
1oÙ +!�Ú�{0

1 ��$�

1.2 Ó{$�

� n´�u 1���ê. 31�Ù1nù·�½Â


Ó{'X≡n (½Â 5.8). � Zn = Z/ ≡n. K

Zn = {ā | a ∈ Z}.

éu ā, b̄ ∈ Zn, ā = b̄��=� a ≡n b, = n|(a− b).

½Â 1.1 ½Â Znþ�\{:

+ : Zn × Zn −→ Zn
(ā, b̄) 7→ a + b.

�yû½ÂXe, � a, b, x, y ∈ Z¦� ā = x̄Ú b̄ = ȳ. K

�3 k, ` ∈ Z¦� a = x + knÚ b = y + `n. u´

a + b = (x + y) + (k + `)n.

�

a + b = x + y.

dd�Ñ

ā + b̄ = x̄ + ȳ.

·��y
 +´û½Â�.
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~ 1.2 3 Z2 = {0̄, 1̄}¥, ·�k

1̄ + 1̄ = 1 + 1 = 2̄ = 0̄.

½Â 1.3 ½Â Znþ�¦{:

· : Zn × Zn −→ Zn
(ā, b̄) 7→ ab.

�yû½ÂXe, � a, b, x, y ∈ Z¦� ā = x̄Ú b̄ = ȳ. K

�3 k, ` ∈ Z¦� a = x + knÚ b = y + `n. u´

ab = xy + (ky + `x + k`n)n.

�

ab = xy.

dd�Ñ

āb̄ = x̄ȳ.

·��y
 ·´û½Â�.

~ 1.4 3 Z6 = {0̄, 1̄, 2̄, 3̄, 4̄, 5̄}¥, ·�k

2̄4̄ = 2 · 4 = 8̄ = 2̄ Ú 2̄3̄ = 2 · 3 = 6̄ = 0̄.

1.3 ü �Ú_�

½Â 1.5 � ∗´8Üþ���$�. XJ�3 e ∈ S¦�
éu?¿� x ∈ S, x ∗ e = e ∗ x = x. K¡ e´'u ∗�
ü �.

2



�ê'u\{�ü �´ 0,3 Zn¥'u\{�ü ´ 0̄,

3 Rm×n¥'u\{��ü ´ Om×n. �ê'u¦{�

ü �´ 1, 3 Zn¥'u¦{�ü ´ 1̄, 3Mn(R)¥'

u¦{{�ü ´ En.

·K 1.6 � ∗´8Üþ���$�. � e, e′ ∈ S ´ü 
�. K e = e′.

y². 5¿� ee′ = e = e′. �.

½Â 1.7 � ∗´8Üþ���$�, e ∈ S ´ü �. �

x ∈ S. XJ�3 y ∈ S ¦� x ∗ y = y ∗ x = e. K¡ x´

�_�, y´ x�_.

�ê, Zn, Rm×n¥z���'u\{Ñ´�_�. �ê'

u¦{��_�´ ±1, 3Mn(R)¥'u¦{���_�

´�_Ý
.

~ 1.8 � X ´��8Ü, ½Â XX ´l X �§g��¤

kN��8Ü. KEÜ ◦´ XX þ�$�. §�ü ´ð

ÓN�. �_�´V�.

·K 1.9 � ā ∈ Zn. K ā'u¦{�_��=� aÚ n

p�.
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y². ��3 b̄ ∈ Zn¦� āb̄ = 1̄. K

ab ≡n 1.

��3 k ∈ Z¦� ab − 1 = kn= ab + kn = 1. d1�Ù

1où½n 7.8, a, np�.

��, � a, np�. Ó��½n%¹�3 u, v ∈ Z¦
� ua + vn = 1. � ua = 1̄. ?
 ūā = āū = 1̄. �.

~ 1.10 O� Z15¥�¤k'u¦{��_�.

). dþã·K��, �_�´ 1̄, 2̄, 4̄, 7̄, 8̄, 11, 13, 14.

2 +

2.1 +�½Â

½Â 2.1 � ∗´ S þ���$�. XJ ∗÷v(ÜÆ, K

¡ (S, ∗) ´�+(semi-group).

~ 2.2 (Z+,+)´���+. Ï�\{´���, ¤±§

´�����+, �¡ abelian semigroup. �

S = {A ∈ Mn(R)| det(A) > 1}.

d1�ª¦{½n, Ý
¦{´ S þ���$�, = S '

u¦{´µ4�. K (S, ·)´���+.
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½Â 2.3 � (M, ∗) ´�+. XJ M ¥k'u ∗�ü 
� e, K¡ (M, ∗, e)´¹N�+(momoid).

~ 2.4 (N,+, 0)´��¹N�+. Ï�\{´���, ¤

±§´����¹N�+, �¡ abelian monoid. �

T = {A ∈ Mn(R)| det(A) ≥ 1}.

d1�ª¦{½n, Ý
¦{´ T þ���$�, = T

'u¦{´µ4�. K (T, ·, E)´��¹N�+. d	,

(Mn(R), ·, E)�´¹N�+.

� X ´��8,

XX = {f : X −→ X | f ´N�}.

K(XX , ◦, idX)Ú (Mn(R), ·, E)Ñ´¹N�+.

·K 2.5 � (M, ∗, e)´¹N�+. XJ x ∈ M �_, K

§�_��.

y². � y, z ∈M ´ x�_. K yx = xz = e. �

y(xz) = ye = y.

2�â(ÜÆ,

y(xz) = (yx)z = ez = z.
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·��� y = z. �

� x ∈ M �_. §�_P� x−1. 2d�_��½Â

�� x−1�´�_��(
x−1
)−1

= x.

·K 2.6 � (M, ∗, e) ´¹N�+. XJ x, y ∈ M �_,

K x ∗ y��_�Ù_´ y−1 ∗ x−1.

y². � z = y−1 ∗ x−1. K

z∗(x∗y) = (y−1∗x−1)∗(x∗y) = y−1∗(x−1∗x)∗y = y−1∗e∗y = e.

aq/, (x ∗ y) ∗ z = e. �

� x1, . . . , xn´M ¥�_�. �E|^·K 2.5��,

x1 ∗ · · · ∗ xn�_�

(x1 ∗ · · · ∗ xn)−1 = x−1n ∗ · · · ∗ x−11 .

� x´þã¹N�+ M ¥��_�. KÙ_P�

x−1. � n ∈ Z. -

xn =


x ∗ · · · ∗ x︸ ︷︷ ︸

n

, n > 0,

e, n = 0,

x−1 ∗ · · · ∗ x−1︸ ︷︷ ︸
−n

, n < 0.
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�M ¥�$�^“+” �L, ü �^ 0�L�, x�_�

P�−x. -

nx =


x + · · · + x︸ ︷︷ ︸

n

, n > 0,

0, n = 0,

−x + · · · + (−x)︸ ︷︷ ︸
−n

, n < 0.

d2Â(ÜÆ��, éu?¿m,n ∈ Z

(xm)(xn) = xm+n, (xm)n = xmn

½

mx + nx = (m + n)x, m(nx) = (mn)x.

½Â 2.7 � (G, ∗, e)´��¹N�+. XJ G¥z��

�Ñ�_, K¡ G´��+(group). �ó�, 8Ü GÚÙ

þ���$� ∗�¤+, XJ

(G1) é?¿ x, y, z ∈ G, x ∗ (y ∗ z) = (x ∗ y) ∗ z; ((ÜÆ)

(G2) �3 e ∈ G¦�é?¿ g ∈ G, g ∗ e = e ∗ g = g; (ü

 �)

(G3) G¥z���Ñ�_. (_�)

� (G, ∗, e)´+. XJéu?¿ x, y ∈ G, x ∗ y = y ∗ x. K

¡G´��+½ abelian group.

7



~ 2.8 ±e´��+�eZ~f: (Z,+, 0), (Q∗, ·, 1); Ù

¥ Q∗ = Q \ {0}; (Zn,+, 0̄), Ù¥ n > 1. 3�5�ê¥:

(Rn,+,0)Ú (Rm×n,+, Om×n).

~ 2.9 �GLn(R) = {A ∈ Mn(R) |A�_}. K (GLn(R), ·, En)

´(���)+, ¡����5+ (general linear group).

� X ´��8.

TX = {f : X −→ X | f ´V�}.

K (TX , ◦, idX) ´+. AO/, (Sn, ◦, e) ´+, Ù¥ e ´

{1, 2, . . . , n}þ�ðÓN�. ¡ Sn´��+.

� card(G) <∞�,+G¡�k�+. 5¿� card(Zn) = n

Ú card(Sn) = n!.

·K 2.10 (+¥���Æ) � G´+, x, y, g ∈ G. XJ
gx = gy½ xg = yg, K x = y.

y². � gx = gy. K

g−1(gx) = g−1(gy) =⇒ (g−1g)x = (g−1g)y.

u´, x = y. �
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2.2 +�¦{L

Ún 2.11 � (G, ∗, e)´+, g ∈ G. ½Â

Lg : G −→ G

x 7→ g ∗ x
Ú

Rg : G −→ G

x 7→ x ∗ g.

K Lg Ú Rg Ñ´V�� L−1g = Lg−1 Ú R−1g = Rg−1.

y². � x ∈ G. K

Lg−1 ◦ Lg(x) = g−1(gx) = (g−1g)x = x.

u´, Lg−1 ◦ Lg = idG. Ón, Lg ◦ Lg−1 = idG. � Lg�_�

Ù_´ Lg−1. é Rg�(Ø�±aq/y². �

� G = {e, g1, . . . , gk−1}´�� k �+. ·��±Ï

LXe¦{L5n)ù�+�(�.

* e g1 g2 · · · gk−1

e e g1 g2 · · · gk−1

g1 g1 g21 g1g2 · · · g1gk−1

g2 g2 g2g1 g22 · · · g2gk−1
... ... ... ... . . . ...

gk−1 gk−1 gk−1g1 gk−1g2 · · · g2k−1

5¿�± gi�I£�1´ Lgi ��, ± gj �I£��´

Rgj ��. �âÚn 2.11, z1(�)¥���üüØÓ.
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~ 2.12 � G = {e}. K

* e

e e

¢~: ({0},+, 0), ({1},×, 1), ({En}, ·, En).

~ 2.13 � G = {e, a}. K

* e a

e e a

a a e

¢~: (Z2,+, 0̄), ({1,−1},×, 1), ({En,−En}, ·, En).

~ 2.14 � G = {e, a, b}. K

* e a b

e e a b

a a b e

b b e a

¢~: (Z3,+, 0̄). �8Ü Gd±en�Ý
:

E2, A =

cos
(
2π
3

)
− sin

(
2π
3

)
sin
(
2π
3

)
cos
(
2π
3

)
 , B =

cos
(
4π
3

)
− sin

(
4π
3

)
sin
(
4π
3

)
cos
(
4π
3

)
 .
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5¿� cos (θ1) − sin (θ1)

sin (θ1) cos (θ1)

cos (θ2) − sin (θ2)

sin (θ2) cos (θ2)


=

cos (θ1 + θ2) − sin (θ1 + θ2)

sin (θ1 + θ2) cos (θ1 + θ2)

 .

u´, A2 = B, B2 = AÚ AB = BA = E2. � (G, ·, E2)´

3�f+. + G�Lr²¡þ��þ_��^= 0◦, 120◦

Ú 240◦ (�1�Ù1nù~ 5.10).

~ 2.15 � G = {e, a, b, c}. K

* e a b c

e e a b c

a a b c e

b b c e a

c c e a b

¢~: (Z4,+, 0̄). �8Ü Gd±eo�Ý
:

E2, A =

cos
(
π
2

)
− sin

(
π
2

)
sin
(
π
2

)
cos
(
π
2

)
 , B =

cos (π) − sin (π)

sin (π) cos (π)


Ú

C =

cos
(
3π
2

)
− sin

(
3π
2

)
sin
(
3π
2

)
cos
(
3π
2

)

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|¤. + (G, ·, E2) �Lr²¡þ��þ_��^= 0◦,

90◦, 180◦Ú 270◦. (�1�Ù1nù~ 5.10).

o�+��±k,�Ü¦{LXe.

* e a b c

e e a b c

a a e c b

b b c e a

c c b a e

¢~ 1: Z2 × Z2, Ùþ�$�´�I©O�\. K (Z2 ×
Z2,+, (0̄, 0̄))´þã¦{L�Ñ� 4�+. �8Ü H de

�o�Ý


E2,

1 0

0 −1

 ,

−1 0

0 1

 Ú
−1 0

0 −1


|¤. + (G, ·, E2)¥���©O�Lr²¡þ�ðÓC

�, 'u x¶, y¶Ú�:���.

±�·�òy² 5�+�¦{L�k��. 5¿� S3´ 6

�+, §´����.

2.3 Ó��Ó�

½Â 2.16 � (G, ∗, e) Ú (H, ?, ε) ´ü�+. KN� φ :
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G −→ H¡�Ó�(homomorphism),XJéu?¿ x, y∈G,

φ(x ∗ y) = φ(x) ? φ(y).

�Ó� φ´V��, φ¡�Ó�(isomorphism). d�·�

¡+ GÚ H ´Ó��(isomorphic), P� G ' H.

~ 2.17 � π ´l Z� Zn �ûN�(1�Ù1nù½Â

5.14). K π ´l (Z,+, 0)� (Zn,+, 0̄)�Ó�. �yXe:

� x, y ∈ Z. K

π(x + y) = x + y = x̄ + ȳ = π(x) + π(y).

~ 2.18 y²µ(Z2,+, 0̄)� ({1,−1}, ·, 1)Ó�.

y². �

φ : Z2 −→ {−1, 1}
0̄ 7→ 1

1̄ 7→ −1

.

K

φ(0̄ + 0̄) = 1 = 1 · 1 = φ(0̄) · φ(0̄),

φ(0̄ + 1̄) = φ(1̄) = −1 = 1 · (−1) = φ(0̄) · φ(1̄).

aq/, φ(1̄ + 0̄) = φ(1̄) · φ(0̄). ��

φ(1̄ + 1̄) = φ(0̄) = 1 = (−1) · (−1) = φ(1̄) · φ(1̄).

·K 2.19 � (G, ∗, e)Ú (H, ?, ε)´ü�+.
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(i) XJ φ : G −→ H ´Ó�, Ké?¿� x ∈ G,

φ(e) = εÚ φ(x−1) = φ(x)−1.

(ii) XJ φ : G −→ H ´Ó�, K φ−1�´Ó�.

(iii) 2� (M, �, θ)´+. XJ φ : G→ H Ú ψ : H → M

´Ó�(�). K ψ ◦ φ�´Ó�(�).

y². (i) 5¿� φ(e) = φ(e ∗ e) = φ(e) ? φ(e). �ªüýÓ

�¦± φ(e)−1� ε = φ(e). ?
,

ε = φ(e) = φ(x−1 ∗ x) = φ(x−1) ? φ(x).

�ªmýÓ�¦± φ(x)−1� φ(x−1) = φ(x)−1.

(ii) � u, v ∈ H Ú x = φ−1(u), y = φ−1(v). K

φ(x ∗ y) = φ(x) ? φ(y) = u ? v.

�

φ−1(u ? v) = x ∗ y = φ−1(u) ? φ−1(v).

u´, φ−1´Ó�.

(iii) � x, y ∈ G.

ψ◦φ(x∗y) = ψ(φ(x∗y)) = ψ(φ(x)?φ(y)) = (ψ ◦ φ(x))�(ψ ◦ φ(y)) .

� ψ ◦ φ´Ó�. � φÚ ψ´V��, §��EÜ�´V

�(1�Ù1�ù·K 4.8 (iii)). �d� ψ ◦ φ´Ó�. �

14



� G ´¤k+�8Ü. e¡·��yÓ�'X ∼=´
G þ��d'X. é?¿ G ∈ G, idG´l G� G�Ó�.

� G ∼= G. g�5¤á. 2� H ∈ G � G ∼= H . K�3

Ó� φ : G −→ H . d·K 2.19 (ii)��, φ−1 : H −→ G´

Ó�. � H ∼= G. é¡5¤á. 2�M ∈ G � G ∼= H Ú

H ∼= M . K�3+Ó� φ : G −→ H Ú ψ : H −→ M . d

·K 2.19 (ii)��, ψ ◦ φ´l G�M �Ó�. � G ∼= M .

D45¤á.

+ØÄ�¯K. é+UÓ�©a, =éÑ G/ ∼= ¥¤k�
�da, ¿3z�a¥éÑ��;.��L�.

� G´¤kk�+�8Ü�, 8c©aó�®²Ä�

�¤.

�ØÚå· �,·�r+G¥ü�� x, y�$�(

JP� xy½ x + y.

~ 2.20 � R∗ = R \ {0}. K R∗ 'u¦{�¤+. K

det : GLn(R) −→ R∗´+Ó�. ù´1�ª¦È½n��

�íØ. TÓ�´l���+���+�Ó�.

~ 2.21 y² (Z4,+, 0̄)Ú (Z2 × Z2,+, (0̄, 0̄))ØÓ�.

y². b� φ´l Z4 � Z2 × Z2 �Ó�. �â·K 2.19

(i), φ(0̄) = (0̄, 0̄). Ï� φ´ü�, ¤± φ(1̄) 6= (0̄, 0̄).

� φ(1̄) = (1̄, 0̄). K

φ(1̄+1̄) = φ(1̄)+φ(1̄) = (1̄, 0̄)+(1̄, 0̄) = (1̄+1̄, 0̄+0̄) = (0̄, 0̄).
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� φ(2̄) = (0̄, 0̄). 2Ï� φ´ü�, ¤± 2̄ = 0̄3 Z4 ¥¤

á. gñ. Ï�3 Z2 × Z2¥

(0̄, 1̄) + (0̄, 1̄) = (1̄, 1̄) + (1̄, 1̄) = (0̄, 0̄),

¤±·��±aq/y² φ(1̄)QØ�u (0̄, 1̄)�Ø�u

(1̄, 1̄). �Ó� φØ�3.

~ 2.22 y² S3Ú (Z6,+, 0̄)ØÓ�.

y². b� φ : S3 −→ Z6 ´Ó�. � φ((12)) = ā Ú

φ((23)) = b̄. K

φ((12)(23)) = φ((12)) + φ((23)) = ā + b̄

Ú

φ((23)(12)) = φ((23)) + φ((12)) = b̄ + ā = ā + b̄.

u´, φ((12)(23)) = φ((23)(12)). Ï� φ ´ü�, ¤±

(12)(23) = (23)(12). �

(12)(23) =

1 2 3

2 3 1

 Ú (23)(12) =

1 2 3

3 1 2

 .

gñ.

2.4 f+

½Â 2.23 � (G, ·, e)´+, H ⊂ G� (H, ·, e)�´+. K

¡ H ´ G�f+(subgroup).
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·K 2.24 � (G, ·, e)´+, H ´ G���f8. K H ´

G�f+��=�é?¿ h1, h2 ∈ H, h1h
−1
2 ∈ H.

y². � H ´ G�f+, h1, h2 ∈ H . K h−12 ∈ H . Ï� ·
�´H þ���$�, ¤± h1h

−1
2 ∈ H . ��, � h1 ∈ H .

K e = h1h
−1
1 ∈ H . ?
, h−11 = eh−11 ∈ H . 2� h2 ∈ H .

K h−12 ∈ H . �

h1h2 = h1(h
−1
2 )−1 ∈ H.

u´, ·´H þ���$�. Ï� ·3 Gþ÷v(ÜÆ, ¤

±§3H þ�÷v(ÜÆ. �

~ 2.25 � S ´¤kóê�8Ü. Ï�óê��E´ó

ê, ¤±þã·K%¹ (S,+, 0)´ (Z,+, 0)�f+.

~ 2.26 � An´ Sn¥¤k�ó���8Ü. Ï�ó��

�_�´ó��, 
ó���È�´ó��, ¤±þã·

K%¹ An´ Sn�f+. ·�¡ An´��+(alternating

group)

~ 2.27 �GLn(Q) = {A ∈ GLn(R) |A¥��Ñ´knê}.
� A,B ∈ GLn(Q). Kd¦_��{��

B−1 ∈ GLn(Q) =⇒ AB−1 ∈ GLn(Q).
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�â·K 2.24, GLn(Q)´ GLn(R)�f+. ¡��knê

þ����5+.

� SLn(R) = {A ∈ GLn(R) | det(A) = 1}. � A,B ∈
SLn(R). Ï� A−1A = E, ¤±1�ª¦È½n%¹

|A−1||A| = E. � |A−1| = 1. dd�Ñ,

|BA−1| = |B||A−1| = 1.

�BA−1 ∈ SLn(R). 2�â·K 2.24, SLn(R)´GLn(R)�

f+. ¡��¢êþ�AÏ�5+(special linear group).

�

SLn(Z) = {A ∈ GLn(R) |A¥��Ñ´�ê� det(A) = 1}.

� A,B ∈ SLn(Z). dc�ãín�� |BA−1| = 1. Ï�

A−1 =
1

|A|
A∨ = A∨,

¤± BA−1 ∈ SLn(Z). 2�â·K 2.24, SLn(Z)´ GLn(R)

�f+. ¡���êþ�AÏ�5+.

·K 2.28 � G,H ´ü�+, φ : G −→ H ´+Ó�. K

im(φ)´ H �f+.

y². � u, v ∈ im(φ). K�3 x, y ∈ G¦� φ(x) = uÚ

φ(y) = v. �â·K 2.19 (i), φ(x−1) = u−1. �

φ(yx−1) = φ(y)φ(x−1) = vu−1.
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dd��, vu−1 ∈ im(φ). 2�â·K 2.24, im(φ)´ H �

f+. �

½n 2.29 (Lagrange) �G´k�+, H ´G�f+. K

card(H)|card(G).

y². é?¿ g ∈ G,� Lg´Ún 2.11½Â��²£N�.

Ï� e ∈ H � Lg(e) = g, ¤± g ∈ Lg(H). �

G =
⋃
g∈G

Lg(H).

Ï�Gk�, ¤±�3����ê kÚ g1, . . . , gk∈G¦�

G =

k⋃
i=1

Lgi(H).

e¡·�y²f8 Lg1(H), . . . , Lgk(H)üüpØ��.

b� x ∈ Lgi(H) ∩ Lgj(H). K�3 hi, hj ∈ H ¦�

x = gihi Ú x = gjhj.

u´, gi = gjhjh
−1
i . � y ´ Lgi ¥�?¿��. K�3

h ∈ H¦� y = gih. � y = gjhjh
−1
i h.Ï�H´f+,¤±

hjh
−1
i h ∈ H . dd��, y ∈ Lgj(H). � Lgi(H) ⊂ Lgj(H).

Ón, Lgj(H) ⊂ Lgi(H). � Lgj(H) = Lgi(H). d k�4�
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5��, i = j. �f8 Lg1(H), . . . , Lgk(H)üüpØ��.

dd�Ñ

card(G) =

k∑
i=1

card(Lgi(H)). (1)

�âÚn 2.11, ?Û�²£Ñ´ü�. u´,

card(Lg(H)) = card(H).

2d (1)�� card(G) = kcard(H). �

þãy²¥���ê k ¡�f+ H 'u G ��

I(index), P� [G : H ].
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