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3.2 MERSSFIH

el 3.12 X ¢: R — S AFFE. N im(¢) T F.

. BN ¢ R T IMEMREFEZ, BrEd (im(¢), +,05) &
(S, +,05) BIFHECGRIZESE — i@l 2.28). W u,v € im(¢).
WIHFAE 2,y € RAETF v = é(z) Mo = ¢(y). N

w = o(x)p(y) = plry) = uv € im(e).

T, S FRIERIE R T im(¢) BHH. KN ¢(1g) = 1s, ATLA
lg € im(¢). ¥ (im(9), -, 1s) & LHE. 1M im(¢) FHI5>
BCEERT e S s Bl BRSO

3.3 FREFMAIT

EX 3.13 KabRF RFHIEELE. R ab =0, N
#r a & R &IEER T (left zero-divisor), b & R 634 ZF K
+ (right zero-divisor). 4wk v € R# X z # 0 B x BL3E
ERRTXAELEERRTF, Wk z £IEFER T (non-zero-
divisor). % R ke, A& KRBT RARAZFH T
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Bl 3.14 FH AT RAXET.
Rl 3.15 £ Z, ¥, a KRBT H AL 1<ged(n,a)<n.

JER. W g = ged(n,a). WAFFE m € ZT 13 n = mg. F
Wl =lem(n,a). MR FH—EF VP B 7.10,

{=ma = ma=1/{=\0.

MR1<g<n MaA0Hm#A0HNO<m<n)
WaeEFERHNT kR, a#0 g <n NATEDc
{1,2,....,n — 1} {15 ba = 0. B ba & n Fla AR T
&, fF1E c € ZT 18 ba = of (WL —ZFFH PP 2 7.10

FHIERR). T &
ba=cl=cma = b=cm —= m<n = g>1. 04
5 3.16 # 43R Zg PO REF A {2,3,4}).

B 3.17 %X A € M,(R) RIERIEMSE. £ A R EXRE R
HF % HAXE rank(A) <

W, R ARAXRTF. Dl']i%/ﬁ—-fﬂ‘iii B € M,(R) 1 %
AB = O. #3% Sylvester N3 X,

0 = rank(AB) > rank(A)+rank(B)—n = rank(A) < n—rank(B).

A rank(B) > 0, BT ¥A rank(A) < n
2



B Z, & rank(A) < n. WALV e R\ {0,} 147
Av =0, (F=FF =3 4.2). &

il
AB = (Av, A0,, ..., A0,) = O.

HAREERAT.

FEE, rank(A) ) TFon KA LR AERRET.
TR, GEIERLEE C € M,(R) 43 A'C = 0. TR,
C'A=0. #MFE ARLEEATEARECALEERH
F. X R — N R N

EMX 3.18 % R AR, WAL ¥# (R, 1) P89 TE LA
M R P EY AT T,

5] 3.19 EH IR G2 TR £1.

VI =SS — i 1.9 /50, 72 Z, ', a AT A
4 ged(n, a) = 1. FREGH 3.15, Z, F A AEEH T
HATW . B BRI A XSS M, (R) WAL, {H X}
A EZ NI AN

5 3.20 ++H 8,11 /& Zy5 P &£



. AR R Buclid H ik, HA11% 5

2x8—15=1 A= 11x11—-8x15=1.

A L

N
22
.

3.21 XU Z AR RYFATATELYGESLS. N (U, 1)

T

3

R, W,y e U M ay e U (GEIUEZ—idrdl 2.6). #
W aisa2 U B Zonis &, LB R 4 a8, H
leU. HAWILHKEXTH, xelU = el MU
ekt O

5 3.22 (Fermat 232 ) & p RAFEHK me Z\ {0} &
pfm. W

mP' =1 mod p.

UM, IR Z, F, EATAERALFAATELL (FFF
— oA 1.9). TR, Z, FPAHTETH R FH Uy, £
Hp—1AAERLme U, RPFEEFE—H2 L 2.0,

mPt=1. % m’ ' =1 mod p.

3.4 HERE

Rl 3.23 X RAX, a,be RAIEE, v,y e R. W



(i) (EHEE) R a R"AERXRTH ar = ay, N

T =y;
(i) (FHEE) RO ALEERTH b = yb, N
T =Y.
AL (1) R4 B
ar =ay = a(z —y) = 0.

KN a AREFH T, ible —y=0. T2, z=y.
(i) 281k O

EX 3.24 X DA, R DPEAERTF, WA D
A FBEI (domain).

Wi 3.25 & D A%, MAE D PHEZRE.

3.5 JLMHFFRRVER

Fiytd (Hom(R”,R"), +, 0, 0,&) &—N, H O £&
MR™ B R [ EBRGE, o RN E S, € &R EIE
FIBLES. BRAE . WIS =B VIS 6.2 7, kR
Hom(R", R") bW —Joia &, B e MG, O =2
AL, ST ¢ € Hom(R™, R"), —¢ & B Nk e,



A2 & 2R MY i dr i 6.15 AT 4N, o & Hom(R",R") I
) —Jtis &, ﬁmﬂiﬂmﬂﬂ%ﬁfaém%éﬁﬁ EmRRT o
YRR TG, AR ZE — F 2B DU F Al 6.10, /45 73 BB AT

PRI 25 — Z5 S T UFHE 1S 6.14 AR 5 I 52 X, i%4H
WA IS @ 23 Hom (R, R™) 2] M,,(R) IR EI#).

w A€ M,(R). &

:{akAk+—|—O¢1A‘|‘Oé()E‘kEN,ak’a7a17a0€R}

BATRIGAE (R[A], +, 0, -, E) 7& M, (R) FJF3F.
W f,g e RIA. %

k 4
F=Y A H g=> B,
1=0 j=0
HAr o, 8 e RO AR k> 0. N

l
fog=oA + 4o AT ) (o — B)A € RIA]L
j=0
M (R[A], 4, 0) & (M,(R), +,0) ) F (5 Y &= 28— Pk an
2.24). AR SRR (B I 5 ke B 3.5),

14

k
fg= Z Z OézﬂjAHj- (1)
i=0

=0 j=0

A PN, SRR L 2 R[A] B —otis . Hei &8 H
M, (R) ER4E &R, T E € R[A]. # (R[A],-, E) &&
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LR B R M,(R) R EEERARE. # R[A]
& M, (R) FIF3R. B (1) /T4, fg = gf. T7& R[A] 2
.

FApLHi m] BEIE,

Rlpa] = {Oék¢§1+“'+041¢14+0405|kEN,O%,---,O%O&OGR}

& Hom(R", R") ()22 #1346, BE1, O[gjy,) 72 M Rlpa] 2
R[A] BII[FI#.

3.6 IFHYFFE

EX 3.26 % (R, +,0,-,1) A3, R HE# (R, +,0) ¥ 1
A IR, W) ord(1) AR R 694FAE. T W), R 694 4R = 3L
AEK. 3 R W4FAEILA char(R).

5l 3.27 HEHIRHIEF T, ® char(Z,) =n.

513E 3.28 R RWIFIEF T n >0, m € Z #HE njm.
Wt FHEEre R, mr =0.

WEE. Wom = kn. RIET S ECAE, FATH:
mr = (kn)r =kn(r-1) = (kr)- (nl) = (kr)-0=0. O

Rl 3.29 (Freshmen’s dream) X X33 R 694 IE 2 R
p. MIEE 2,y € R,

(z+y)! =" + .
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HEBA. ARIEACHIA B i E

p—1
(x +y)P =2 + (Z (i :z;pkyk> +y.
Rl

k=1
R = 23— P 7AT(B— B — ), pl(1). 3]
H 3.28 A 50,
(Z)a:p’fy’f 0, k=1,2....p—1.

W (x +y)P =a? +y?. O
5 3.30 K pRAEHK. MHEEz,yeZ, (x+y) =al+yr.
X A& KA char(Z,) = p.
el 3.31 & (R, +,0z,-, 1) #= (S, +,0g, -, 1g) £ FAANIR,
¢:R— S AFEL. N

(i) char(R) = 0 & char(R) > char(S) > 0;

(ii) % ¢ £FER AN, char(R) = char(S).

JEBA. 1% char(R) = k M char(S) = m.
(i) VXL/C>O I)_I\IJ klp = Op. ﬁ&m:OEim>k. }I_J.IJ

05 = qb(/flR) ( klR = OR)
:¢(\1R+"‘r‘+1@) =o(1g)+ -+ P(lg) =ls+ -+ g

-~ Ve

k k k

—kls £ 05 (- 0<k<m).
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TIE. S k>0, m#£0HE>m.
(ii) 6% m =0. B (i) 7TH, k= 0.
Bi&m > 0. HEITES

¢(mlp) =od(lg+---+1p)

=9

= ¢(r) +---+¢(1r)

WHRE>m. Wmlp#0. ¥ o ARHY. FE. HILH ()
AE k=m. O

R 3.32 X D AR, W D HIERAERAFE.
JEB. W m = char(D) Hm = kt, A k, 0 € ZT\ {1}. N
0=ml=(kO)1 = (k1)(1) (] X

KN D ZEHEIR, BT bA k1=0 8% £1=0. # char(D)<m, ¥ J&.
O

4 15
4.1 IWAYE X 533

EX 4.1 X F ALK, o R F PAEATIE R AR T 3%
W F R (field).



FAUth, FATTRT UE S

5l 4.2 AEHIF Q AL R A3, ©MNHIESETE,
H Q2R #FH.

Rp AFEHK WZ, Ak Wit T: kacz,\ {0}
Mpta BHpRAEHK, FHAgdpa)=1 HBEFEES
— B 1.9, a £ 7, PTE, BIETE.

% E 5| 7, AR p.

R 4.3 A F A¥. N F RN Bifde T

K a,be F\{0}. %2R ab=0, M a '(ab) =0. TX,
b=0. F/F. BiEx 5.

HAE AL 3.32, F G945 AERH AR RA A F 4.

ﬁiﬁ 4.4 'i)UQFﬂ{‘an%i&, Qb : (F,+,OF7';1F) — <K7+7OK7°71K>

RFRALE. N 6 RHN.

IERR. JERER] ¢ B (F,+,0p) B (K, +,05) FIEEFRZS. H
FUUE S iF g H 2.46, FoA1T R EERA

¢($) =0 = = =0p.
Rz e F\{0p} 13 ¢(z) = 0. NI

oz 'z) = ¢z ")o(x) = Ok
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iy J7 1,

oz~ ) = d(1p) = 1g.
WATH 0 = 1, F)E. O
B 4.5 (5 KX¥) X D R¥®FR, D' =D\ {0}. £2&4&
Dx D" ERX =X AZTF. & (a,b),(c,d) € D x D*.
=X ad = be, W (a,b) ~ (¢, d).

HEANRIBIE ~ RFEMNXER. HEE (a,0) € D x D,
ab=ba = (a,b) ~ (a,b). BRAMERZ. & (a,b) ~ (c,d).
W ad = bc = cb = da = (c,d) ~ (a,b). FFARERZ. &
(a,b) ~ (c,d) #= (¢, d) ~ (e, f). W]

ad = cb,cf = ed = adcf = cbed = cd(af — eb) = 0.

R c#0, Waf =eb (DAFF) deXc=0, M ad=0
Fref=0. Ma=e=0. TRaf =0=1Dbe. &L LATE
(a,b) ~ (e, f). HZE R L.

A% (D x D*)/ ~ # Fr(D), #4e (a,b) X F ~ &
FMELH a/b. Wa/b=c/d%HRE ad = cb. %%
FMERE ~ R L AFMEGLTAERSHHEN:
NfFHEEre D,y ze€ D

Tz
y 2y
T @ & AE Fr(D) £& Xhmikde T
a N c_ ad + bc
b d bd

11



LA B Ao ik R B SRS . iR a/b=a' /¥ A c/d=c /d'. N

ab =d'b, cd =cd. (2)
) e ik 89 & VT Fe

ad Jd  dd+bd

va T vd

IS E ik ey B2 S &k A ER
ad+bc a'd + b
bd —  bd

AP
Vd'(ad + bc) = bd(a'd + b'd). (3)

FAV L X 85 At &

bd'(ad + be) = ab/dd + bb'cd
= a'bdd + b'bd'd (A (2))
= bd(a'd + b'd).
BT £r, (3) A L. #Amik R R R L8y,
T @ik (Fr(D),+,0/1) AR IEF. wheikey 2 LT
Fo, 4+ RN, RFBELLEAHF

<a+0)+e ad+bc e adf +bcf + ebd
b d f B

bd f bdf
Foa
a ¢ e\ a cf+de adf +bcf+bde
5+(a+}>b+ i bl
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TR, &oEREL.
A HFEE a/b € Fr(D),

a 0_a
b 1 b
3t
a —a_ab—ba_g_g
b b v 1

T A&, (Fr(D),+,0/1) & X %%,
£ X Fr(D) 893 k4T & a/b, c/d € Fr(D),

ac B ac
bd bd
ARG EGFTRIER EZ LT BAH
acd ad
vd v
BT VA
ac_a¢ — L ae < acb/d = d'dbd
bd b d bd bd

AR (2), RE—NEXTARR L.
AL (Fr(D),-,1/1) 24 2 ¥2. A A L& F5,

g S
(acyc e o fec
bd) f bdf b \df)’



FRE DwREOBERS (FH(D),,1/1) X
Wby A K. KNFERA D BAE:

2(E+E> _acf+de acf+ade
b\d f) b df bdf
o
ac ae ac ae acbf+ aebd
bd bf bd bf  bdbf
T A
acf +ade acbf + aebd
bdf bdb f
B3 S B R 2. ¥ (Fr(D), +,0/1,-,1/1) &R,
EEE
%#% <~ a #0.
4 a #0 8,
ab ab 1
ba ab 1

T A, a/b 7T, £AFE (Fr(D),+,0/1,-,1/1) £B. #F
Z R D #9523,

AFEl 4.6 %X D A 3R, N

ARG R LS.
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iEB. i Fr(D) PRYIEE R, SRR ¢,y € D,

or+y) = o) +o(y) M olxy) = o(x)o(y).

oo B XA, o(1) = 1/1. TR, ¢ RFFAE. &
o) =0/1. W x/1=0/1. TR, x=0. HEUEZE Y
B 2.46, ¢ &Y. O

iR 4E

~ : o L
D = im(¢) = {T‘CE € D} :
AT LIS D A im(o) B R FER. s, 38 2 /1 fi
Wz T2, D AJBIE R Fr(D) )14
4.2 13 EAZMERE

. A =F oo TR S8 (Fr T H E
2 # 0 BRI F AR AR 25 (6] F R AL, P R B E
WERPH T, & F RS 2 I8, A € M, (F).

(i) W A RRRFRI, WA EX AL BT R RS

TE? Y n BT, det(A) £RBHETEF?
(i) B A S FAT B HIRL ST IR R ST %7

& A= (ai,j)nxn-
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() R AR RIRFRE, WA = —A B4, = —ay,.
KN char(F) =2, b1 = —=1. T&, a;; = a;j;. ¥ A FEXS
PRARTRR 2 S50 8. 9140

-l

B:

O
(@) — (@]
— Ol

0
B2 S FR G SCREREFFRIG. H det(B) =1 # 0. % —J71,
$of FRFAE A ST 2 {48 25 2B R0 R AR B 147 21 =0 5%
T
(il) AWt A B —AT A ZATH R, HATHR0A
A X
det(A) = Z €001 5(1)02,0(2)03,0(3) * * * O (n)-

oES)

KN char(F) =2, Fibl 1p = —1p. i

€o01,0(1)02,0(2)A3,6(3) * " " An,o(n) = A1,0(1)42,6(2)A3,0(3) " * * An,o(n)-

th(A) — Z (al,a(l)a2,a(2) + a1,0(2)a2,0(1))a3,0(3) “ U o(n)

c€Sp,o(l)<a(2)

- Z (2a17‘7(1)a2a0(2))a3,0(3) ©r Ay o(n) < _)1 =
c€Sn,0(l)<o(2)

=0 (char(F) = 2).

Tre, B 7 A B RS RRAE FEAT 5 U5 T F DAL, R TAT
S 2 AT &6 & 1 B w3 AR AT 7
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5 4.7 &

123
A=10 2 4| € M,(Zs).
142
THAARAZRRIEE TR B FTAREGM ] Vy 69

—a K
ik, A Gauss HEE1HH

123 123
A— (024 — |024
024 000
T A&, rank(4) =2 = dim(Vy) = 1. B 5 4L
219 + 4wy I(_),
33|
o = —3 le’g = —EI;J, = 3563.
#t
T = —6333 — ?)333 = —9&73 = I3.
FRV M —mAR (1,3,1). %
( i )
VA = < A :_)) ’)\ - Z5 > .
\ ! /
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) 4.8 Z AR TN Z3 X TmEk AN E. Y
#ﬁ?/&}%lﬂﬁ €1,€9,€e3. ﬁﬂ%ﬁ (Z%,—l—,O) T’T’%‘Q%Ai%
u,v € Z3 Erk. W BRI LG4

mi1 Mi2 M13

M = 'fi’f’?‘ (el, €9, 63) = (U_,V)M.

ma1 M22 M23
T
mi1 My M3

By =(u,v) | ) )
ma1 M22 MM23

123X 5 rank(FE3) = 3 F /. #F (Z3,+,0) 2V H =/
AR FRLE 75 = (e, e e;3).

AR H B4 2.48, (Z3,+,0) RIMT Ss 9
F#. 12 Sy = ((12),(12345678)) (L H W@ &% — & A
2.52)

5] 4.9 & A € M,,(R). FE8] rank(A) = rank(A'A).
UEBH. X B = A'A, L AHfe B A ZRFEFEFREBET
AAEY R D B AT A Vo Fo V. - v e Vy N

Bv = A'Av = A'(Av) = A'0 = 0.
TR, VAC Vs RZ, BRweVphy=Aw. &

y = (yla e 7yn)t°
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)

Y1

WA Aw = (Aw)' (Aw) = y'y = (y1,....w0) | ¢ | =vi+ o
Yn

B —7wm, wAAw = w/'Bw = w0 =0. T4,

Sty =0

BAy,....,.un €R, TAy, = -+ =y, =0. HHFH
Aw = 0. é&ﬂ]ﬁ"i'] w € Vg. ’}%Q'ﬂ]'hiﬂﬂ T Vi = Vg. 5%7’3‘]
A dim(Vy) = dim(Vp). #RIE1H 2 22

rank(A) = n — dim(Vy) = n — dim(Vp) = rank(B). O

= 2] BB A B 48 AN AT R AR LY. 1 AN A
Zs t, %

1l

DOl

N~
I
O
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EFhE EHEMZIAN

1 —x%II

1.1 —rZWEARAIE
B RRAHIE. 4

~

R={(ro,r1,79,...,7n,...) | 7n € R, BRZNIEE].
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