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3.4 GaussÚn

½Â 3.22 � D´��Ïf©)��, f ∈ D[x]∗. �

f = fnx
n + fn−1x

n−1 + · · · + f0, fi ∈ D.

K gcd(fn, fn−1, . . . , f0)¡� f�NÝ(content),P� cont(f, x)

½ cont(f ).

� f=cont(f )g, Ù¥ g∈D[x]∗÷v cont(g)=1. ¡ g´

f ���Ü©(primitive part), P� pp(f, x)½ pp(f ).

� h∈D[x]∗. XJ cont(h)=1, K¡ h´��õ�ª.

Ún 3.23 � D ´��Ïf©)��, f ∈ D[x]∗. 2�

a ∈ D∗, g ∈ D[x]∗´��õ�ª. XJ ag = cont(f )pp(f ),

K a ≈ cont(f )Ú g ≈ pp(f ).

y². �

f = fnx
n + fn−1x

n−1 + · · · + f0

Ú

g = gnx
n + gn−1x

n−1 + · · · + g0,

Ù¥ fi, gi ∈ D� fngn 6= 0. 5¿� f = ag� g´���.

�1ÊÙ1�ù~ 3.21%¹ cont(f ) ≈ a. � a = ucont(f ),

Ù¥ u ∈ UD. u´§ug = pp(f ). = g ≈ pp(f ). �
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Ún 3.24 (Gauss) �D´��Ïf©)��. KD[x]¥

���õ�ª�È�´��õ�ª.

y². ���õ�ª

f = fmx
m + fm−1x

m−1 + · · · + f0

Ú

g = gnx
n + gn−1x

n−1 + · · · + g0,

Ù¥ fm, fm−1, . . . , f0, gn, gn−1, . . . , g0∈D� fm, gnÑ�".

b� fg Ø´���. K�3 D ¥Ø��� p ¦�

p|cont(fg). 5¿� lc(fg, x) ´ fmgn. u´, p|fmgn. d

1ÊÙ1�ù·K 3.10��, p|fm ½ p|gn. Ø�� p|fm.

Ï� cont(f ) = 1, ¤±�3 i ∈ {0, 1, . . . ,m− 1}¦�

p|fm, p|fm−1, . . . , p|fi+1, � p - fi.

Ï� cont(g) = 1, ¤±�3 j ∈ {0, 1, . . . , n}¦�

p|gn, p|gn−1, . . . , p|gj+1, � p - gj.

5¿�3 fg¥ xi+j�Xê´

c =
∑

k+`=i+j

fkg` � p|c.

XJ `<j,K k>i. � p|fk =⇒ p|fkg`. XJ `>j,K p|g`. �
p|fkg`. u´, p|figj. �â1ÊÙ1�ù·K 3.10, p|fi½
p|gj. gñ. �
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íØ 3.25 � D´��Ïf©)��, f, g ∈ D[x]∗. K

cont(fg) ≈ cont(f )cont(g), pp(fg) ≈ pp(f )pp(g).

y². Ï� f = cont(f )pp(f )Ú g = cont(g)pp(g), ¤±

fg = cont(fg)pp(fg) = (cont(f )cont(g))pp(f )pp(g).

�âÚn 3.24, pp(f )pp(g)´���. 2�âÚn 3.23,

cont(fg) ≈ cont(f )cont(g), pp(fg) ≈ pp(f )pp(g). �

½n 3.26 � D´��Ïf©)��, F ´ D�©ª�.

� f ∈ D[x]� deg(f ) > 0. XJ f ØU�¤ü� D[x]¥

�gê�õ�ª�È. K f 3 F [x]Ø��.

y². b� f = gh, Ù¥ g, h ∈ F [x] \ F . Ï� F ´ D�

©ª�,¤±�3 α, β ∈ D¦� αf = βg̃h̃,Ù¥ α, β∈D∗,
g̃, h̃∈D[x]´��õ�ª, deg(g̃)= deg(g), deg(h̃) = deg(h).

u´, αcont(f )pp(f ) = β(g̃h̃). �âíØ 3.24, pp(f )=ug̃h̃,

Ù¥ u∈UD. � f=cont(f )pp(f )=(cont(f )ug̃)h̃. gñ. �

½n 3.27 (Eisenstein Ø��5�O{) � D ´��Ï

f©)��, F ´ D�©ª�,

f = fnx
n + fn−1x

n−1 + · · · + f0,
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Ù¥ n > 0, fn, fn−1, . . . , f0 ∈ D� fn 6= 0. � p´D¥�

Ø���. XJ

p - fn, p|fn−1, . . . , p|f0, p2 - f0,

K f 3 F [x]¥Ø��.

y². dþã½n��, ·���y² f ØU�¤D[x]¥

ü��gê�õ�ª�È=�. b�

f (x) = (gkx
k + · · · + g1x + g0)(h`x

` + · · · + h1x + h0),

Ù¥ k, ` ∈ Z+, gk, . . . , g1, g0, h`, . . . , h1, h0 ∈ D� gk, h`Ñ

Ø�u".

Ï� fn = gkh`� p - gkh`, ¤± p - gk Ú p - h` (1Ê

Ù1�ù·K 3.10). Ï� f0 = g0h0Ú p|f0, ¤± p|g0½
p|h0. Ø�� p|g0. qÏ� p2 - f0, ¤± p - h0. Ï� p - gk
Ú p|g0, ¤±�3 i ∈ {0, 1, . . . , k}¦�

p|g0, · · · , p|gi−1 � p - gi.

K

fi = h0gi + h1gi−1 + · · · + hig0.

Ï� i ≤ k < n, ¤± p|fi. dd��, p|h0gi. � p|h0 ½
p|gi. gñ. �
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~ 3.28 y²: éu n > 1, xn − 2x + 23 Q[x]¥Ø��.

y². 5¿� 2 - 1, 2| − 2, 2|2� 22 - 2. �â½n 3.27, T

õ�ªØ��.

~ 3.29 � p´�ê. y²: xp−1 + xp−2 + · · · + x + 13

Q[x]¥Ø��.

y². � f (x) = xp−1 + xp−2 + · · · + x + 1. �ÄN�

φ : Z[x] −→ Z[x]

g(x) 7→ g(x + 1).

K φ´d Z ↪→ Z[x]Ú x 7→ x + 1p���Ó�. Ón

ψ : Z[x] −→ Z[x]

g(x) 7→ g(x− 1)

�´�Ó�. Ï� φ ◦ψ = ψ ◦φ = idZ[x], ¤± φ´�Ó�.

�y² f (x) 3 Q[x] ¥Ø��. ��y² f (x + 1)

3 Z[x] ¥Ø��(½n 3.26). du φ ´Ó�, ��y²

f (x + 1)3 Z[x]¥Ø��=�. 5¿�

f (x) =
xp − 1

x− 1
=⇒ f (x + 1) =

(x + 1)p − 1

x
.

�

f (x + 1) = xp−1 +

(
p

1

)
xp−2 + · · · +

(
p

2

)
x + p.

d1�Ù1�ù~ 7.17Ú½n 3.27��, f (x + 1)Ø�

�. � f (x)�Ø��.
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½n 3.30 � D´��Ïf©)��. K D[x]�´.

y². �â1ÊÙ1�ù½n 1.8, D[x]´��. �â1

ÊÙ1�ù·K 1.6, D¥�����U´eZ� D¥�

���È. Ï� D´��Ïf©)��, ¤± D∗¥��

�´eZ� D¥Ø�����È. aqu1ÊÙ1�!

~ 3.8¥gêín, ·��±y² D[x] \D¥?Û��õ
�ªÑ´eZ D[x]¥Ø���õ�ª�È. 5¿�?¿

f ∈ D[x] \Dk©) f = cont(f )pp(f ). � f ´ D[x]¥e

Z�"õ�ª�È.

�â1ÊÙ1�ù·K 3.10, �Iy² D[x]¥?¿

Ø���Ñ´��. � f∈D[x]´Ø���� f |gh, Ù¥

g, h∈D[x]∗. K

cont(f )pp(f )|cont(g)cont(h)pp(g)pp(h).

XJ f ∈ D,K pp(f ) = 1. � f = cont(f )|cont(g)cont(h)

(íØ 3.25). Ï�D´��Ïf©)��, ¤± f ´D¥

�� (1ÊÙ1�ù·K 3.10). dd�Ñ, f |cont(g) ½

f |cont(h). � f |g½ f |h. = f ´��.

XJ deg(f ) > 0, K f ´���. d½n 3.26��,

f 3 F [x]¥Ø��, Ù¥ F ´ D�©ª�. Ï� f |gh3
D[x]¥¤á, ¤± f |gh3 F [x]¥¤á. Ï� F [x]´��

Ïf©)��,¤± f ´ F [x]¥���. �3 F [x]¥, f |g
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½ f |h. Ø�� f |g. K�3 q ∈ F [x]¦� g = qf . u´,�

3 α, β ∈ D¦� αpp(g) = βpp(q)pp(f ) = βpp(q)f. dí

Ø 3.25, f |pp(g)3D[x]¥¤á. � f |g3D[x]¥¤á. �

4 Eê

4.1 Eê�

�

C := {x + y
√
−1 |x, y ∈ R}.

� z = x+ y
√
−1,Ù¥ x, y ∈ R. K x¡� z�¢Ü,P�

Re(z); y¡� z�JÜ, P� Im(z). 5¿� R ⊂ C.

½Â

+ : C× C −→ C
(x1 + y1

√
−1, x2 + y2

√
−1) 7→ (x1 + y1) + (x2 + y2)

√
−1.

����y (C,+, 0)´��+. ½Â

· : C× C −→ C
(x1 + y1

√
−1, x2 + y2

√
−1) 7→ (x1x2 − y1y2) + (x1y2 + y1x2)

√
−1.

����y (C, ·, 1)´��¹N�+.

����y©�Æ¤á. u´, (C,+, 0, ·, 1)´���.

� z = x+ y
√
−1,Ù¥ x, y ∈ R. K z̄ = x− y

√
−1¡

� z��Ý. 5¿�

zz̄ = x2 + y2 ∈ R.
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� z 6= 0�,

z
z̄

x2 + y2
= 1.

� (C,+, 0, ·, 1)´�, ¡��Eê�. §���¡�Eê.

~ 4.1 �

F =


 x y

−y x

 | x, y ∈ R

 .

d1�ng��9ÙSK�ùÂ��, (F,+, O, ·, E) ´

�. e¡·��y F Ú C´Ó��.

½Â

φ : F −→ C x y

−y x

 7→ x + y
√
−1.

����yé?¿A,B ∈ F , φ(A+B) = φ(A) +φ(B). �

A =

 x y

−y x

 Ú B =

 u v

−v u

 .
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K

φ(AB) = φ(

 xu− yv xv + yu

−xv − yu xu− yv

)

= (xu− yv) + (xv + yu)
√
−1

= (x + y
√
−1)(u + v

√
−1)

= φ(A)φ(B).

?
, φ(E) = 1. � φ´�Ó�. w, φ´÷�. 2�â

1oÙ1nù·K 4.4, φ´Ó�.

5¿�

φ(

 0 1

−1 0

) =
√
−1.

Ï�  0 1

−1 0

2

= −E,

¤±
√
−1

2
= −1´Ün�.

P
√
−1� i, ¡�Jü .

·K 4.2 �ÝN� z 7→ z̄´l C� C�Ó�� |̄R = idR.

y². � z = x+yi, x, y ∈ R. K z̄ = x−yi. u´,� y = 0

�, z̄ = z. � |̄R = idR. ?
,

¯̄z = x− yi = x + yi = z.
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��ÝN��_´§g�, l
´V�. e¡�Iy²�

ÝN�´Ó�. 2� z′ = x′ + y′i, Ù¥ x′, y′ ∈ R. K

z + z′ = (x + x′) + (y + y′)i = (x + x′)− (y + y′)i

= (x− yi) + (x′ − y′i) = z̄ + z̄′. �

4.2 Eê�4L«

� z = x + yi, Ù¥ x, y ∈ RØ��". K

z =
√
x2 + y2

(
x√

x2 + y2
+

y√
x2 + y2

i

)
.

K�3��� θ ∈ [0, 2π)¦�,

cos θ =
x√

x2 + y2
Ú sin θ =

y√
x2 + y2

.

¡
√
x2 + y2� z���, P� |z|. ¡ θ� z�Ì�, P�

arg z. 2� 0����", Ì�?¿. Ké?¿ z ∈ C,

z = |z|(cos(θ) + sin(θ)i).

¡�� z�4zúª.

Ún 4.3 �Eê

z1 = |z1|(cos(θ1) + sin(θ1)i), z2 = |z2|(cos(θ1) + sin(θ1)i).

K

z1z2 = |z1||z2|(cos(θ1 + θ2) + sin(θ1 + θ2)i).
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y². ��O��

z1z2 = |z1||z2|

(cos(θ1) cos(θ2)− sin(θ1) sin(θ2)) + (cos(θ1) sin(θ2) + sin(θ1) cos(θ2))i

= |z1||z2|(cos(θ1 + θ2) + sin(θ1 + θ2)i). �

·K 4.4 � z = |z|(cos(θ) + sin(θ)i).

(i) é?¿ n ∈ N, zn = |z|n(cos(nθ) + sin(nθ)i).

(ii) XJ z 6= 0, K z−1 = |z|−1(cos(θ)− sin(θ)i).

y². (i) é n8B. � n = 0�, (Øw,¤á. � n > 0

�(Øé n− 1�¤á.

zn = zzn−1

= |z|(cos(θ) + sin(θ)i)|z|n−1(cos((n− 1)θ) + sin((n− 1)θ)i)

(8Bb�)

= |z|n(cos(nθ) + sin(nθ)i) (Ún 4.3).

(ii) ��O��

z|z|−1(cos(θ)− sin(θ)i)

= |z|(cos(θ) + sin(θ)i)|z|−1(cos(−θ) + sin(−θ)i)

= 1 (Ún 4.3). �

-

eiθ = cos(θ) + sin(θ)i.
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K, z = |z|(cos(θ) + sin(θ)i)�{P� z = |z|eiθ. þãÚn
Ú·K¥�(Ø���

z1 = |z1|eiθ1, z2 = |z2|eiθ2 =⇒ z1z2 = |z1||z2|ei(θ1+θ2).

� z = |z|eiθ 6= 0 �, é?¿ n ∈ Z, zn = |z|neinθ, Ú
z̄ = |z|e−iθ.

4.3 ü �

� n ∈ Z+. �§ zn = 13 C¥��¡� ngü �.

·K 4.5 �§ zn = 13 C¥k n�pØ�Ó��

εk = e
2kπi
n , k = 0, 1, . . . , n− 1.

y². ��O��

εnk = e2kπi = 1.

� ε0, ε1, . . . , εn−1 Ñ´ü �. � k,m ∈ {0, 1, . . . , n − 1}
� k ≤ m. XJ εk = εm, K

1 = εmε
−1
k = e

2(m−k)πi
n .

Ï�m−k ∈ {0, 1, . . . , n−1},¤±m = k. � ε0, ε1, . . . , εn−1

üüØÓ. �

�â1ÊÙ1�ù½n 3.19, �§ zn = 13 C¥�
�õk n��. u´, C¥Tk n�pØ�Ó�ü �. P

Un´ù
ü ��8Ü.
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·K 4.6 n�| (Un, ·, 1)´Ì�+. Un = 〈ε`〉��=�
gcd(`, n) = 1.

y². � εk, εm ∈ Un. K (εkε
−1
m )n = εnk(εnm)−1 = 1. �

εkε
−1
m ∈ Un. � (Un, ·, 1)´ (C∗, ·, 1)�f+(1oÙ1�ù

·K 2.24).

é?¿ k ∈ {0, 1, . . . , n− 1}, εk = εk1. u´, Un = 〈ε1〉.
� ` ∈ {0, 1, . . . , n − 1} ¦� gcd(`, n) = 1. é?¿

k ∈ Z, �3 u, v ∈ Z¦� u` + vn = k. (Bezout 'X��

�íØ). u´,

εk = εk1 = εu`+vn1 =
(
ε`1
)u

(εn1)v = εu` .

� Un = 〈ε`〉.
� Un = 〈ε`〉. K�3 u ∈ Z¦� εu` = ε1. � ε`u−11 = 1.

Ï� ord(ε1) = n, ¤± n|(`u − 1). ��3 v ∈ Z ¦�
`u − 1 = vn (1oÙ1�ù·K 2.38 (ii)), = `u + vn = 1.

�â1�Ù1où½n 7.8, gcd(`, n) = 1. �

� Un = 〈ε`〉�, ε`¡� ng��ü �.

~ 4.7 � f = an−1x
n−1 + an−2x

n−2 + · · ·+ a1x+ a0 ∈ C[x].

é k ∈ {0, 1, . . . , n− 1}, ·�k

f (εk) = an−1ε
n−1
k + an−2ε

n−2
k + · · · + a1εk + a0,

εkf (εk) = an−2ε
n−1
k + · · · + a1ε

2
k + a0εk + an−1,
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ε2kf (εk) = an−3ε
n−1
k + · · · + a1ε

3
k + a0ε

2
k + an−1εk + an−2.

...

εn−1k f (εk) = a0ε
n−1
k + an−1ε

n−2
k + · · · + a2εk + a1.

|^Ý
�¤

vk := f (εk)



1

εk

ε2k
...

εn−1k


=



an−1 an−2 · · · a1 a0

an−2 an−3 · · · a1 an−1

an−3 an−4 · · · an−1 an−2
... ... . . . ... ...

a0 an−1 · · · a2 a1


︸ ︷︷ ︸

A



εn−1k

εn−2k

εn−3k

...

1


.

u´,

(v0,v1, . . . ,vn−1) = A



εn−10 εn−11 εn−12 · · · εn−1n−1

εn−20 εn−21 εn−22 · · · εn−2n−1

εn−30 εn−31 εn−32 · · · εn−3n−3
... ... . . . ... ...

1 1 1 · · · 1


︸ ︷︷ ︸

B

.

�ªü>�1�ª¿|^1�ª¦È½n�

det((v0,v1, . . . ,vn−1)) = det(A) det(B).

=

det(A) = (−1)
n(n−1)

2 f (ε0)f (ε1) · · · f (εn−1).
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4.4 �êÆÄ�½n

½n 4.8 (�êÆÄ�½n) � f ∈ C[x] \C. K f 3 C[x]

k�.

þã½n�y²�^��Ñ��§����£. ùpØ�

Ñy². �§�ü�íØéeÆÏ�ÆS'�­�.

íØ 4.9 � f ∈ C[x] \ C. K�3pØ�Ó�Eê
α1, · · · , αk Ú�"��êm1, . . . ,mk ¦�

f = lc(f )(x− α1)
m1 · · · (x− αk)mk.

y². � n = deg(f ), ` = lc(f ). ·�é n8B.

� n = 1�, (Øw,¤á. � n > 1�(Øé n − 1

gEXêõ�ªÑ¤á. d�êÆÄ�½n, �3 α∈C¦
� f (α)=0. �â{ª½n,

f (x) = (x− α)g(x),

Ù¥ g ∈ C[x], deg(g) = n − 1� lc(g) = λ. d8Bb�

�3pØ�Ó�Eê α1, · · · , αkÚ�"��êm1, . . . ,mk

¦�

g = λ(x− α1)
m1 · · · (x− αk)mk.

XJ α ∈ {α1, . . . , αk}, KØ�� α = α1. dd�Ñ

f (x) = λ(x− α1)
m1+1 · · · (x− αk)mk.

15



ÄK

f (x) = λ(x− α)(x− α1)
m1 · · · (x− αk)mk. �

TíØ`² C[x]¥�Ø���T´�gõ�ª, z

�EXêõ�ª3 C¥����ê(O�­ê)�Ùgê

�Ó.

íØ 4.10 3 R[x]¥�Ø����gê�õ´�g.

y². b� f (x) = fnx
n + fn−1x

n−1 + · · · + f0 ∈ R[x]´Ø

���� n > 2Ú fn 6= 0. Ï� f �´EXêõ�ª, ¤

±�êÆÄ�½n%¹ f dE� α. 5¿� α /∈ R. ÄK

d{ª½n f ¬k�g¢XêÏf x − α, � f �Ø��

5gñ. AO/, α 6= ᾱ.

Ï�¢ê��Ý´§g�, ¤±

0 = f (α) = f (α) =

n∑
i=0

f̄iᾱ
i =

n∑
i=0

fiᾱ
i = f (ᾱ).

� f dü�pØ�Ó�E� αÚ ᾱ. d{ª½n, ¢�g

õ�ª g(x) = (x − α)(x − ᾱ)�Ø f , �§��û�´¢

Xêõ�ª. gñ. �

TíØ`² R[x] \ R¥�õ�ª, Ñ´ R[x]¥eZ�

g½�gØ��õ�ª�¦È.
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4.5 A�'uEê�~f

����y

Z[
√
−5] = {x + y

√
−5 |x, y ∈ Z}

´ C�f�. §w,´��. ÏLO� Z[
√
−5]¥���

����, T�¥��_�´±1. 5¿�

9 = 3 · 3 = (2 +
√
−5)(2−

√
−5).

e¡·�y² 3Ú 2±
√
−5Ñ´ Z[

√
−5]¥�Ø���.

� 3 = (m + n
√
−5)(k + `

√
−5), Ù¥ m,n, k, ` ∈ Z.

ü>��Ý� 3 = (m− n
√
−5)(k − `

√
−5). u´

9 = (m2 + 5n2)(k2 + 5`2).

�m2+5n2 = 3Ã�ê). �m2+5n2 = 1½m2+5n2 = 9.

cö¿�Xm = ±1, n = 0,=m+n
√
−5 = ±1´�_�.


�ö¿�X k + `
√
−5´�_�. � 3Ø��.

aq/, � 2 +
√
−5 = (m + n

√
−5)(k + `

√
−5), Ù¥

m,n, k, ` ∈ Z. ü>��Ý�

2−
√
−5 = (m− n

√
−5)(k − `

√
−5).

u´, 9 = (m2 + 5n2)(k2 + 5`2). Ó��ín�� 2 +
√
−5

Ø��. Ón 2 −
√
−5�Ø��. ù�~f`² Z[

√
−5]

Ø´��Ïf©)��.
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5¿�3T�¥, 9Ú 6+3
√
−5kúÏf 3Ú 2+

√
−5.

� d´ 9Ú 6 + 3
√
−5���úÏf. K d = 3(x+ y

√
−5),

Ù¥ x, y ∈ Z. Ï� d|9, ¤± (x + y
√
−5) | 3. qÏ� 3Ø

��. Ø�� x = 3, y = 0. � d = 9. u´,

9 | (6 + 3
√
−5) =⇒ 3 | (2 +

√
−5).

Ï� 2 +
√
−5Ø��, ¤±±3 = 2 +

√
−5. gñ.

dd�Ñ, 9Ú 6 + 3
√
−53 Z[

√
−5]¥vkúÏf.

��, ·�5wo�ê�. �

H =


 u v

−v̄ ū

 | u, v ∈ C

 .

K (H,+, O, ·, E) ´ M2(C) ¥����f�, � H ¥�

z��"�3 H ¥k�_�. ù´êÆ¤þ1���

�(skew-field).
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