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2 +

��+ G¥kü�²��f+, §�©O´T+�

�Údü �üÕ�¤�f+. � Gk��, [G : G] = 1

� [G, {e}] = card(G).

~ 2.30 O� [Sn : An], Ù¥ n > 1.

) � σ ´ Sn ¥���Û��. K Lσ(An)¥���Ñ´

Û��. � τ ´ Sn¥?¿Û��. K

τ = σ(σ−1τ ).

�â1�Ù1oùÚn 6.23, σ−1τ ∈ An. � τ ∈ Lσ(An).

� Lσ(An)´¤kÛ���¤�8Ü. dd��

Sn = An ∪ Lσ(An) = Le(An) ∪ Lσ(An).

w, Le(An) ∪ Lσ(An) = ∅. ·��� [Sn : An] = 2.

~ 2.31 � p´�ê. + G¥�k p���. y²: Gv

k�²�f+.

y². � H ´ G�f+. �â1oÙ1�ù½n 2.29,

card(H)|p. � card(H) = 1½ card(H) = p. =H = {e}½
H = G.
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2.6 +�)¤�

½Â 2.32 � G´+, S´ G¥���f8. d S)¤�

f+´�

〈S〉 = {xe11 · · · xemm |m ∈ Z+, x1, . . . , xm ∈ S, e1, . . . , em ∈ Z}.

XJ G = 〈S〉, K¡ S ¥���´ G��|)¤�.

e¡·��y 〈S〉´ G�f+. � x, y ∈ 〈S〉. K�3
x1, . . . , xm, y1, . . . , yn ∈ S, k1, . . . , km, `1, . . . , `n ∈ Z¦�

x = xk11 · · · xkmm Ú y = y`11 · · · y`nn .

�â1oÙ1�ù·K 2.6,

xy−1 = xk11 · · · xkmm y−`nn · · · y−`11 ∈ 〈S〉.

d1oÙ1�ù·K 2.24, 〈S〉´f+.

5) 2.33 �G´+, S´G¥���f8. 2�H´G

�f+�S ⊂ H. Ké?¿m∈Z+, x1, . . . , xm∈S, e1, . . . , em∈Z,

xe11 · · · xemm ∈ H =⇒ 〈S〉 ⊂ H.

~ 2.34 �ê�\{+ Z = 〈1〉 = 〈−1〉.
'u n��{a�\{+ Zn = 〈1̄〉. � m ∈ Z¦�

gcd(m,n) = 1. e¡·�y² Zn = 〈m̄〉. d Bèzout'X

��, �3 u, v ∈ Z¦� um + vn = 1. K ūm̄ = 1̄. ·�

k um̄ = 1̄. � 1̄ ∈ 〈m̄〉. � Zn = 〈m̄〉.

2



~ 2.35 d1�Ù18ùíØ 8.6��, GLn(R)�d¤k

�Ð�Ý
)¤. �â1�Ù1nù½n 6.12, Sn�d¤

kÌ�)¤. 1�Ù1oùÚn 6.17%¹ Sn�d¤ké

�)¤.

½Â 2.36 � (G, ·, e)´+, g ∈ G. XJØ�3 n ∈ Z+¦

� gn = e, K¡ g ´Ã���, ÄK¡��k���. X

J k´�����ê÷v gk = e, K¡ k´ g ��, P�

ord(g).

~ 2.37 3 (Z10,+, 0̄)¥O� ord(3̄), ord(4̄), ord(5̄).

) 5¿� mn̄ = 0̄��=� mn = 0̄��=� 10|mn. �
ord(n̄)´�����êm¦� 10|mn, =

ord(n̄) =
lcm(10, n)

|n|
.

dd�Ñ ord(3̄) = 10, ord(4̄) = 5Ú ord(5̄) = 2.

·K 2.38 � (G, ·, e)´+� g ∈ G.

(i) XJ ord(g) = ∞, Ké?¿ i, j ∈ Z, gi = gj ��=

� i = j;

(ii) XJ ord(g) = k < ∞, Ké?¿ i, j ∈ Z, gi = gj �

�=� k|(i− j); AO/, gm = e =⇒ k|m.
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y². (i)� gi = gj. K gi−j = e. Ï� ord(g) = ∞, ¤±

i = j. ,����´w,�.

(ii)� gi = gj. K gi−j = e. d�{Ø{��, �3

q ∈ Z, r ∈ {0, 1, . . . , k − 1}¦� i− j = qk + r. �

e = gi−j = gqk+r = (gk)qgr = gr.

�â��½Â, ·�k r = 0. � k|(i − j). ��, ·�k

i− j = hk, Ù¥ h´,��ê. K

gi−j = ghk = e =⇒ gi = gj.

� i = mÚ j = 0. ·��� gm = e��=� k|m. �

íØ 2.39 � G´+, g ∈ G� ord(g) <∞. K

card(〈g〉) = ord(g).

y². � ord(g) = k. ·�5y²:

〈g〉 = {e, g, . . . , gk−1}, (1)

Ù¥ e, g, . . . , gk−1ü�ØÓ.

w,, {e, g, . . . , gk−1} ⊂ 〈g〉. ��, �m ∈ Z. K�3

q ∈ ZÚ r ∈ {0, 1, . . . , k − 1}¦�

m = qk + r.
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� gm = gqk+r = (gk)qgr = gr ∈ {e, g, . . . , gk−1}. dd�Ñ,

〈g〉 ⊂ {e, g, . . . , gk−1}. � (1)¤á.

� 0 ≤ i ≤ j ≤ k − 1� gi = gj. d·K 2.38 (ii)��,

k|(j − i). qÏ� j − i ∈ {0, 1, . . . , k − 1}, ¤± j = i. u

´, e, g, . . . , gk−1ü�ØÓ. � card(〈g〉) = k. �

½Â 2.40 � G´+, g ∈ G. K 〈g〉¡� G¥d g)¤

�Ì�f+. XJ�3 g ∈ G¦� G = 〈g〉, K¡ G´Ì

�+ (cyclic group).

½n 2.41 � (G, ·, e) ´k�+. Kéu?¿ g ∈ G,

ord(g)|card(G). AO/, gcard(G) = e.

y². � ord(g) = k. �â·K 2.38 (i), k <∞. ÄK 〈g〉´
G�Ã�f+, gñ. �â·K 2.38 (ii),

〈g〉 = {e, g, . . . , gk−1}.

u´, k = card(〈g〉). d1oÙ1�ù½n 2.29, k|card(G).

2�â·K 2.38 (ii), gcard(G) = e. �

~ 2.42 � p´�ê, G´+� card(G) = p. y² G´Ì

�+.

2.7 Ì�+�(�

·K 2.43 � (G, ·, e)´Ì�+� card(G) > 1.

5



(i) XJ card(G) =∞, K G w (Z,+, 0);

(ii) XJ card(G) = n, K G w (Zn,+, 0̄).

y². �G = 〈g〉.
(i) �ÄN�

φ : Z −→ G

m 7→ gm.

K φ(x + y) = gx+y = gxgy = φ(x)φ(y). � φ´Ó�. e

¡y² φ´V�. � φ(x) = φ(y). K gx = gy. �â·K

2.38 (i), x = y. � φ´ü�. � h´ G¥?¿��. K�

3 k ∈ Z¦� h = gk. u´, φ(k) = h. � φ´÷�. nþ

¤ã, φ´Ó�.

(ii) �ÄN�

φ : Zn −→ G

m̄ 7→ gm.

k�y φ´û½Â�. � k̄ = m̄. K k = m+ `n,Ù¥ `´

,��ê. ·�k

φ(k̄) = gk = gm+`n = gm(gn)` = gm = φ(m̄).

u´§φ�û½Â�.

� x̄, ȳ ∈ Zn. K

φ(x̄ + ȳ) = φ(x + y) = gx+y = gxgy = φ(x̄)φ(ȳ).
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� φ´Ó�.

���y φ´V�. � φ(x̄) = φ(ȳ). K gx = gy. �

gx−y = e. �â·K 2.38 (ii), n|(x − y), = x̄ = ȳ. dd�

�, φ´ü�. é?¿ h ∈ G, �3 k ∈ Z¦� h = gk. u

´, φ(k̄) = h. ·���, φ´÷�.

~ 2.44 � (G, ·, e)´Ì�+. y²: G�f+�Ì�.

y². � G = 〈g〉, H ´ G�f+� H 6= {e}. Ï� H ´

f+, ¤±�3��ê m¦� gm ∈ H. � s´����

�ê¦� gs ∈ H. K 〈gs〉 ⊂ H. ��, � h ∈ H. K�

3 k ∈ Z¦� h = gk. d�ê�{Ø{, k = qs + r, Ù¥

q ∈ Z, r ∈ {0, 1, . . . , s− 1}. �

h = gk = gqs+r = (gs)qgr =⇒ gr = h(gs)−q ∈ H.

d s �4�5��, r = 0. � h ∈ 〈gs〉. ·���§
H ⊂ 〈gs〉. l
, H = 〈gs〉.

~ 2.45 � (G, ·, e)´Ì�+� card(G) = ∞. � H ´ G

�f+� H 6= {e}. y² H w G.

y². � G = 〈g〉. dþ~���3 s ∈ Z+¦�H = 〈gs〉.
u´, ord(gs) = ∞. ÄK, ord(g)<∞=⇒card(G)<∞, g

ñ. d·K 2.43 (i)��, card(H) =∞. � H w (Z,+, 0).

u´, ·K 2.43 (i)%¹ G w H. �
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2.8 Cayley½n

Ún 2.46 � φ : G −→ H ´+�üÓ�. K G w im(φ).

y². d1oÙ1�ù·K 2.28 ��, im(φ) ´+. 


φ : G −→ im(φ)´V�. �G w im(φ). �

� φ : G −→ H ´+�üÓ��, ·�¡ φr Gi\

�H ¥. d�, GÓ�uH �f+ im(φ).

Ún 2.47 � φ : (G, ·, e) −→ (H, ·, ε) ´+�Ó�. K φ

´i\��=� φ(g) = ε =⇒ g = e.

y². Ï� φ´Ó�, ¤± φ(e) = ε (1oÙ1�ù·K

2.19 (i)). �� φ´ü��, φ(g) = ε =⇒ g = e. ��, �þ

ã%¹'X÷v, � g1, g2 ∈ G÷v φ(g1) = φ(g2). Kd1

oÙ1�ù·K 2.19 (i),

φ(g1g
−1
2 ) = φ(g1)φ(g−12 ) = φ(g1)φ(g2)

−1 = ε.

� g1g
−1
2 = e. u´, g1 = g2, = φ´ü�. �

�X ´��. -

TX = {f : X −→ X | f ´V�}.

K (TX , ◦, idX)¡�X þ�C�+.

½n 2.48 (Cayley) � (G, ·, idG)´+. K G�±�i\

�C�+ TG¥.
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y². �ÄN�:

φ : G −→ TG

g 7→ Lg
,

Ù¥ Lg ´1oÙ1�ùÚn 2.11¥½Â��²£. dT

Ún��, φ´û½Â�N�. 5¿� φ(gh) = Lgh. é?

¿ x ∈ G, Lgh(x) = (gh)x. 


Lg ◦ Lh(x) = Lg(hx) = g(hx) = (gh)x = Lgh(x).

� Lgh = Lg ◦ Lh. dd�Ñ, φ(gh) = φ(g) ◦ φ(h). = φ´

Ó�. � g, h ∈ G. XJ Lg = idG, K Lg(e) = idG(e), =

g = e. � φ´ü�(Ún 2.47). �

íØ 2.49 � G´+� n=card(G). K G�i\� Sn¥.

y². � G = {g1, . . . , gn}. é f ∈ TG, � f (gi) = gki,

i = 1, 2, . . . , n. K  1 2 · · · n

k1 k2 · · · kn


´����, P� σf . KN�

φ : TG −→ Sn

f 7→ σf
.
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V�. 2� w ∈ TG ¦� w(gki) = g`i, i = 1, 2, . . . , n. K

w ◦ f (gi) = w(gki) = g`i. ,��¡, σwσf(i) = σw(ki) = `i.

u´,φ(w ◦ f ) = σwσf = φ(w)φ(f ). � φ´Ó�.

d½n 2.48��, G�±ÏLüÓ� ψ : G −→ TGi

\� TG¥. u´, φ ◦ ψr Gi\� Sn¥(1oÙ1�ù

·K 2.19 (iii)Ú1�Ù1�ù·K 4.8). �

2.9 ��+�)¤�

Ún 2.50 � (i1, . . . , ik) ∈ Sn. Ké?¿ σ ∈ Sn,

σ(i1, . . . , ik)σ
−1 = (σ(i1), . . . , σ(ik)).

y². ��y σ(i1, . . . , ik) = (σ(i1), . . . , σ(ik))σ.

� j ∈ {i1, . . . , ik}. K

σ(i1, . . . , ik)(j) =

 σ(is+1), j = is, s < k

σ(i1), j = ik
.




(σ(i1), . . . , σ(ik))σ(j) =

 σ(is+1), j = is, s < k

σ(i1), j = ik
.

éu j /∈ {i1, . . . , ik},

σ(i1, . . . , ik)(j) = σ(j) Ú (σ(i1), . . . , σ(ik)) = σ(j).

� σ(i1, . . . , ik) = (σ(i1), . . . , σ(ik))σ. �
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Ún 2.51 Sn = 〈(12), (13), . . . , (1n)〉.

y². �â1�Ù1oùÚn 6.17, ��y²?¿é�3

〈(12), (13), . . . , (1n)〉¥=�. � i, j ∈ {1, 2, . . . , n}� i 6= j

Ú i 6= 1. dÚn 2.50��:

(i, j) = (1, i)(1, j)(1, i) ∈ 〈(12), (13), . . . , (1n)〉. �

Ún 2.52 Sn = 〈(12), (23), . . . , (n− 1, n)〉.

y². dÚn 2.51��, ·���y²

(1, k) ∈ 〈(12), (23), . . . , (n− 1, n)〉,

k = 2, 3, . . . , n. é k8B. � k = 2�, (Øw,¤á. �

k > 2� (1, k − 1) ∈ 〈(12), (23), . . . , (n− 1, n)〉. 5¿�

(1, k) = (1, k − 1)(k − 1, k)(1, k − 1) (Ún 2.50)

⇒ (1, k) ∈ 〈(12), (23), . . . , (n− 1, n)〉 (8Bb�). �

·K 2.53 Sn = 〈(12), (12, · · · , n)〉.

y². �âÚn 2.51,·�y² (k−1, k) ∈ 〈(12), (12, · · · , n)〉
=�, Ù¥ k = 2, 3, . . . , n. � k = 2�(Øw,¤á. �

k > 2� (k − 2, k − 1) ∈ 〈(12), (12, · · · , n)〉. �âÚn 2.50,

(k−1, k) = (12 · · ·n)(k−2, k−1)(12 · · ·n)−1 ∈ 〈(12), (12, · · · , n)〉. �
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3 �

3.1 ½ÂÚÄ�5�

½Â 3.1 Ê�| (R,+, 0, ·, 1), Ù¥ R´8Ü, 0, 1 ∈ R�
0 6= 1, +, ·´ Rþ���$�, ¡��(ring), XJ

(i) (R,+, 0)´��+;

(ii) (R, ·, 1)´¹N�+; �

(iii) éu?¿ x, y, z ∈ R,

x(y + z) = xy + xz (x + y)z = xz + yz.

� (R, ·, 1)´���¹N�+�, R¡����. ÄK¡�

�����.

~ 3.2 � (R,+, 0, ·, 1)´�. K

(i) é?¿ x ∈ R, 0x = x0 = 0;

(ii) é?¿ x ∈ R, (−1)x = x(−1) = −x;

(iii) é?¿ x, y ∈ R,

(−x)y = x(−y) = −(xy) Ú (−x)(−y) = xy.
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y². (i) 5¿� 0x = (0 + 0)x = 0x + 0x. u´, 0x = 0.

aq�� x0 = 0.

(ii) Ï� 1 + (−1) = 0, ¤± x(1 + (−1)) = 0. =

x1 + x(−1) = 0, x+ x(−1) = 0. d+ (R,+, 0)¥�\{_

���5, x(−1) = −x. Ón, (−1)x = −x.
(iii) |^ (ii)O��

(−x)y = (−1 · x)y = (−1)(xy) = −(xy)

Ú

x(−y) = x(y(−1)) = (xy)(−1) = −(xy).


 (−x)(−y) = −(x(−y)) = −(−(xy)) = xy.

~ 3.3 e��´���: (R,+, 0, ·, 1), Ù¥ R´ Z,Q,R
½ C; é?¿�u 1��ê n, (Zn,+, 0̄, ·, 1̄).

·�5�y Zn¥�©�Æ. � x̄, ȳ, z̄ ∈ Zn, K

x̄(ȳ+z̄) = x̄y + z = x(y + z) = xy + xz = xy+xz = x̄ȳ+x̄z̄.

� S = {f | f : R −→ R}. � f, g ∈ S. ½Â

f + g : R −→ R
x 7→ f (x) + g(x)

Ú
f · g : R −→ R

x 7→ f (x)g(x)

K (S,+, 0, ·, 1)´���, Ù¥ 0´r¤k¢êÑN¤"

�¼ê, 1´rk¢êÑN¤��¼ê.
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~ 3.4 (Mn(R),+, O, ·, E)´����, Ù¥ n > 1.

½n 3.5 (2Â©�Æ) � x1, . . . , xm, y1, . . . , yn´�R¥

���. K (
m∑
i=1

xi

) n∑
j=1

yj

 =

m∑
i=1

n∑
j=1

xiyj.

y². ky²: é?¿x ∈ R, x(y1+· · · yn) = xy1+· · ·+xyn.

é n8B. � n = 1�, (Øw,¤á. � n > 1� n − 1

�(Ø¤á. K

x(y1 + · · · + yn−1 + yn) = x((y1 + · · · yn−1) + yn) (\{(ÜÆ)

= x(y1 + · · · yn−1) + xyn (�©�Æ)

= xy1 + · · · + xyn−1 + xyn (8Bb�).

aq/�yé?¿ y ∈ R, (x1+ · · ·+xn)y = x1y+ · · ·+xny.

� x =
∑m

i=1 xi. K(
m∑
i=1

xi

) n∑
j=1

yj

 = x

 n∑
j=1

yj

 =

n∑
j=1

xyj =

m∑
i=1

n∑
j=1

xiyj. �

íØ 3.6 �m,n ∈ Z, x, y ∈ R. K (mx)(ny) = (mn)(xy).

y². ��ê�¥�\{ü ´ 0, 
� R¥�\{ü 

´ 0R, ¦{ü ´ 1R.
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XJm,n ∈ Z+, Kdþã½n��

(mx)(ny) = (mn)(xy).

XJm,n¥k��´ 0, KØ��m = 0. d1oÙ1�

ù1 7��ÎÒ�½��, mx = 0R. � (mx)(ny) = 0R�

(mn)(xy) = 0R. (Ø¤á.

XJm,n���K, KØ�� n < 0. d1oÙ1�

ù1 7��ÎÒ�½��, (mx)(ny) = (mx)((−n)(−y)).

�

(mx)(ny) = (m(−n))(x(−y)) = (m(−n))(−xy) = (mn)(xy).

��, �m,nÑ´K�. K

(mx)(ny) = ((−m)(−x))((−n)(−y))

= ((−m)(−n))((−x)(−y))

= (mn)(xy). �

5) 3.7 |^\{��Æ, þãíØ��±?�Ú�í

2�

(mx)(ny) = (mn)(xy) = m(nxy) = n(m(xy)).

3.2 �Ó�Úf�

½Â 3.8 � (R,+, 0R, ·, 1R)Ú (S,+, 0S, ·, 1S)´ü��.X
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JN� φ : R −→ S ÷vé?¿ x, y ∈ R,

φ(x + y) = φ(x) + φ(y), φ(xy) = φ(x)φ(y), Ú φ(1R) = 1S,

K¡ φ´�Ó�. XJ�Ó� φ´ü�, K¡ φ´�i

\; XJ´V�, K¡�Ó�.

5¿�l R � S ��Ó� φ �½´ l (R,+, 0R) �

(S,+, 0S)�+Ó�. � φ(0R) = 0S (�1oÙ1�ù·

K 2.19 (i)). �âÚn 2.47, φ´�i\��=�

φ(x) = 0S =⇒ x = 0R.

~ 3.9 � n > 1. KûN� π : Z −→ Zn´�Ó�. �y

Xe: é?¿ x, y ∈ Z,

π(x + y) = x + y = x̄ + ȳ = π(x) + π(y)

Ú

π(xy) = xy = x̄ȳ = π(x)π(y)

� π(1) = 1̄.

� C ∈ GLn(R). ½Â:

ψC : Mn(R) −→ Mn(R)

A 7→ C−1AC

´�Ó�. �yXe: � A,B ∈ Mn(R). K

ψC(A+B) = C−1(A+B)C = C−1AC+C−1BC = ψC(A)+ψC(B)

16



Ú

ψ(AB) = C−1ABC = (C−1AC)(C−1BC) = ψC(A)ψC(B)

� ψC(E) = C−1EC = E.

½Â 3.10 � (R,+, 0R, ·, 1R)´�, S ⊂ R¦� (S,+, 0R, ·, 1R)

�´�. K¡ S ´ R�f�(subring).

~ 3.11 �ê�´knê��f�.

� UTn(R) := {A ∈ Mn(R) |Aþn�}. K UTn(R)´

Mn(R)�f�. �yXe. Ï�ü�þn�/Ý
��E

´þn��, ¤± (UTn(R),+, O)´(Mn(R),+, O)�f+.

� A = (ai,k), B = (bk,j) ∈ UTn(R). - C=(ci,j)=AB. K

ci,j =

n∑
k=1

ai,kbk,j.

Ï�� i > k� ai,k = 0, ¤±

ci,j =

n∑
k=i

ai,kbk,j.

qÏ� k > j � bk,j = 0, ¤±� i > j �, ci,j = 0.

� C ´þn��. u´, UTn(R) 'u¦{µ4. w,

E ∈ UTn(R). l
, (UTn(R), ·, E)´¹N�+. ©�Æg

,÷v. �y�..
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