx+µy = λ

(
k∑
i=1

αiui

)
+µ

∑̀
j=1

βjvj

 =

k∑
i=1

(λαi)ui+
∑̀
j=1

(µβj)vj.

� λx + µy ∈ 〈S〉. �â1�Ù1�ù·K 1.16, 〈S〉´f
�m.

(ii) Ï� S ⊂ U , ¤± 〈S〉 ⊂ U (1�Ù1�ù·K

1.17). �

�S´k�8 {v1, . . . ,vk}�, 〈S〉�P� 〈v1, . . . ,vk〉.
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~ 1.27 � v1, . . . ,vk ∈ Rn. K 〈v1, . . . ,vk〉¥?¿ k + 1

��þ7,�5�'.

y². � w1, . . . ,wk,wk+1 ∈ 〈v1, . . . ,vk〉. Kù k + 1 �

�þÑ´ v1, . . . ,vk ��5|Ü. �â�5|ÜÚn,

w1, . . . ,wk,wk+1�5�'. �

~ 1.28 � U,W ´Rn¥�f�m. K U+W = 〈U ∪W 〉.
y². w, U ∪W ⊂ U +W . �â·K 1.26 (ii),

〈U ∪W 〉 ⊂ U +W.

��, � x ∈ U + W . K�3 u ∈ U Ú w ∈ W ¦�

x = u +w. u´, x ∈ 〈U ∪W 〉, = U+W⊂〈U∪W 〉. �

½Â 1.29 � U,W ´ Rn �f�m. XJ U ∩W = {0},
K¡ U +W ´�Ú. P� U ⊕W .

2 f�m�Ä.Ú�ê

2.1 4��5�'|

½Â 2.1 � S ⊂ Rn. k���f8 T ⊂ S¡� S���

4��5Ã'|, XJ

(i) T ¥��þ�5Ã';
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(ii) é?¿ v ∈ S, v ∈ 〈T 〉.

5) 2.2 XJS���4��5Ã'|T = {u1, . . . ,ud}.
·�²~Ñ�8ÜÎÒ{¡ u1, . . . ,ud ´ S ���4�

�5Ã'|.

·K 2.3 � S ⊂ Rn.

(i) � u1, . . . ,uk ´ S ¥�5Ã'��þ. K�3 S ¥

4��5Ã'|�§�¹ u1, . . . ,uk.

(ii) � v1, . . . ,v` ∈ S �5Ã', w1, . . . ,wm´ S �4�

�5Ã'|. K v1, . . . ,v`´ S�4��5Ã'|�

�=� ` = m.

y². (i) XJé?¿ u ∈ S, u,u1, . . . ,uk �5�', K

u ∈ 〈u1, . . . ,uk〉 (1Êù·K 1.11 (iv)). u´, {u1, . . . ,uk}
´ S ¥���4��5Ã'|�§�¹ u1, . . . ,uk. Ä

K, �3 uk+1 ∈ S ¦� u1, . . . ,uk,uk+1 �5Ã'. é�

þ u1, . . . ,uk,uk+1 EþãínL§, ·��o�Ñ

{u1, . . . ,uk,uk+1} ´ S �4��5Ã'|, �oy²�

3�þ uk+2 ∈ S ¦� u1, . . . ,uk,uk+1,uk+2�5Ã'. d

1Êù~ 1.13��§S¥Ø�Uk n + 1��5Ã'��

þ. �þãínL§Ek�Ú�, ·�Ò¬���� S

¥�4��5Ã'|�§�¹ u1, . . . ,uk.
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(ii) � v1, . . . ,v`´ S�4��5Ã'|. Ï�

w1, . . . ,wm ∈ 〈v1, . . . ,v`〉,

¤±m ≤ ` (�5|ÜÚn). Ón��, ` ≤ m.

��,� ` = m. d (i)��, Sk��4��5Ã'|

v1, . . . ,vm,vm+1, . . . ,vm+s

d4��5Ã'|�½Â�� vi ∈ 〈w1, . . . ,wm〉, i = 1,

2, . . . , m + s. b� s > 0. �â�5|ÜÚn, v1, . . . , vm,

vm+1, . . . , vm+s�5�',gñ. � s = 0. = v1, . . . ,vm´

S�4��5Ã'|. �

5) 2.4 dþã·K��, ?Û¹k�"�þ�8Ü7

k4��5Ã'|.

~ 2.5 �þ e1, . . . , en´ Rn��|4��5Ã'|.

~ 2.6 y² e1 + e2, e1 − e2, e3, . . . , en ´ Rn ���4�

�5Ã'|.

y². � α1, α2, α3, . . . , αn ∈ R¦�

α1(e1 + e2) + α2(e1 − e2) + α3e3 + · · · + αnen = 0.

K

(α1 + α2)e1 + (α1 − α2)e2 + α3e3 + · · · + αnen = 0.
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Ï� e1, e2, . . . , en �5Ã', ¤± α1+α2=0, α1−α2=0,

α3 = 0, . . . , αn = 0. � α1 = α2 = 0. u´,

e1 + e2, e1 − e2, e3, . . . , en

�5Ã'. d·K 2.3 (ii)��, e1 + e2, e1 − e2, e3, . . . , en

´ Rn���4��5Ã'|.

2.2 f�m�Ä.

½Â 2.7 � U ⊂ Rn ´f�m� U 6= {0}. �þ8
{u1, . . .ud} ⊂ U ¡� U ��|Ä, XJé?¿ u ∈ U ,

�3��� α1, . . . , αd ∈ R, ¦� u = α1u1 + · · · + αdud.

X5) 2.2¤ã, � {u1, . . .ud}´f�m U ��|Ä�,

·��{¡ u1, . . . ,ud´ U ��|Ä.

·K 2.8 � U ⊂ Rn ´f�m� U 6= {0}. �þ8
{u1, . . .ud}´ U ��|Ä��=�T�þ8´ U �4�

�5Ã'|.

y². � {u1, . . . ,ud}´ U �Ä.2� α1, . . . , αd ∈ R¦�

α1u1 + · · · + αdud = 0.

dÄ.½Â��, α1 = · · · = αd = 0. � u1, . . . ,ud�5Ã

'. 2dÄ.½Â¥^� (ii)��, u1, . . .ud´ U �4�

�5Ã'|.
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��, � u1, . . .ud´ U ���4��5Ã'|. �â

1Êù·K 1.11 (iv), u1, . . .ud´ U ��|Ä. �

d~ 2.5��, e1, . . . , en´Rn¥��|Ä.¡��Rn

�IOÄ.

íØ 2.9 � S ⊂ Rn �¹�"�þ. K S ¥�4��5

Ã'|´ 〈S〉��|Ä.

y². � u1, . . . ,ud´ S���4��5Ã'|. K

S ⊂ 〈u1, . . . ,ud〉.

d1Êù·K 1.25, 〈S〉 ⊂ 〈u1, . . . ,ud〉. ,������
¹'X´w,�. u´, 〈S〉 = 〈u1, . . . ,ud〉. = u1, . . . ,ud

´ 〈S〉�4��5Ã'|. �âþã·K, u1, . . . ,ud ´

〈S〉��|Ä. �

~ 2.10 �

x =


1

2

3

 , y =


1

−1
0

 , z =


5

1

6

 .

¦ 〈x,y, z〉��|Ä.

). �âþãíØ, ·���¦Ñ {x,y, z}¥���4�
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�5Ã'|=�.

(x,y) =


1 1

2 −1
3 0

 −→

1 1

0 −3
0 −3

 −→

1 1

0 −3
0 0

 .

u´, ±Ý
 (x,y)�XêÝ
�àg�5�§|�k²

�). � x,y�5Ã'. d1�Ù1�ù~ 1.9, x,y, z�

5�'. � x,y´ 〈x,y, z〉��|Ä. aq/��, x, zÚ

y, zÑ´ 〈x,y, z〉�Ä

½n 2.11 (Ä*¿½n) � u1, . . . ,uk ´f�m U ¥�

5Ã'��þ. K U k�|Ä�¹ u1, . . . ,uk.

y². �â·K 2.3 (i), U ¥k4��5Ã'|�¹

u1, . . . ,uk. 2�âþã·K, T4��5Ã'|´ U ��

|Ä. �

2.3 �ê

½Â 2.12 � U ´ Rn ¥�f�m. XJ u1, . . . ,ud ´ U

��|Ä, K U ��ê(dimension)½Â� d. � U = {0}
�, Ù�ê½Â� 0. T�êP� dim(U).

�â·K 2.3 (ii)Ú·K 2.8, f�m�ê´û½Â�. Ï�

�I�m RnkIOÄ e1, . . . , en, ¤± dim(Rn) = n.
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·K 2.13 � U,W ´ Rn �ü�f�m� U ⊂ W . K

dim(U)≤ dim(W ). ?, U=W ��=� dim(U)= dim(W ).

y². � u1, . . . ,ud ´ U ��|Ä. db� U ⊂ W

ÚÄ*¿½n 2.11, W k�|Ä�¹ u1, . . . ,ud. �

dim(U)≤ dim(W ).

2� d = dim(W ). K u1, . . . ,ud�´W �Ä£·K

2.3 (ii)¤. �W ⊂ 〈u1, . . . , ud〉 = U . �

·K 2.14 � U,W ´ Rn�ü�f�m. K

dim(U +W ) + dim(U ∩W ) = dim(U) + dim(W ).

y². - v1, . . . ,vk ´ U ∩W ��|Ä. dÄ*¿½n,

U kÄ. v1, . . . ,vk,uk+1, . . . ,uk+`; W kÄ. v1, . . . ,vk,

wk+1, . . . , wk+m.

äó. S = {v1, . . . ,vk,uk+1, . . . ,uk+`,wk+1, . . . ,wk+m}´
U +W ��|Ä.

äó�y². � α1, . . . , αk, β1, . . . , β`, γ1, . . . , γm ∈ R¦�

α1v1+· · ·+αkvk+β1uk+1+· · ·+β`uk+`+γ1wk+1 + · · · + γmwk+m︸ ︷︷ ︸
w

= 0.

Kw ∈ U ∩W . u´, �3 λ1, . . . , λk ∈ R¦�

w = λ1v1 + · · · + λkvk.
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=

(−γ1)w1 + · · · + (−γm)wm + λ1v1 + · · · + λkvk = 0.

Ï�w1, . . . ,wm,v1, . . . ,vk�5Ã', ¤±

γ1 = · · · = γm = 0.

�

α1v1 + · · · + αkvk + β1uk+1 + · · · + β`uk+` = 0.

Ï� u1, . . . ,u`,v1, . . . ,vk�5Ã', ¤± α1 = · · · = αk =

β1 = · · · = β` = 0. u´, S¥��þ�5Ã'.

2� x ∈ U + W . K�3 y ∈ U Ú z ∈ W ¦�

x = y + z. Ï� y´ v1, . . . ,vk,uk+1, . . . ,uk+` ��5|

Ü, z´ v1, . . . ,vk,wk+1, . . . ,wk+m��5|Ü. � x´ S

¥��þ��5|Ü. = S ´ U +W ���4��5Ã

'|. �â·K 2.8, äó¤á.

däó�� dim(U +W ) = k + ` +m. Ï�

dim(U ∩W ) = k, dim(U) = k + `, dim(W ) = k +m,

¤±

dim(U +W ) + dim(U ∩W ) = dim(U) + dim(W ). �

5) 2.15 3þã·Ky²¥, � U ∩W = {0}, K8Ü
{v1, . . . ,vk}´�8, = k = 0.
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~ 2.16 �U,W ⊂ Rn´f�m, dim(U)=d > 0, dim(W )=n−1.
y² dim(U ∩W ) ≥ d− 1.

y². d�êúª��:

dim(U ∩W ) = dim(U) + dim(W )− dim(U +W )

≥ d + n− 1− n (∵ dim(U +W ) ≤ n)

= d− 1.

~ 2.17 � U,W ⊂ Rn ´f�m. y² V +W ´�Ú�

�=� dim(V +W ) = dim(V ) + dim(W ).

y². d�êúª��

dim(V +W ) = dim(V ) + dim(W )

⇐⇒ dim(U ∩W ) = 0

⇐⇒ U ∩W = {0}. �

3 Ý
��

3.1 Ð�1C�e�ØCþ

O�L§(�{)¥ØC�þ  �N�O�é��

Ä�A�. ��!ïÄ'uÝ
Ð�1C�e�ØCþ.

½Â 3.1 �A ∈ Rm×n. dA�1�þ ~A1, . . . , ~Am31�

m R1×n¥)¤�f�m¡� A�1�m. P� Vr(A). d
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A���þ ~A(1), . . . , ~A(n)3��m Rm¥)¤�f�m¡

� A���m. P� Vc(A). Ý
 A�1�´ dim(Vr(A)),

��´ dim(Vc(A)).

�!�Ì�(Ø´��Ý
�1��u��.

Ún 3.2 � A∈Rm×n, B∈Rm×n ´ÏL�gÐ�1C�

���. K Vr(A)=Vr(B). AO/, AÚ B �1��Ó.

y². � B´d AÏL�g1�aÐ�1C����, K

AÚ Bk�Ó�1�þ. � Vr(A) = Vr(B).

� B ´d AÏL�g1�aÐ�1C����, �

~Ak = ~Bk, k = 1, . . . , j − 1, j + 1, . . . ,m,  ~Bj = ~Aj + λ ~Ai,

Ù¥ i 6= j Ú λ ∈ R. K B �¤k1�þ3 Vr(A)¥. �

Vr(B) ⊂ Vr(A) (1�Ù1�ù·K 1.25 (ii)). Ï� i 6= j,

¤± ~Ai = ~Bi. � ~Aj = ~Bj − λ~Bi.dd��, A�1�þÑ

3 Vr(B)¥. Ó��·K%¹ Vr(A) ⊂ Vr(B).

� B ´d A ÏL�g1naÐ�1C����,

� ~Ak = ~Bk, k = 1, . . . , j − 1, j + 1, . . . ,m,  ~Bj = λ ~Aj,

Ù¥ λ ∈ R \ {0}. K B �¤k1�þ3 Vr(A) ¥. �

Vr(B) ⊂ Vr(A) (1�Ù1�ù·K 1.25 (ii)). Ï� λ 6= 0,

¤± ~Aj = λ−1 ~Bj. � A�1�þÑ3 Vr(B)¥. Ó��·

K%¹ Vr(A) ⊂ Vr(B). �
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~ 3.3 1�aÐ�1C��:

A =

1 0

1 0

 −→
1 0

0 0

 =: B.

5¿� Vc(A) 6= Vc(B).

��-<¿	�(Ø´:

Ún 3.4 � A ∈ Rm×n. � B ∈ Rm×n´ÏL�gÐ�1

C����. K AÚ B ����Ó.

y². �± AÚ B�XêÝ
�àg�5�§|©O´

HAÚHB. =:

HA :

n∑
j=1

xj ~A
(j) = 0m Ú HB :

n∑
j=1

xj ~B
(j) = 0m.

K HA Ú HB �d(1�Ù1�ù·K 2.2). Ø�� ~A(1),

. . . , ~A(r)´ A¥��þ�4��5Ã'|.

äó. ~B(1), . . . , ~B(r)�5Ã'.

äó�y². � α1, . . . , αr ∈ R¦�

α1
~B(1) + · · · + αr ~B

(r) = 0m.

K

α1
~B(1) + · · · + αr ~B

(r) + 0 ~B(r+1) + · · · + 0 ~B(n) = 0m.
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�ó�, ��þ 

α1

...

αr

0
...

0


∈ Rn

´�§|HB���). �§�´HA���). =

α1
~A(1) + · · · + αr ~A

(r) + 0 ~A(r+1) + · · · + 0 ~A(n) = 0m.

·���

α1
~A(1) + · · · + αr ~A

(r) = 0m.

Ï� ~A(1), . . . , ~A(r)�5Ã', ¤± α1 = · · · = αr = 0. u

´, ~B(1), . . . , ~B(r)�5Ã'. äó¤á.

� j ∈ {r + 1, . . . , n}. K�3 β1, . . . , βr ∈ R ¦�
~A(j) = β1 ~A

(1) + · · · + βr ~A
(r). ù´Ï� ~A(1), . . . , ~A(r)´ A

¥��þ�4��5Ã'|. ·���

β1 ~A
(1) + · · · + βr ~A

(r)

+ 0 ~A(r+1) + · · · + 0 ~A(j−1) + (−1) ~A(j)

+ 0 ~A(j+1) + · · · + 0 ~A(n) = 0m.
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�ó�, ��þ

j →



β1
...

βr

0
...

0

−1
0
...

0



∈ Rn

´HA�). u´, §�´HB�). ·�k

~B(j) = β1 ~B
(1) + · · · + βr ~B

(r).

2�âäó�� ~B(1), . . . , ~B(r)´ B ¥��þ�4��5

Ã'|. díØ 2.9��,

dim(Vc(A)) = r = dim(Vc(B)). �

3Ý
¥p�ü�� �¡�1�aÐ��C�, r

��Ï¦��¢ê\�,��þ¡�1�aÐ��C�,

r��Ï¦���"¢ê¡�1naÐ��C�. §�Ú

¡�Ð��C�. aqÚn 3.2§·�k
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Ún 3.5 � A∈Rm×n. � B∈Rm×n ´ÏL�gÐ��C

����. K Vc(A)=Vc(B). AO/, AÚ B ����Ó.

3.2 Ý
��

½n 3.6 � A ∈ Rm×n. K A�1��u§���.

y². d1�Ù1�ù·K 2.3��, A�±ÏLÐ�1

C�z��F.Ý


B =



0 · · · 0 • ∗ · · · ∗ ∗ ∗ ∗ · · · ∗ ∗ ∗ · · · ∗
0 · · · 0 0 0 · · · 0 • ∗ ∗ · · · ∗ ∗ ∗ · · · ∗
... · · · ... ... ... · · · ... ... ... ... · · · ... ... ... ... ...

0 · · · 0 0 0 · · · 0 0 0 0 · · · 0 • ∗ · · · ∗
0 · · · 0 0 0 · · · 0 0 0 0 · · · 0 0 0 · · · 0
... · · · ... ... ... · · · ... ... ... ... · · · ... ... ... ... ...

0 · · · 0 0 0 · · · 0 0 0 0 · · · 0 0 0 · · · 0


,

Ù¥ •�L�"¢ê, ∗�L¢ê.

� B ¥k k1´�"�þ. 5¿�ù k1l��m

1���"�IÑy� �üüØÓ. �ù k 1�5Ã

'. dd�Ñ, ù k1´1�m Vr(B)��|Ä. ·���

B�1��u k.
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é B�1�a�C���

C =



0 · · · 0 • 0 · · · 0 0 0 0 · · · 0 0 0 · · · 0

0 · · · 0 0 0 · · · 0 • 0 0 · · · 0 0 0 · · · 0
... · · · ... ... ... · · · ... ... ... ... · · · ... ... ... ... ...

0 · · · 0 0 0 · · · 0 0 0 0 · · · 0 • 0 · · · 0

0 · · · 0 0 0 · · · 0 0 0 0 · · · 0 0 0 · · · 0
... · · · ... ... ... · · · ... ... ... ... · · · ... ... ... ... ...

0 · · · 0 0 0 · · · 0 0 0 0 · · · 0 0 0 · · · 0


.

5¿� C¥�k k��",�ù k�lþ�e1���"

�IÑy� �üüØÓ. �ù k��5Ã'. dd�Ñ,

ù k�´��m Vc(C)��|Ä. ·�k C ����u k.

�âÚn 3.5, B�����u k. � B�1�Ú��

��. 2�âÚn 3.2Ú 3.4, A�1�Ú����. �

½Â 3.7 Ý
 A ∈ Rm×n1�¡�§��. P� rank(A).

dþã½n��, Ý
��Q´§�1��´§���.
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