
1nÙ 1�ª

3.2 ©¬Ý
�1�ª

½n 3.1 � A ∈ Mm(R), B ∈ Mn(R)Ú C ∈ Rm×n. K

det

A C

O B

 = det(A) det(B).

y². (Ý
�) ém8B. �m = 1�, U1��Ðm�

det

A C

O B

 = det

a c1, . . . , cn

O B

 = a det(B).

(Ø¤á. �m > 1� A´m− 1��
�(Ø¤á. �

A = (ai,j)m×m. K

det

(
A C

O B

)
=



a1,1 a1,2 · · · a1,m

a2,1 a2,2 · · · a2,m
...

... . . . ...

am,1 am,2 · · · am,m

C

O B


= a1,1A1,1 det(B) + a2,1A2,1 det(B) + · · ·+ am,1Am,1 det(B)

(U1��Ðm¿|^8Bb�, Ù¥ Ai,j �L A��ê{fª)

= (a1,1A1,1 + a2,1A2,1 + · · ·+ am,1Am,1) det(B)

= det(A) det(B). �
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(N��) r1�ª

det

A C

O B


w¤'u A���m�5�é¡¼ê. =½Â:

f : Rm × · · · × Rm︸ ︷︷ ︸
m

−→ R

(
~A(1), . . . , ~A(m)

)
7→ det

A C

O B

 .

d1nÙ1�ù�ª (4)��, f ( ~A(1), . . . , ~A(m)) = w det(A),

Ù¥ w = f ( ~E
(1)
m , . . . , ~E

(m)
m ). d f �½Â��ÚU1��

Ðm(mg), ·���

w = f ( ~E(1)
m , . . . , ~E(m)

m ) = det

Em C

O B

 = det(B).

�

f ( ~A(1), . . . , ~A(m)) = det(A) det(B) = det

A C

O B

 . �

~ 3.2 O�

D =

∣∣∣∣∣∣∣∣∣∣∣

0 0 1 2

3 4 5 6

0 0 7 8

9 10 11 12

∣∣∣∣∣∣∣∣∣∣∣
.
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).

D = −

∣∣∣∣∣∣∣∣∣∣∣

9 10 11 12

3 4 5 6

0 0 7 8

0 0 1 2

∣∣∣∣∣∣∣∣∣∣∣
= −

∣∣∣∣∣∣9 10

3 4

∣∣∣∣∣∣
∣∣∣∣∣∣7 8

1 2

∣∣∣∣∣∣ = −36.

íØ 3.3 � A ∈ Mm(R), B ∈ Mn(R)Ú C ∈ Rm×n. K

det

C A

B O

 = (−1)mn det(A) det(B).

y². rfÝ
 A
O


¥�1��Å��c n�éN, ,�r1���§c¡�

n�Å�éN, ... . ²Lmng�éN�, ·���Ý
A C

O B

 .

u´

det

C A

B O

 = (−1)mn det

A C

O B

 = (−1)mn det(A) det(B),

Ù¥�����ª5g½n 3.1. �
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3.3 ¦{½n

½n 3.4 � A,B ∈ Mn(R). K

det(AB) = det(A) det(B).

y². (Ý
{) XJ A½ BØ÷�, K AB�Ø÷�( 1

�Ù1où½n 6.25 (i)). � det(AB) = 0 (1nÙ1�ù

½n 2.14). Ón det(A) det(B) = 0. �½n¤á.

äó. � C,M ∈ Mn(R)� C ´Ð�Ý
. K

det(CM) = det(C) det(M) = det(MC).

äó�y². � C = Fi,j. XJ i = j, K C = E. äów,

¤á. XJ i 6= j. K det(CM) = det(MC) = − det(M). 

det(C) det(M) = − det(M). äó�¤á.

� C = Fi,j(α), i 6= j. K det(CM), det(MC) Ú

det(C) det(M)Ñ�u det(M). �äó¤á.

�C = Fi(λ). K det(CM), det(MC)Ú det(C) det(M)

Ñ�u λ det(M). äó¤á.

�Ý
 A÷�. K�3Ð�Ý
 C1, C2, . . . Cp¦�

A = C1C2 · · ·Cp

(1�Ù1Êù½n 7.14Ú18ùíØ 8.6). däó��,

det(A) = det(C1) det(C2 · · ·Cp) = det(C1) det(C2) · · · det(Cp).
(1)
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aq/

det(AB) = det(C1(C2 · · ·CpB))

= det(C1) det(C2 · · ·CpB) (äó)

= det(C1) det(C2) · · · det(Cp) det(B)

= det(A) det(B) ((1)).

½n¤á.

(N�{) ½Â:

f : Rn × · · · × Rn︸ ︷︷ ︸
n

−→ R(
~B(1), . . . , ~B(n)

)
7→ det(A~B(1), . . . , A ~B(n)) = det(AB)

.

d1�ª�õ�5ÚÝ
¦{�©�Æ����y f

´õ�5�. 2�â1�ª��é¡5�� f �´�é

¡�. d1nÙ1�ù�ª (4)��,

f ( ~B(1), . . . , ~B(n)) = w det(B),

Ù¥ w = f (e1, . . . , en). �

w = det(AEn) = det(A).

u´, det(AB) = det(A) det(B). �

5) 3.5 dþã½n��,

det(BA) = det(B) det(A) = det(AB).
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� det(AB) = det(BA). =1�ª´'u�
¦{���

ØCþ.

~ 3.6 Ðm

D =

∣∣∣∣∣∣∣∣
1 cos(θ1) cos(2θ1)

1 cos(θ2) cos(2θ2)

1 cos(θ3) cos(2θ3)

∣∣∣∣∣∣∣∣ .
). d1�ª¦È½n, ·�k

D =

∣∣∣∣∣∣∣∣
1 cos(θ1) 2 cos(θ1)

2 − 1

1 cos(θ2) 2 cos(θ2)
2 − 1

1 cos(θ3) 2 cos(θ3)
2 − 1

∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣
1 cos(θ1) cos(θ1)

2

1 cos(θ2) cos(θ2)
2

1 cos(θ3) cos(θ3)
2

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
1 0 −1
0 1 0

0 0 2

∣∣∣∣∣∣∣∣ .
�D = 2(cos(θ3)−cos(θ1))(cos(θ3)−cos(θ2))(cos(θ2)−cos(θ1)).

~ 3.7 � A = ((αi + βj)
n−1)n×n. Ðm det(A).

). 5¿�

(αi + βj)
n−1 =

n−1∑
k=0

(
n− 1

k

)
αki β

n−1−k
j

= (

(
n− 1

0

)
α0
i ,

(
n− 1

1

)
αi, . . . ,

(
n− 1

n− 1

)
αn−1i )


βn−1j

βn−2j

...

β0
j

 .
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�

A =


(
n−1
0

) (
n−1
1

)
α1 · · ·

(
n−1
n−1
)
αn−11(

n−1
0

) (
n−1
1

)
α2 · · ·

(
n−1
n−1
)
αn−12

... ... . . . ...(
n−1
0

) (
n−1
1

)
αn · · ·

(
n−1
n−1
)
αn−1n




β
(n−1)
1 βn−12 · · · βn−1n

β
(n−2)
1 βn−22 · · · βn−2n

... ... . . . ...

1 1 · · · 1

 .

d1�ª�Ä�5�Ú¦È½n��,

det(A) = (−1)
n(n−1)

2

n−1∏
k=0

(
n− 1

k

) ∏
1≤i<j≤n

(αj − αi)(βj − βi).

3.4 ��Ý


� i, j ∈ {1, 2, . . . , n}. KroneckerÎÒ

δi,j :=

 0 XJ i 6= j,

1 XJ i = j
.

|^ KroneckerÎÒ, ü Ý
�±L«� (δi,j)n×n.

Ún 3.8 � A = (ai,j) ∈ Mn(R). K
n∑
k=1

ai,kAj,k = δi,j|A| Ú
n∑
k=1

ak,jAk,i = δi,j|A|,

Ù¥ Ai,j �L A'u1 i11 j ���ê{fª, i, j ∈
{1, 2, . . . , n}.
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y². � i = j�, (Ød1nÙ1�ù½n 3.3���Ñ.

� i 6= j. - B´r A¥1 j1�¤ ~Ai����Ý
. Ï

� B¥dü1�Ó, ¤± det(B) = 0. r BU1 j�Ðm,

2^1nÙ1�ù½n 3.3�Ñ

n∑
k=1

ai,kAj,k = det(B) = 0.

,���ª�ÏLé�?1aqö��Ñ. �

½Â 3.9 � A = (ai,j) ∈ Mn(R). Ý

A1,1 A2,1 · · · An,1

A1,2 A2,2 · · · An,2

... ... . . . ...

A1,n A2,n · · · An,n


¡� A���Ý
. P� A∨.

Ún 3.10 |^þãÎÒ, ·�k

A∨A = AA∨ = |A|E.

y². � A∨ = (bi,j)n×n. K A∨A¥ u1 i11 j�?�

��´

n∑
k=1

bi,kak,j =

n∑
k=1

Ak,iak,j = δi,j|A| (∵Ún 3.8).
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� A∨A = |A|En. aq/, AA∨¥ u1 i11 j �?�

��´

n∑
k=1

ai,kbk,j =

n∑
k=1

ai,kAj,k = δi,j|A| (∵Ún 3.8).

� AA∨ = |A|En. �.

½n 3.11 � A ∈ Mn(R)�_. K

A−1 =
1

|A|
A∨.

y². �âÚn 3.10, ·�k(
1

|A|
A∨
)
A =

1

|A|
(A∨A) =

1

|A|
|A|E = E.

d1�Ù1ÊùíØ 7.16, ½n¤á. �

5) 3.12 � A�_. K

A−1 =


A1,1

|A|
A2,1

|A| · · ·
An,1

|A|
A1,2

|A|
A2,2

|A| · · ·
An,2

|A|
... ... . . . ...

A1,n

|A|
A2,n

|A| · · ·
An,n

|A|

 .

Túª`²� A¥���Ñ´�ê�, A−1¥���Ñ´

± |A|�ú©1�knê.
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4 1�ª�A^

4.1 Cramer{K

½n 4.1 � A ∈ Mn(R) Ú b = (b1, . . . , bn)
t ∈ Rn. 2�

x = (x1, . . . , xn)
t´��ê�þ. K�§| Ax = b(½�

�=� A�_. d�, T�§|���)´

xi =
det( ~A(1), . . . , ~A(i−1),b, ~A(i+1), . . . , ~A(n))

det(A)
,

i = 1, 2, . . . , n.

y². ½n¥�7�¿©^�´1�Ù1nùíØ 4.3Ú

1Êù�½n 7.14���íØ.2�A�_. Kx = A−1b.

�â½n 3.11Ú5º 3.12,

xi =
1

|A|
(A1,i, . . . , An,i)b, i = 1, 2, . . . , n,

Ù¥ Ak,i´Ý
 A'u1 k1Ú1 i���ê{fª. 

(A1,i, . . . , An,i)b =

n∑
k=1

bkAk,i.

§´1�ª det( ~A(1), . . . , ~A(i−1),b, ~A(i+1), . . . , ~A(n)) U1 i

�Ðm�L�ª(1nÙ1�ù½n 3.3). �

5) 4.2 |^þã½n¥�ÎÒ§-

Ai = det( ~A(1), . . . , ~A(i−1),b, ~A(i+1), . . . , ~A(n)).
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K� A�_�, �§| Ax = b���)´

x1 =
det(A1)

det(A)
, . . . , xn =

det(An)

det(A)
.

Túª`²� A¥���Ú b¥��IÑ´�ê�, �

§|�)´± det(A)�ú©1�knê.

4.2 fªÚÝ
��

½Â 4.3 � A = (ai,j) ∈ Rm×n, i1, . . . , ik ∈ {1, . . . ,m}Ø
7üüØÓ, j1, . . . , jk ∈ {1, 2, . . . , n}�Ø7üüØÓ. K

1�ª

det


ai1,j1 ai1,j2 · · · ai1,jk
ai2,j1 ai2,j2 · · · ai2,jk
... ... . . . ...

aik,j1 aik,j2 · · · aik,jk


¡� A��� k�fª(minor). P�

MA

i1 i2 · · · ik

j1 j2 · · · jk

 .

~ 4.4 �

A =


1 2 3 4

5 6 7 8

9 10 11 12

 .
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K

MA

1 2

1 2

 = det

1 2

5 6

 , MA

2 1

3 4

 = det

7 8

3 4

 .

w,, XJ i1, . . . , ik ¥kü��Ó½ j1, . . . , jk ¥kü�

�Ó, KéA�fª�u".

½n 4.5 � A ∈ Rm×n�". Ke�·K�d.

(i) rank(A) = r;

(ii) A¥¤k�u r��fªÑ�u"��3�� r�

fª�";

(iii) A¥¤k r+ 1��fªÑ�u"��3�� r�f

ª�".

y². (i) =⇒ (ii) b�

MA

i1 i2 · · · ik

j1 j2 · · · jk

 6= 0

� k > r. Ø�� i1 < . . . < ikÚ j1 < . . . < jk. 2�

B = ( ~A(j1), . . . , ~A(jk)).

K

MB

i1 i2 · · · ik
1 2 · · · k

 =MA

i1 i2 · · · ik

j1 j2 · · · jk

 6= 0.
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� B ¥d1 i1, . . . , ik 1|¤�Ý
÷�(1nÙ1�ù

½n 2.14). u´, B ¥ i1, . . . , ik 1�5Ã'. ·���

rank(B) ≥ k. � rank(A) ≥ k. gñ. u´, A¥¤k�u r

��fªÑ�u".

� A¥1 `1, . . . , `r ��5Ã'. � C ´dù
�|

¤�fÝ
. K rank(C) = r. dÝ
�½n(1�Ù1�

ù½n 3.6),�3 C¥�5Ã'� r1. �� k1, . . . , kr1.

�â1nÙ1�ù½n 2.14,

MC

k1 k2 · · · kr
1 2 · · · r

 6= 0 =⇒ MA

k1 k2 · · · kr
`1 `2 · · · `r

 6= 0.

(ii) =⇒ (iii)w,.

(iii) =⇒ (i) b� rank(A) > r. K A¥�3 r + 1��

5Ã'. �ù
�´ ~A(j1), . . . , ~A(jr), ~A(jr+1)�ù
�|¤

�fÝ
´ P . K rank(P ) = r + 1. dÝ
�½n(1�Ù

1�ù½n 3.6)��, P ¥k r + 11�5Ã', �ù
1

´ ~Pi1, . . . ,
~Pir,

~Pir+1. K

MP

i1 · · · ir ir+1

1 · · · r r + 1

 6= 0 =⇒ MA

i1 · · · ir ir+1

j1 · · · jr jr+1

 6= 0.

gñ. � rank(A) ≤ r. XJ rank(A) < r, Kd “(i) =⇒
(ii) ” ��, A �¤k r �fªÑ�u". gñ. u´

rank(A) = r. �

13



~ 4.6 � A ∈ R(n−1)×n Ú x = (x1, . . . , xn)
t ´��ê�

þ. XJ rank(A) = n− 1, K

sol(Ax = 0) = 〈


|A1|
−|A2|

...

(−1)n−1|An|

〉,

Ù¥ Ai´ A�K1 i���� (n− 1)��
.

y². �

Bi =


~Ai

~A1

...

~An−1

 ∈ Mn(R), i = 1, 2, . . . , n− 1.

K det(Bi) = 0 (1nÙ1�ù1�ª�5� (S1)). é Bi

U1�1Ðm�

ai,1|A1|−ai,2|A2|+· · ·+(−1)(n−1)ai,n|An| = 0, i = 1, 2, . . . , n−1.

� (|A1|,−|A2|, . . . , (−1)n−1An)
t ´ Ax = 0 ���). Ï

� rank(A) = n− 1, ¤±

dim(sol(Ax = 0) = 1.

u´, ·���y² (|A1|,−|A2|, . . . , (−1)n−1An)
t �"=

�. �â½n 4.5, |A1|, . . . , |An|��k���".
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5) 4.7 ½n 4.5�Ñ
�«ÏL1�ªO�Ý
��

�{. T�{�,�Ç�$, �ØI�O��"¢ê�

_"ùéur�í2����þ�Ý
d�½�Ï.

4.3 \>fª{

\>fª{´O�Ý
¥���"fª����{.

§;�
¡Þ¤kfª.

½Â 4.8 � A ∈ Rm×n, i1, . . . , ik ∈ {1, . . . ,m}Ø7üü
ØÓ, j1, . . . , jk ∈ {1, 2, . . . , n}Ø7üüØÓ. fª

MA

i1 i2 · · · ik

j1 j2 · · · jk


�\>fª´�

MA

i1 i2 · · · ik p

j1 j2 · · · jk q

 ,

Ù¥ p ∈ {1, 2, . . . ,m}, q ∈ {1, 2, . . . , n}.

·K 4.9 � A = (ai,j) ∈ Rm×n�". K rank(A) = r��

=�e�ü�^�Ó�¤á:

(i) �3�� r��"fª;

(ii) Tfª�¤k\>fªÑ�u".
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y². XJ rank(A) = r,K^� (i)Ú (ii)Ñ¤á(½n 4.5).

�

N =MA

i1 i2 · · · ir

j1 j2 · · · jr

 6= 0.

é?¿ p ∈ {1, 2, . . . ,m}, q ∈ {1, 2, . . . , n}, �\>fª

MA

i1 i2 · · · ir p

j1 j2 · · · jr q

 = 0.

K

det


B

ai1,q
...

air,q

ap,j1,p, . . . , ap,jr ap,q

 = 0,

Ù¥B´fªNéA� r×r�fÝ
. AO/, det(B)=N .

rþã1�ªU���1Ðm�

α1,qap,j1 + · · · + αr,qap,jr + ap,qN = 0, (2)

Ù¥ α1,q, . . . , αr,q∈R� pÃ'. - p=1, 2, . . . ,m, (2)%¹

~A(q) = −α1,q

N
~A(j1) + · · · +

(
−αr,q
N

)
~A(jr).

� A¥�?¿��þÑ´ ~A(j1), . . . , ~A(jr)��5|Ü. d

d�� rank(A) ≤ r. 2�â^� (i)Ú½n 4.5, ·�k

rank(A) = r. �
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~ 4.10 �

A =


2 −1 3 −2 4

4 −2 5 1 7

2 −1 1 8 2

 .

O� A�� rÚ(½�� r���"fª.

). Äk,

MA

1

1

 = 2 6= 0.

§�\>fª

MA

1 2

1 2

 =

∣∣∣∣∣∣2 −14 −2

∣∣∣∣∣∣ = 0, MA

1 2

1 3

 =

∣∣∣∣∣∣2 3

4 5

∣∣∣∣∣∣ 6= 0.

·��Äù����"fª�\>��

MA

1 2 3

1 3 2

 = 0, MA

1 2 3

1 3 4

 = 0, MA

1 2 3

1 3 5

 = 0.

� rank(A) = 2�

MA

1 2

1 3

 6= 0.

5¿� A�k
(
5
3

)
= 10�n�fª.
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1oÙ +!�Ú�{0

1 ��$�

1.1 ½Â�Ä�5�

½Â 1.1 � S ´8Ü. N� f : S × S −→ S ¡��� S

þ���$�. éu?¿ x, y ∈ S, f (x, y)�P� xfy.

~ 1.2

+ : Z× Z −→ Z
(x, y) 7→ x + y

.

\{÷v��Æ!(ÜÆ, k\{ü � 0Ú\{_�.

~ 1.3

− : Z× Z −→ Z
(x, y) 7→ x− y

.

~{Ø÷v��ÆÚ(ÜÆ.

~ 1.4 � S = Z ∪ {−∞}.

+̇ : S × S −→ S

(x, y) 7→ max(x, y)
.

¡��“9�”\{. 9�\{w,÷v��Ú(ÜÆ. é

u?¿ x ∈ S,
x+̇(−∞) = x.
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� x��vk_�.

½Â 1.5 � ∗´Sþ���$�.XJéu?¿ x, y, z∈S,

x ∗ (y ∗ z) = (x ∗ y) ∗ z,

K¡ ∗÷v(ÜÆ.

½n 1.6 � ∗8ÜSþ���$�, n ≥ 3, x1, x2, . . . , xn∈S.
� k, ` ∈ {1, 2, . . . , n− 1}. K

(x1 · · · xk)(xk+1 · · · xn) = (x1 · · · x`)(x`+1 · · ·xn).

y². Ø�� k > `. ·�é n8B. � n = 3. K k = 2Ú

` = 1. d(ÜÆ��, (Ø¤á.

� n > 3�(Øéu�u n��¤á. �Ä n�,

(x1 · · · xk) ∗ (xk+1 · · ·xn)

= (x1 · · · x` ∗ x`+1 · · · xk) ∗ (xk+1 · · · xn) (` < k)

= ((x1 · · ·x`) ∗ (x`+1 · · · xk)) ∗ (xk+1 · · · xn) (8Bb�)

= (x1 · · · x`) ∗ ((x`+1 · · · xk) ∗ (xk+1 · · · xn)) ((ÜÆ)

= (x1 · · · x`) ∗ ((x`+1 · · · xk ∗ xk+1 · · · xn)). �

PÒ. � x ∈ S, n ∈ Z+. K

xn = x ∗ · · · ∗ x︸ ︷︷ ︸
n

.
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� Sþ���$�±“+”5P�, ·�½Â

nx = x + · · · + x︸ ︷︷ ︸
n

.
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