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5) 8.3 ����y (F
(n)
i,j )

2 = En, F
(n)
i,j (α)F

(n)
i,j (−α) =

En, Ú F
(n)
i (λ)F

(n)
i (λ−1) = En. �Ð�Ý
Ñ´�_�, �

§��_�´Ð�Ý
.

Ún 8.4 (�ÉÚn) � A ∈ Rm×n. K�3�_Ý


P ∈ Mm(R)Ú Q ∈ Mn(R), Ù¥ P Ú QÑ´Ð�Ý
�

¦È, ¦�

PAQ =

 Er Or×(n−r)

O(m−r)×r O(m−r)×(n−r)

 ,

� rank(A) = r.

y². �â1�Ù1�ù·K 2.3Ú1naÐ�1C�,

�3eZ�m�Ð�Ý
, ¦�§��È P ÷v

PA =



0 · · · 0 1 ∗ · · · ∗ ∗ ∗ · · · ∗ ∗ ∗ · · · ∗
0 · · · 0 0 0 · · · 0 1 ∗ · · · ∗ ∗ ∗ · · · ∗

... ... ... ... ... ... . . . ... ... ...

0 · · · 0 0 0 · · · 0 0 0 · · · 0 1 ∗ · · · ∗
0 · · · 0 0 0 · · · 0 0 0 · · · 0 0 0 · · · 0

... ... ... ... ... ... ... ... ... ...

0 · · · 0 0 0 · · · 0 0 0 · · · 0 0 0 · · · 0


,
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Ù¥�k r1�". K�3eZ� n�1�aÐ�Ý
,

¦�§��ÈQ1÷v

PAQ1 =



1 ∗ · · · ∗ ∗ ∗ · · · ∗ ∗ ∗ · · · ∗
0 1 · · · ∗ ∗ ∗ · · · ∗ ∗ ∗ · · · ∗
... ... ... ... ... . . . ... ... ...

0 0 · · · 0 1 ∗ · · · ∗ ∗ ∗ · · · ∗
0 0 · · · 0 0 0 · · · 0 0 0 · · · 0
... ... ... ... ... ... ... ... ...

0 0 · · · 0 0 0 · · · 0 0 0 · · · 0


,

?�3eZ� n�1�aÐ�Ý
, ¦�§��È Q2

÷v

PAQ1Q2 =



1 0 · · · 0 0 0 · · · 0 0 0 · · · 0
0 1 · · · 0 0 0 · · · 0 0 0 · · · 0
... ... ... ... ... . . . ... ... ...

0 0 · · · 0 1 0 · · · 0 0 0 · · · 0
0 0 · · · 0 0 0 · · · 0 0 0 · · · 0
... ... ... ... ... ... ... ... ...

0 0 · · · 0 0 0 · · · 0 0 0 · · · 0


.

2- Q = Q1Q2 =�, ù´Ï�Ð�Ý
�È7,�_.

�â1�Ù1ÊùíØ 6.27, rank(A) = r. �

1�Ù1Êù½n 8.2�y². � A,B ∈ Rm×n. X

J A ∼e B, K�3�_Ý
 P ∈ Mm(R)Ú Q ∈ Mn(R)¦
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� A = PBQ. K1�Ù1ÊùíØ 6.27%¹ rank(A) =

rank(B).

��, � rank(A) = rank(B). P� r. �âÚn 8.4,

A ∼e

 Er Or×(n−r)

O(m−r)×r O(m−r)×(n−r)

 , B ∼e

 Er Or×(n−r)

O(m−r)×r O(m−r)×(n−r)

 .

�âD45, ·�k A ∼e B. �

íØ 8.5 û8 Rm×n/ ∼e�k min(m,n) + 1���. §�

��da´  Er Or×(n−r)

O(m−r)×r O(m−r)×(n−r)

 ,

r = 0, 1, . . . ,min(m,n).

y². �â1�Ù1ngùÂ~ 3.10, ?Ûm × n�Ý

��ÑØ�u min(m,n). u´, 1�Ù1Êù½n 8.2%

¹íØ. �

íØ 8.6 �_Ý
´Ð�Ý
�È.

y². � A ∈ Mn(R)�_. K rank(A) = n (1�Ù1Ê

ù½n 7.14). �â1�Ù1Êù½n 8.2, �3�_Ý


P,Q ∈ Mn(R), Ù¥ P ÚQÑ´Ð�Ý
�¦È, ¦�

PAQ = E =⇒ A = P−1Q−1.

3



Ï�Ð�Ý
�_E´Ð�Ý
, ¤± P−1Q−1�´Ð�

Ý
�È(1�Ù1Êù·K 7.19 (i)). �

9 Ý
¦_

Ún 9.1 � A ∈ Rm×s, B ∈ Rs×n. �

B = (B1, . . . , Bk),

Ù¥ B` ∈ Rs×n`, ` = 1, . . . , k. K

AB = (AB1, . . . , ABk).

y². d��þ¦Èúª(1�Ù1où5) 6.17 (ii))

AB = (A~B(1), . . . , A ~B(n)).

�

AB =

A( ~B(1), . . . , ~B(n1)
)

︸ ︷︷ ︸
B1

, . . . , A
(
~B(n1+···+nk−1+1), . . . , ~B(n)

)
︸ ︷︷ ︸

Bk

 . �

·K 9.2 � A ∈ Mn(R)�_, B = (A,En) ∈ Rn×2n, P ∈
Mn(R). XJ

PB = (En|Q),

K P = Q = A−1.
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y². dþãÚn��, PB = P (A,En) = (PA, P ). u

´, PA = En Ú P = Q. �â1�Ù1Êù·K 7.18,

P = A−1. �

�A�_. KA−1´eZÐ�Ý
C1, . . . , Ck�È(í

Ø 8.6). dþã·K��:

(C1 · · ·Ck)(A|En) = (En|A−1).

u´, é (A|En)�Ð�1C�7,�±r§�c n�|

¤�fÝ
z�ü Ý
,� n�|¤�fÝ
Ò´ A−1.

~ 9.3 �

A =


0 2 0

1 1 −1
2 1 −1

 .

O� A−1.
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). ·�O�

(A|E)
F1,2−→


1 1 −1 | 0 1 0

0 2 0 | 1 0 0

2 1 −1 | 0 0 1


F3,1(−2)−→


1 1 −1 | 0 1 0

0 2 0 | 1 0 0

0 −1 1 | 0 −2 1


F2(

1
2)−→


1 1 −1 | 0 1 0

0 1 0 | 1
2 0 0

0 −1 1 | 0 −2 1


F3,2(1)−→


1 1 −1 | 0 1 0

0 1 0 | 1
2 0 0

0 0 1 | 1
2 −2 1


F1,2(−1)−→


1 0 −1 | −1

2 1 0

0 1 0 | 1
2 0 0

0 0 1 | 1
2 −2 1


F1,3(1)−→


1 0 0 | 0 −1 1

0 1 0 | 1
2 0 0

0 0 1 | 1
2 −2 1

 .

u´,

A−1 = F1,3(1)F1,2(−1)F3,2(1)F2(
1

2
)F3,1(−2)F1,2.
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,�«~��Ý
¦_���{Xe: �A ∈ Mn(R).
� k´�����ê¦� A0, A1, . . . , Ak 3 Rþ“�5�

'”. =�3 α0, α1, . . . , αk ∈ R� αk 6= 0¦�

αkA
k + · · · + α1A + α0E = O. (1)

·�keã(Ø:

·K 9.4 |^±þPÒ, K A�_��=� α0 6= 0. d

�

A−1 = −α−10 (α1E + · · · + αkA
k−1).

y². � α0 6= 0. d (1)��,

A(α1E+· · ·+αkA
k−1) = −α0E =⇒ A (−α−10 )(α1E + · · ·+ αkA

k−1)︸ ︷︷ ︸
B

= E.

u´, A�_� B = A−1 (1�Ù1Êù·K 7.18).

��, � A�_. b� α0 = 0. K

A(αkA
k−1 + · · · + α2A + α1E) = O.

üýÓ¦ A−1��

αkA
k−1 + · · · + α2A + α1E = O.

Ï� αk 6= 0, ·���� k�4�5�gñ�(J. �
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~ 9.5 �

An =



1 −1 −1 · · · −1 −1
−1 1 −1 · · · −1 −1
... ... ... . . . ... ...

−1 −1 −1 · · · 1 −1
−1 −1 −1 · · · −1 1


.

(½ An´Ä�_¿��_�O� A−1n .

). 5¿� EnÚ An3 Rþ“�5Ã'”. O�

A2
n =



1 −1 −1 · · · −1 −1
−1 1 −1 · · · −1 −1
...

...
... . . . ...

...

−1 −1 −1 · · · 1 −1
−1 −1 −1 · · · −1 1





1 −1 −1 · · · −1 −1
−1 1 −1 · · · −1 −1
...

...
... . . . ...

...

−1 −1 −1 · · · 1 −1
−1 −1 −1 · · · −1 1



=



n n− 4 n− 4 · · · n− 4 n− 4

n− 4 n n− 4 · · · n− 4 n− 4
...

...
... . . . ...

...

n− 4 n− 4 n− 4 · · · n n− 4

n− 4 n− 4 n− 4 · · · n− 4 n



=


(2n− 4)− (n− 4) n− 4 · · · n− 4

n− 4 (2n− 4)− (n− 4) · · · n− 4
...

... . . . ...

n− 4 n− 4 · · · (2n− 4)− (n− 4)


= (2n− 4)En − (n− 4)An.

·���A2
n+ (n− 4)An− (2n− 4)En = O. d·K 9.4�
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�, A2Ø�_� n 6= 2�, An�_. d�,

A−1n =
1

2n− 4
(An + (n− 4)En).

10 Ý
©¬

10.1 Ä�úª

Ún 10.1 � A ∈ Rm×sÚ B ∈ Rs×n. -

A =


A1

...

Ap

 , B =
(
B1, . . . , Bq

)
.

K AB = (AkB`)p×q.

y². äóµ

AB =


A1B
...

ApB

 .

äó�y². �âÚn 9.1. ·�O�

(AB)t = BtAt = Bt(At
1, . . . , A

t
p) = (BtAt

1, . . . , B
tAt

p).

u´,

AB = (BtAt
1, . . . , B

tAt
p)
t =


(BtAt

1)
t

...

(BtAt
p)
t

 =


A1B
...

ApB

 .
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äó¤á.

ddÚÚn 9.1��,

AB =


A1B
...

ApB

 =


A1(B1, . . . , Bq)

...

Ap(B1, . . . , Bq)

 =


A1B1 . . . A1Bq

... . . . ...

ApB1 . . . ApBq

 . �

Ún 10.2 � A ∈ Rm×sÚ B ∈ Rs×n. -

A = (A1, . . . , Ak) B =


B1

...

Bk

 ,

Ù¥ Ai ∈ Rm×si, Bi ∈ Rsi×n, i = 1, 2, . . . , k. K

AB = A1B1 + · · · + AkBk.

y². � A = (ai,`)m×sÚ B = (b`,j)s×n.

k�Ä k = 2��/. -

C = (ci,j)m×n = AB Ú D = (di,j)m×n = A1B1 + A2B2.

Ké?¿ i ∈ {1, . . . ,m}, j ∈ {1, . . . , n},

di,j =

s1∑
`=1

ai,`b`,j +

s1+s2∑
`=s1+1

ai,`b`,j =
s∑
`=1

ai,`b`,j = ci,j.

(Ø¤á.
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� k > 2�(Øé k − 1¤á. P

Ã = (A1, . . . , Ak−1), B̃ =


B1

...

Bk−1

 .

K Ã ∈ Rm×(s−sn), B̃ ∈ R(s−sn)×n. u´

AB = ÃB̃ + AkBk = A1B1 + · · · + Ak−1Bk−1 + AkBk,

Ù¥1���ª5g k = 2��(Ø, 1���ª5g8

Bb�. �

½n 10.3 � A ∈ Rm×sÚ B ∈ Rs×n. -

A =


A1.1 · · · A1,k

... . . . ...

A`,1 · · · A`,k

 B =


B1,1 · · · B1,p

... . . . ...

Bk,1 · · · Bk,p

 ,

Ù¥ Ai,q ∈ Rmi×sq, Bq,j ∈ Rsq×nj , i = 1, 2, . . . , `, j =

1, 2, . . . , p, q = 1, . . . , k. K

AB =

 k∑
q=1

Ai,qBq,j


1≤i≤`,1≤j≤p

.

y². �

Ai =
(
Ai,1, . . . , Ai,k

)
, i = 1, . . . , `, Bj =


B1,j

...

Bk,j

 , j = 1, . . . , p.
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�âÚn 10.1,

AB =


A1

...

A`

 (B1, . . . , Bp) = (AiBj)1≤i≤`,1≤j≤p.

�âÚn 10.2,

AiBj =
(
Ai,1, . . . , Ai,k

)
B1,j

...

Bk,j

 =

k∑
q=1

Ai,kBk,j. �

~ 10.4 �©¬é�Ý


A =


D1 O · · · O

O D2 · · · O
... ... . . . ...

O O · · · Dk

 ∈ Mn(R),

Ù¥ Di ∈ Mni(R), i = 1, 2, . . . , k. Ké?¿m ∈ Z+,

Am =


Dm

1 O · · · O

O Dm
2 · · · O

... ... . . . ...

O O · · · Dm
k

 .

~ 10.5 �©¬é�Ý


P =

M O

O N

 ∈ Mm(R),
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Ù¥M ∈ Mp(R), N ∈ Mq(R), p + q = m. �

A =

A1,1 A1,2

A2,1 A2,2

 ∈ Rm×n,

Ù¥ A1,1k p1, A2,2k q1. K

PA =

MA1,1 MA1,2

NA2,1 NA2,2

 .

aq/, �

Q =

S O

O T

 ∈ Mn(R),

Ù¥ S �1ê� A1,1 ��ê�Ó, T �1ê� A2,2 ��

ê�Ó. K

AQ =

A1,1S A1,2T

A2,1S A2,2T

 .

~ 10.6 � A ∈ Rm×n, B ∈ Rm×k. 2� X ´ n × k �

���Ý
. y²: Ý
�§ AX = B k)��=�

rank(A) = rank(A,B).

y². Ý
�§ AX = B �du

(A ~X(1), · · · , A ~X(k)) = ( ~B(1), . . . , ~B(k)).

= k��5�§|

A ~X(1) = ~B(1), . . . , A ~X(k) = ~B(k). (2)
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� AX = B k). K (2)¥��5�§|Ñk). �

â1�Ù1nù½n 4.1,

rank((A| ~B(j))) = rank(A), j = 1, . . . , k.

u´, dimVc(A) = dimVc((A| ~B(j))). Ï�

Vc(A) ⊂ Vc((A| ~B(j))),

¤±1�Ù1�ù·K 2.13%¹X

Vc(A) = Vc((A| ~B(j))).

·�k ~B(j) ∈ Vc(A), j = 1, . . . , k. u´, Vc(A) = Vc((A,B)).

l, rank(A) = rank((A,B)).

��, � rank(A) = rank((A,B)). K

dimVc(A) = dimVc((A,B)).

qÏ� Vc(A) ⊂ Vc((A|B)), ¤± Vc(A) = Vc((A|B)). �

~B(j) ∈ Vc(A), j = 1, 2, . . . , k. dd�Ñ

rank((A| ~B(j))) = rank(A), j = 1, . . . , k.

� (2)¥��5�§|Ñk).

A^�ÉÚn�, e�úª´k^�. Ùy²´Ún 10.1

�{üA^. Er Or×p

Oq×r Op×q

 =

 Er

Oq×r

 (Er, Or×p). (3)
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~ 10.7 (Ý
¦{©)) � A∈Rm×n� rank(A)=r>0. K

A = BC

Ù¥ B ∈ Rm×rÚ C ∈ Rr×n.

y². �âÚn 8.4Ú (3), �3 m��_Ý
 P Ú n�

�_Ý
 Q¦�

PAQ =

 Er Or×(n−r)

O(m−r)×r O(m−r)×(n−r)

 =

 Er

O(m−r)×r

 (Er, Or×(n−r)).

u´,

A = P−1

 Er

O(m−r)×r


︸ ︷︷ ︸

B

(Er, Or×(n−r))Q
−1︸ ︷︷ ︸

C

.

10.2 Ý
��£Ø¤�ª

Ún 10.8 �Ý
M äk±eo«©¬/ª��A O

C B

 ,

A C

O B

 ,

C A

B O

 ,

O A

B C

 .

K rank(M) ≥ rank(A) + rank(B)�� C = O��Ò¤á.

y². ùo«/ª�±ÏL1�aÐ�C�Ú=�p�=

z. Ï�Ð�C�Ú=�ØUCÝ
��, ¤±Ø�b�

M =

A O

C B

 .
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� A ∈ Rm×nÚ B ∈ Rk×`. � ~A(1), . . . , ~A(p)´ Vc(A)��

|Ä, ~B(1), . . . , ~B(q)´ Vc(B)��|Ä.

äó. ��þ ~M (1), . . . , ~M (p), ~M (n+1), . . . , ~M (n+q) �5Ã

'.

äó�y². � α1, . . . , αp, β1, . . . , βq ∈ R¦�

α1
~M (1)+ · · ·+αp ~M (p)+β1 ~M

(n+1)+ · · ·+βq ~M (n+q) = 0m+k.

K

α1

 ~A(1)

~C(1)

+· · ·+αp

 ~A(p)

~C(p)

+β1

 0m

~B(1)

+· · ·+βq

 0m

~B(q)

 =

0m

0k

 .

u´§α1
~A(1) + · · · + αp ~A

(p) = 0m. � α1 = · · · = αp = 0.

? β1 ~B
(n+1) + · · · + βq ~B

(n+q) = 0k. � β1 = · · · = βq = 0.

äó¤á.

däó��, rank(M) ≥ p + q = rank(A) + rank(B).

� C = Ok×n. � j ∈ {1, . . . , n}�,

~M (j) =

 ~A(j)

0k

 =⇒ ~M (j) ∈ 〈 ~M (1), . . . , ~M (p)〉.

aq/, � j ∈ {n + 1, . . . , n + `}�,

~M (j) ∈ 〈 ~M (n+1), . . . , ~M (n+q)〉.

�âäó, rank(M) = p + q = rank(A) + rank(B). �
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íØ 10.9 �þãÚn¥ AÚ B ´�_�
, KM �´

�_�
.

y². � A ∈ Mm(R)Ú B ∈ Mn(R). KM ∈ Mm+n(R).
K rank(M) ≤ m + n (1�Ù1nù~ 3.10). dþãÚn,

rank(M) ≥ m + n. � rank(M) = m + n. u´, M �_(1

�Ù1Êù½n 7.14). �

~ 10.10 � A ∈ Rm×sÚ B ∈ Rs×n. y²

rank(AB) ≥ rank(A) + rank(B)− s.

y². ��y rank(AB) + s ≥ rank(A) + rank(B). �

M =

AB O

O Es

 ∈ R(m+s)×(n+s).

�âÚn 10.8, rank(M) = rank(AB) + s. ·�O�

N :=

Em A

O Es

M =

Em A

O Es

AB O

O Es

 =

AB A

O Es

 ,

P := N

En O

−B Es

 =

AB A

O Es

En O

−B Es

 =

 O A

−B Es

 .

Ï�Ý
¦{Ø�UO\�, ¤± rank(M) ≥ rank(P ).

dÚn 10.8�Ñ,

rank(M) ≥ rank(A) + rank(−B) = rank(A) + rank(B).
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~ 10.11 (Sylvester�ª) � A∈Rm×n, B∈Rn×m. y²:

rank(Em + AB) + n = rank(En +BA) +m.

y². �

M =

Em + AB O

O En

 ∈ Mm+n(R).

·�O�

N :=

Em A

O En


︸ ︷︷ ︸

C1

M =

Em + AB A

O En

 ,

P := N

Em O

−B En


︸ ︷︷ ︸

C2

=

Em A

−B En

 ,

Q :=

Em O

B En


︸ ︷︷ ︸

C3

P =

Em A

O En +BA

 ,

R := Q

Em −A
O En


︸ ︷︷ ︸

C4

=

Em O

O En +BA

 .

5¿� C1, C2, C3, C4 ∈ Mm+n(R)�Ún 10.8%¹

rank(Ci) ≥ rank(Em) + rank(En) = m + n.
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� C1, C2, C3, C4Ñ÷�. �â1�Ù1ÊùíØ 6.27,

rank(M) = rank(R).

2dÚn 10.8��,

rank(M) = rank(R) =⇒ rank(Em+AB)+n = rank(En+BA)+m.
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