6 FEfFRIZE
AT, e, ....ey €,...,€6, 75 & R HlR™
bR 2.
EH 6.25 K AeR™ BeR> N
(i) rank(AB) < min(rank(A), rank(B));
(i1) rank(A) +rank(B) — s < rank(AB)  (Sylvester 7~

B, BREIEB ¢4 : R — R™ Ml g : R — R,
HATE T HIA

R” ¢B s RS

¢ABZ¢AO® l@l
R™,

(i) EEITHES:



HRACAHE,

(1) BROL.
(i) B v, ..., v & ker(¢q) Nim(¢p) BI—HE uy, .. .,
uy, vi, ..., vg &= im(¢p) W—4HE N rank(B) = d + k.
B = . rank(AB) > k.
B 5 @I, W arda(w) + - + apda(ug) = 0y, H
ag,...,on €R M pya(u) =0, HF u=qau+-+auy.
M u € im(¢p) Nker(gy). T2, ue (vi,...,vg). BN
uy, ..., vi,...,vg &R, Fillag = = a; = 0.
TR, palwy), ..., pa(uy) & im(dap) F I —HLZ T KA
. W dim(im(¢ag)) > k. T, rank(AB) > k. Wi & o7
HH X6 415 5 R (e PR I i) w0

rank(A) = s — dim(ker(¢4)) < s — d.

4
A

rank(B) +rank(A) —s <d+k+s—d—s=k.

RIE Lkl s, (i) o, O



JE#R 6.26 LR H F aG B Z T LAAa5% A rank(AB) = k.

HIL 6.27T LA R BEmWHKTE, C A n ki
WAk 77 . W) rank(A) = rank(BA) = rank(AC).

IEBA . HH R e B A R S ANEE 2R
rank(A)+rank(B)—m < rank(BA) < min(rank(B), rank(A)).

AN rank(B) = m, Frbl rank(A) < rank(BA) < rank(A).
Y rank(BA) = rank(A). 75— 0] DIZUER] . O

7 FkE
S _E B 7 RS E N M, (R).

7.1 M,(R) LHEE
SR A, B,C € M,(R), \, n € R, A TH
(Al) A+ B=B+ A
(A2) (A+B)+C=A+(B+0C);
(A3) A+ 0 = A, H O 2 n 256

(Ad) A+ (-A)=0.



(M1) (AB)C = A(BO);

(M2) AE = EA = A, Hivp B & n Br A5 .

(51) (Aw)A = A(nd):;

(S2) 1A= A

(AM) A(B+C) = AB + AC; (A+ B)C = AC + BC.
(AS) (A + ) A= NA+ pA; \(A+ B) = \A + \B.
(MS) (AA)(uB) = A(A(uB)) = (Au)(AB).

BATIE M, (R) BN R 1 n M %8 X 4
5. WkeZt, AcM,(R). MRIEFRIELGEEE, HA1E X

Aﬁ:é;é.

k

A AY— B ATEBEE AFAL — ARTORD AR — (AR

B 7.1 % A, B e M,(R). &7 (A+B)* 4 (A+B)(A—DB).
fit. (A+B)>=(A+B)(A+ B)= A>+ AB + BA + B2,
(A+ B)(A— B) = A>+ BA— AB — B,

RHY% AB = BAW, £MTH

(A+B)* = A°+2AB+B* #= (A+B)(A-B)= A>-DB?

4



EMX 7.2 % A e M(R). 2o A = A, WA A &R
g, 4m X A = —A, WA A ZRIFRFEFE. = R G 12
keZ 1843 AF = 0. N A RBEZEHME. o A2 = A,
M AR A R RESEFE P,

EE 7.3 %A = (a;;) € Mu(R). W] A AR Y HALY
aij = aj;, 4,7 € {1,2,...,n}. @ A#IFARL LY
ai; =08 a;;=—a;;, ¥ ije{l,2,...,n} Li#j &
IRIIER THRAARG L L F 4T

A= A= A+ A"'=0

<~ a;;j+a; =0, 47€{l,2,....,n}

< 2a,;=0,a,;+a;; =0, i, €{1,2,...,n},i #j

<~ a;;=0,a,;+a;; =0, i, €{1,2,...,n}k,i#75 (2#0).

5] 7.4 %
010 100
A=1001 Ff2e B=101°4
00 0 09 0

TH#ZRIE ARFRENF B RFEF.

5 7.5 % A =diag(\i,..., ). B AP =diag(\}, ... AF).

R 1



5l 7.6 ik

a ¢

0 b

A:

SiEEneEN, HH A
fih. 288 AV =E, = Al = A, &A1+ H

o fec)fee)_ a’ c(a+b)
0 b 0 b 0 v
Fr
i a® cla+b)\ [ac) [d cla®+ab+ D)
0 b 0 b 0 b?

T @ &AVER: H n > 06,

a" cd,

An = ,
0 b

;i;? d — E:z O(ﬁbn 1— z
Ln=123_ELmz. En>3HLn—1R%Z®
B 2. ]

An_ gmig a" v oed, ac| _ a" ca" '+ cbd,_,
(I 0 b 0 b"
m
n—2 . . n—1 . A
ca” '4-ebd,_1 = c(a” b Z a'b" ) = CZ a' " = cd,.
i=0 i=0

6



2oy A

HBAVT VAR B T Ie 25 R B R

a” canjgn a” nca !
A" = @ ,a#£b Fr A" = ,a=Dh.
0o b 0 a”

FELE XEOET n=108%H.

7.2 X|MATZESHILTT

2 =B U6 6.19 /T 0, XF A, B € M,(R),
rank(AB) 7] Bg A& T rank(BA). # 5 2, B T 5%
PR RAT A

EX 7.7 % A= (a;;) € M,(R). EAAR Y 1 a,; 2 AW
A (trace). iTA tr(A).
A EBEUE: YMEE o, 8 € R, A, B € M,(R),
tr(aA + BB) = atr(A) + Str(B).
Rl 7.8 % A= (a;;),B = (b;) € M,(R). 1
tr(AB) = tr(BA).

BB, WO = (c;j) = ABHAI D = (d; ;) = BA. 1|

n n
Cii = g az’,kbk,z’ Al dz’,z’ — E bi,kak,i-
k=1 k=1

7



) 7.9 iEBA: S1EFE A B e M,(R), AB— BA+E.
IEBH. &AM A tr(AB — BA) = tr(AB) — tr(BA) = 0 (%
A 7.8). fatr(E)=n>0. % AB— BA#FE. [

ENX 7.10 % C € M,(R). e E3i£& A € M,(R), &N
A AC = CA. WA C —HLTT.

FE 711 % CeM,[R). MCAFSALYEARE C 2
R 4B %

N TUEMIEEA D e R BORAERE, BAIT7 2 MR 5 HL

3138 7.12 (MEL3IE) k& i, j e {1,... k), & B
RAEIAT IR AEZEFT |, A CLEAF TRG K
o5 . xEF A e R,

O(i—l)xn
(m) 4 _ T (n) _ neG
El}]' A= Aj 7&? AE@',j = (Omx(j—l)a A( ), Omx(n—j))-
O(m—i)xn



B, RIEIIFERIE AR, AE") FRE j SIS 0,
s 5IR Ae;=AW . s AR, BT %

(B A) = AEY = (O, (i-1)s AL, Opc(omi)-

i,]
X E R B A 2
O(i—1)xn
(EZ(’T)A) - (Onx(i—l)a A§7 Onx(m—i)>t — gj
O(m—i)xn

H AL O
I 711 8E. #C = AE. N MHER A € M,(R),
CA=) H AC =)A. i CA = AC.
&Z, :& C = (C@'J’) c MH(R> I%EP‘B‘fD X‘—J"ff%z: Z,] c
{1,....,n}, BYC =CE". T4#
O(i—1)xn

—

Cj - (Onx(j—l)a 6(2)7 Onx(n—j))-
O(n—i)xn

b i 2 A 66 B T 55 4 AT R0, 2 e £ B, ¢ = 0; 24
k= J Hj‘, Cjj — Cij- ﬂ:IElL:, C %é&%%ﬁ@ [
7.3 AT

EX 713 % A e M,(R). % A% B e M,(R) #% /%
9



AB = BA=FE, W& AZAWHFE Ly, BARA A6
— TR R

EIE 7.14 X Ae M,(R). W AT L HAXY Ak

EBA. W B € M,(R) ffif§ AB = E. R € 6.25 (i),
rank(A) > rank(F) = n. # rank(A) =

Rz, W AR WXHMERE b € R", Ax = b (5
TR IR 43). v, & TR Ax = e; B,
7=1,2,....,n. & B=(vy,...,v,). N

AB = (AVl,...,AVn) = (el,...,en) = F.

5% — 25 5% =9k 3.15, rank(A?) = n. B R A] F0A7
£ C e M,(R) 1§ AC =FE. Wi C'A=FE (WE _ZEFEN
Pramal 6.23). LIS H, CTAB = B. M\,

C'(AB)=C'E =C"=
FABE BA=F. T, Anli O

ERR 715 B R AT AR A BRAIEA ST R A

T WAEEBcM,R) %% BA=AB=FE. &3

Ga,op HAK R Bl 8 F&gdgt. TR, ga0¢p = dp #=

dpods = op. BH op BRI ML, ATA ¢y ZIGT. 3K
Akt (F_FHWB3aAR 6.10 (11)).

10



RZ, Bl ayer AR 285 ¢ ARG, B %L FAEL
W The o7 RBMMA. KAE B My(R), 273
¢4 = op. BAFH pa0dp=dpH dpods=op TA,
AB=BA=F.

R 7.16 #EF AcM,(R) T#E£ L B L A& BeM,(R)
% AB=F & BA=FE.

JEBH. XN AB = E 8, BA = E #nJ#EH A k. O

SFEER 717 EARE AT URES = F =i 515
e XRAEAA ¢y R — R ZFHY BYCRHSH
L BHAXY ¢ & WA

R 7.18 X A€ M, (R). 4% A T, N G —094E
% BeM,(R)#/F AB=FE & BA=E.

kB, W B,C € M,(R) 13 AB=FEfl AC = F. H &
fEWR AT A, fF4E D € M, (R) i3 DA =E. #8 DAB = D.
MIill B =D. K C = D. A1E% B = C. %4
WRLAE. O

HT R HE R RS0, AT 00 R A 20 P — 1. JRATTHE AT
WRERE A FREREIC N A AT 0 B (1380 F e — 1k th T
LA EH XU 390 HE— P L et (38 — 328 — U 4.13).

Rl 7.19 % A, B € M,(R) #R*T 1. 0
11



(i) AB 7Ti# H ¢ yi# %2 B~1A°L,
(ii) A7t T wegiEE (A7) = A
(i) A" 7T B H & (AN

k. (i) AB(B'A™) = ABBB YA '= AEA' = E. 3§
AR 3G3E (B'A")AB = E.

(i) XRFHNAATT = ATTA=E.

(i) FHEE 2 2 DY pHar 6.23 A 0,

At(A—l)t _ (A—lA)t _ Et

[
&

Ffldh, (A A =FE. O

iiﬁg 7-20 ’L‘*ép\;@qj%#/]\é*i@;%]ﬁ‘im H%gd_éﬁ%—o
RILRAR (35 —F 8 =G .14 (i), 723 = A5
M A —F e A 4.1 (i)

i) 7.21 &£ Ae M,(R). M&MTA4E Ax=Db#H <% H
Y AT, I TCHE—fFLZ x=A"b.

i 7.22 % Ae M,(R) ZE. iE¥H E— A T,
IR, i AF =F, A9 k>0, 0

E=FE-A"=(E-AE+A+- .-+ A

H(E—A) ' =FE+A+ -+ AL O
12



B 7.23 X A e M,R) ZE. iE#: R A TiE, N
A=E.

B, BN A2 = A BBl A(A - E) = 0. HEH 6.25 (i),
rank(A) + rank(A — E) —n < 0.
R € 7.14, rank(A) = n. T /&, rank(A — F) = 0. #

A=FE U

7.4 Zxf

_‘L&

0 1
A= (1 1) EMQ(R)

WERH: Xfm e ZT,

Am: fm—l fm ’
fm fm—i—l

:/H\:EF[ fO — 07f1 — 17f2 - 17fm+1 - fm—|—fm—1'

GEW. m o= LI, SRR Bem > 1 Hom — 1 SR

13



Ryl

Am:Am_lA: fm—2 fm—l 01
fm—l fm 11

_ fm—l fm—1‘|‘fm—2 _ fm—l
fm fm+fm—1 fm
i
)\1:1+\/57 >\2:1_\/5
2 2
il
_ N 1
B — 5) 5)
(\/5A1 ﬁ)
AHETHE

|



Zil

\V?S)\l/\z()w — A1) (A =N
VERE MHTE O € My(R),

(B'CB)" =B7'C"B.

A™ = Bl diag( A\, A" B.

(\/ BAT ——Am) B® = ?()\T — ).

T7&, Fibonacci J7 411 A TE A2
i Ve ((1+v5) [1-vB\"
m 5 2 - 2 .

EEE
f():oafl:17f2:17f3:27f4:37"'7f10:557
15




fs0 = 12586269025.
BN W

Y R YAy
#&C?qm55>mw<1;5>

28 Fibonacci 751

Jo=0, fi=1, fo=1, fu1=fm + -1,
%Jﬂ/\ﬁ

() ()

\ 7

A

--(5)

A\ 7

WA 5

8 FEMERFIFEFEM

ENX 81 % A BecR™" 4R G MU TEFTE P Fo
n U T 7 Q113 A= PBQ. WA AL B HIZ2A4).
ifﬂ‘@ ANe B.

il

16



BATRIGIE ~, ZEM KR AR A € R, BATEH
A=FE,AE, T/& A~,A HKME-T.

% B e R 2 A ~, B. WIELE m My ] 35 [
Bl n Bhal i ik Q 15 A = PBQ. Wl B = P1AQ .
W B~ A STRRYERROT

wCeR™ H A~, BM B ~,C. WAFLE m WA
JiFE P A n B AT T B Q 1643 A = PBQ M B = SCT.
WA= (PS)C(TQ). B AR5 B R v 188 Ry BA
A~ O ARIBYERLAL.

ATk A
EIE 8.2 XA BeR™™ M A~,B%HAAY

rank(A) = rank(B).
U, BAT T R R SR R R S5 AR
ENX 8.3 ki, je{l,2,...,n}

(i) P RIEE, 5 i 7422 j 17 5 440 13 5] 8 56 15
M Z Ay B — R E .
(i) L a e REi#j. M F(a) R E, &% j T8k
o B B i ATIFEGFETE . AR A B RIS
(iii) A€ REX£0. 1 F"(\) &de B, % i 785k
N\ AR B0 4E 5. AR B SRR R
17



X = RIEFELARA n W55 4ETE

TA AT LU HE TSI (51 E 7.12) o SRR B R
WIS BRI T

(n) (n) (n) (n) (n)
Iy = by — By — By + By + By (1)
(n) . (n)
Fi,j () = E, + OzEw- , (2)
1
(n) - (n)
Fz',j (@) = E, + (A — 1)Em : (3)

wAeR™™ WY (1),
FMA=A-BWA-EWA+E™AL B A

HRA 5132 7.12, FVA RAE A H i, 5 BT XA B I SE R
RIE (2),
F(a)A=A+aBETA.

FIFE, F () A S0 A G AT o JEINEI S ¢ 17733
PIRERE. MR (3),
FMNA=A+(\—1ETA.

TS A SR i 787 A HOKERE.
KM, AR AF" () I AF(N) 5B A

i, PIAT R, S8 A R BB LA o SNBSS 5 41, AIHE A
Fr2 @ FIIE IR N 515 B R R
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