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5 õ�õ�ª�

5.1 õ�õ�ª���E

�R´(¹N)���.KRþ���õ�ª�R[x]´

���. AO/, � R´���, R[x]�´��.

r R[x]w�Xê�, R[x][y]´ R[x]þ�'u y��

�õ�ª�.

~ 5.1 �

f = (x2 + 1)y3 − (x + 1)y2 − x5 + 2x ∈ Z[x][y]

= x2y3 + y3 − xy2 − y2 − x5 + 2x (©�Æ)

= −x5 + y3x2 + (2− y2)x + y3 − y2 ∈ Z[y][x].

dd��, Z[x][y] = Z[y][x] =: Z[x, y]¿¡�� Zþ��
�õ�ª�.

½Â 5.2 � R´���. ��� R[x1][x2] · · · [xn]¡� R

þ� n�õ�ª�, P� R[x1, . . . , xn].

½n 5.3 � R´���, R[x1, . . . , xn]´��. � R´�

�Ïf©)���, R[x1, . . . , xn]´��Ïf©)��.
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y². � n = 1� R[x1]´��(�þÆÏ1ÊÙ1�ù½

n 1.8). é n8B����Ñ R[x1, . . . , xn]�´��. a

q/, |^þÆÏ1ÊÙ1nù½n 3.30ÚêÆ8B{�

�,�R´��Ïf©)���,R[x1, . . . , xn]�´��Ï

f©)��. �

½Â 5.4 � R[x1, . . . , xn]´��� Rþ�õ�ª�. -

Xn =
{
xd11 · · ·xdnn | d1, . . . , dn ∈ N

}
,

Ù¥��M = xd11 · · · xdnn ¡�ü�ª, d1 + · · · + dn¡�

M �(o)gê, P� deg(M).  di ¡� M 'u xi �g

ê, P� degxi(M), i = 1, . . . , n.

5) 5.5 �M,N ∈ Xn, KMN ∈ Xn�

deg(MN) = deg(M) + deg(N).

e¡·�ïÄXÛ^ü�ªL«õ�ª. d~ 5.1��,

ÏLR[x1, . . . , xn]¥�$�, R[x1, . . . , xn]¥�?Û�� f

�±�¤

f = α1M1 + · · · + αkMk, (1)

Ù¥ k ∈ Z+, α1, . . . , αk ∈ R, M1, . . . ,Mk ∈ Xn. ÏLÜ¿

Óa�, ·�?�Úb�þª¥M1, . . . ,MküüØÓ.

Ún 5.6 � (1)¥M1, . . . ,Mk üüØÓ� f = 0. K

α1 = · · · = αk = 0.
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y². é n8B. � n = 1�, (Ø¤á(þÆÏ1ÊÙ1

�ù5º 1.3). � n > 1�(Ø3 n− 1�¤á. �

d = max(degxn(M1), . . . , degxn(Mk)).

XJ d = 0, K xn3M1, . . . ,Mk¥ÑØÑy. d8Bb�

α1 = · · · = αk = 0. y3�Ä d > 0��/. b�α1, . . . , αk

ÑØ�u". 2� i ∈ {1, . . . , n}¦�M1, . . . ,Mi−1'u

xn�gêÑ�u d, 

degxn(Mi) = degxn(Mi+1) = · · · = degxn(Mk) = d.

K Mi = Nix
d
n, . . . ,Mk = Nkx

d
n, Ù¥ Ni, . . . , Nk ∈ Xn−1.

u´

0 = α1M1 + · · · + αi−1Mi−1︸ ︷︷ ︸
P

+ (αiNi + · · · + αkNk)︸ ︷︷ ︸
Q

xdn.

5¿� P ��'u xn�õ�ªk degxn(P ) < d. �â½

n 2.1, Q = 0. �â8Bb�, αi = · · · = αk = 0, gñ. �

½n 5.7 � p ∈ R[x1, . . . , xn] � p 6= 0. K�3��

� k ∈ Z+, α1, . . . , αk ∈ R \ {0} ÚüüØÓ�ü�ª
M1, . . . ,Mk ∈ Xn¦�

p = α1M1 + · · · + αkMk. (2)

(k�¡þãL�ª� p�“©Ùª”.)
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y². �35d����$�5Æ����.

e¡y²��5. �

p = β1N1 + · · · + β`N`,

Ù¥ β1, . . . , β` ∈ R \ {0} and N1, . . . , N` ∈ XnüüØÓ.

2� i ∈ {1, 2, . . . ,min(k, `)}¦�M1 = N1, . . . ,Mi = Ni,

�é?¿� s, t ∈ {i + 1, . . . ,max(s, t)}, Ms 6= Nt. K:

p− p = (α1 − β1)M1 + · · · + (αi − βi)Mi

+ αi+1Mi+1 + · · · + αkMk + (−βi+1)Ni+1 + · · · + (−β`)N` = 0.

�âÚn 5.6, i = k = `� α1 = β1, . . . , αk = βk. �

½Â 5.8 � p ∈ R[x1, . . . , xn] \ {0}�©ÙªL«� (2).

õ�ª p�(o)gê½Â�

max(deg(M1), . . . , deg(Mk)),

P� deg(p). d	, 0�gê½Â� −∞.

5) 5.9 � p ∈ R[x1, . . . , xn]Ú i ∈ {1, . . . , n}. ·�rw
¤ p3Xê� R[x1, . . . , xi−1, xi+1, . . . , xn]þ'u xi ��

õ�ª. õ�ª p'u xi�gêP� degxi(p).

~ 5.10 � f = 2(x−y)(x+y)+3y2−5xyz−(y+z)2−2y3 ∈
Z[x, y, z]. ¦ degx(f ), degy(f ), degz(f )Ú deg(f ).
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). |^���¥�O�5K��

f = 2x2 − (5yz)x− 2yz − z2 − 2y3 (w¤'u x��õ�ª)

= −2y3 − (2xz + 2z)y + 2x2 − z2 (w¤'u y��õ�ª)

= −z2 − (5xy + 2y)z + 2x2 − 2y3 (w¤'u z��õ�ª)

= −(2y3 + 5xyz) + (2x2 − 2yz − z2) (©ÙL«).

u´degx(p) = 2, degy(p) = 3, degz(p) = 2Ú deg(p) = 3.

~ 5.11 � d ∈ N. ¦ Xn ¥gêØpu dg�ü�ª�

�ê.

). � n = 1�, ù
ü�ª´ 1, x, x2, . . . , xd,� d+ 1�.

� n = 2�, ù��ü�ª�/ª´ xiyj, Ù¥ i, j ∈
N � i + j ≤ d. u´, éu�½� i, j �����´

{0, 1, . . . , d− i}, � d− i+ 1�. dd��, gêü�ª�

�ê�

d∑
i=0

(d− i+ 1) = (d+ 1)d− d(d + 1)

2
+d+ 1 =

(d + 2)(d + 1)

2
.

e¡·�^��°ç�|ÜÆE|5?n���/.
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�ü�ªM = xi11 · · ·xinn .

deg(M) ≤ d⇐⇒ i1 + · · · + in ≤ d,

(i1, . . . , in ∈ N),

⇐⇒ i0 + i1 + · · · + in = d,

(i0, i1, . . . , in ∈ N),

⇐⇒ (i0 + 1)︸ ︷︷ ︸
j0

+ (i1 + 1)︸ ︷︷ ︸
j1

· · · + (in + 1)︸ ︷︷ ︸
jn

= d + n + 1,

(i1, . . . , in ∈ N),

⇐⇒ j0 + j1 + · · · + jn = d + n + 1,

(j1, . . . , jn ∈ Z+).

u´, gê�u�u d�ü�ª��ê�u�§

z0 + z1 + · · · + zn = d + n + 1

���ê)��ê. ��ur d+ n+ 1�¥ü¤�ü, ,

�r§�©¤ n + 1���|, ��kõ�«ØÓ�©{.

• · · · •︸ ︷︷ ︸
z0

| • · · · •︸ ︷︷ ︸
z1

| · · · | • · · · •︸ ︷︷ ︸
zn

,

Ù¥k d + n + 1� “ •”, n� “ |”. Ï�ù
¥�m�k
d + n��Y, ¤±oê�u(

n + d

n

)
.
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5.2 àg(homogeneous)õ�ª

�
ïÄõ�õ�ª�\{Ú¦{, ·�Ú\àgõ

�ª�Vg.

½Â 5.12 � h ∈ R[x1, . . . , xn]. XJ�3 β1, . . . , β` ∈ R
Ú dg�ü�ª N1, . . . , N` ∈ Xn ¦�

h = β1N1 + · · · + β`N`,

K¡ h´à dg�. AO/, 0@�´à?¿g�õ�ª.

XJõ�ª h�", K§´à dg���=�3§�©Ù

L�ª¥Ñy�ü�ªÑ´ dg�. ?Û���"� dg

õ�ª pÑ�±��/�¤

p = hd + hd−1 + · · · + h0,

Ù¥ hi´à ig�õ�ª� hd 6= 0. ·�¡þª� p�à

g£\{¤©).

~ 5.13 ~ 5.10¥�õ�ª f = h3 + h2 + h1 + h0,Ù¥

h3 = −(3y3 + 5xyz), h2 = 2x2 − 2yz − z2, h1 = h0 = 0.

Ún 5.14 � hdÚ he©O´ R[x1, . . . , xn]¥à dgÚà

egõ�ª. K

(i) deg(hd + he) ≤ max(d, e), �� d 6= e��ª¤á.
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(ii) deg(hdhe) ≤ d + e, �� R´����ª¤á.

y². (i) � d > e�, hd¥Ñy�ü�ªØ�U� he¥

�ü�ª��. dÚn 5.6, deg(hd + he) = d. � d = e�,

deg(hd + he) = d½ 0. (Ø¤á.

(ii) d5º 5.9��, hdhe½ö�u"½ö´à d + e

gõ�ª. � R���, R[x1, . . . , xn]�´��.u´� hd

Ú heÑ�"�, hdhe�Ø�u". � deg(hdhe) = d + e. �

½n 5.15 � pÚ q©O´ R[x1, . . . , xn]¥ dgÚà eg

õ�ª. K

(i) deg(p + q) ≤ max(d, e), �� d 6= e���ª¤á.

(ii) deg(pq) ≤ d + e, �� R´����ª¤á.

y². � p½ q�u"�, (Øw,¤á. � pÚ qÑØ�

u". -

p = gd + · · · + g1 + g0 Ú q = he + · · · + h1 + h0,

Ù¥ gi´à ig�, hj´à jg�, � hdÚ geÑ�".

(i) � d > e�, gd´Ñy3 p + q�àg\{©)¥

gê�p�àgõ�ª, u´ deg(p + q) = d. � d = e�,

dÚn 5.14 (i)��, deg(p + q) ≤ d.

(ii) dÚn 5.14 (ii)��,

pq = gdhe + r,
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Ù¥ r�àg©)¥Ñy�àgõ�ª�gê�u d + e.

u´, deg(pq) ≤ d + e. � R´���. deg(gdhe) = d + e.

ù�´ pq�gê. �

5.3 D�Ó�

·�r'u��õ�ª��D�Ó�½ní2�õ

��/.

½n 5.16 � RÚ S ´ü����, φ : R −→ S ´�Ó

�. é?¿� s1, . . . , sn ∈ S, �3����Ó� φs1,...,sn :

R[x1, . . . , xn] −→ S ¦�

φs1,...,sn(xi) = si, i = 1, . . . , n � φs1,...,sn|R = φ.

y². é n 8B. � n = 1 �, ½n=���õ�ª�

D�Ó�½n(�þÆÏ1ÊÙ1�ù½n 1.10). �

n − 1 �½n¤á. =�3����Ó� φs1,...,sn−1 :

R[x1, . . . , xn−1] −→ S÷v

φs1,...,sn−1(xi) = xi, i = 1, . . . , n− 1 � φs1,...,sn−1|R = φ.

- ψ = φs1,...,sn−1. é ψ, R[x1, . . . , xn−1][xn] Ú sn 2g|

^þÆÏ1ÊÙ1�ù½n 1.10 ������Ó�:

ψsn : R[x1, . . . , xn−1][xn] −→ S ÷v

ψsn(xn) = sn � ψsn|R[x1,...,xn−1] = ψ.
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���wÑ ψsnÒ´¤�¦�Ó� φs1,...,sn. �

~ 5.17 � F ´�. φ´ F þ�ðÓN�, α1, . . . , αn ∈ F .
K�3���D�Ó�

φα1,...,αn : F [x1, . . . , xn] −→ F

p(x1, . . . , xn) 7→ p(α1, . . . , αn).

XJ p(α1, . . . , αn) = 0, K¡ (α1, . . . , αn)´õ�ª p3 F

þ���":. õ�ª x21 + x22 − 13 Rþ¤k":�8
Ü´ü �.

~ 5.18 � σ ∈ Sn, φ : R → R[x1, . . . , xn] ´i\(÷v

∀ r ∈ R, φ(r) = r). K φσ : R[x1, . . . , xn] → R[x1, . . . , xn]

÷v

φσ(xi) = xσ(i), i = 1, . . . , n � φσ|R = φ

´�Ó�. ¯¢þ, φσ �_N�´ φσ−1. u´, φσ ´Ó�.

XJ σ = (12), K

φσ(x1 + 2x22 − x3) = xσ(1) + 2x2σ(2) − xσ(3) = x2 + 2x21 − x3.

½Â 5.19 � p ∈ R[x1, . . . , xn]. XJéu?¿� σ ∈ Sn,
φσ(p) = p, K¡ p´'u x1, . . . , xn�é¡õ�ª.

Xê� R ¥���Ñ´é¡õ�ª. é?¿ i ∈ Z+,

xi1 + · · · + xin ´é¡õ�ª.

10



·K 5.20 � T ´ R[x1, . . . , xn] ¥�¤ké¡õ�ª�

¤�8Ü. K T ´ R[x1, . . . , xn]¥�f�.

y². � f, g ∈ T . Ké?¿ σ ∈ Sn,

φσ(f − g) = φσ(f )− φσ(g) = f − g.

� f − g ∈ T . dd�Ñ, (T,+, 0)´ (R[x1, . . . , xn],+, 0)�

\{f+. aq/,

φσ(fg) = φσ(f )φσ(g) = fg.

d	 1 ∈ T . � (T, ·, 1)´¹N�+. � T ´f�. �

5.4 Ð�é¡õ�ª{0

õ�ª� R[x1, . . . , xn]¥�é¡õ�ª�¤��f

�. 3Tf�¥k�a��é¡õ�ª. �

p = (xn+1 − x1) · · · (xn+1 − xn) ∈ R[x1, . . . , xn, xn+1].

r§w¤'u xn+1���õ�ª, Ðm��:

p = xnn+1 − ε1xn−1n+1 + · · · + (−1)n−1εn−1xn+1 + (−1)nεn,

Ù¥, Ù¥ ε1, . . . , εn−1, εn ∈ R[x1, . . . , xn]. ��O���

ε1 = x1 + · · · + xn and εn = x1 · · · xn
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§�Ñ´'u x1, . . . , xn�é¡õ�ª.

e¡·�5y²z� εiÑ´é¡õ�ª. � σ ∈ Sn.

·��±r σw¤ Sn+1¥÷v σ(n+1) = n+1���.�

φσ : R[x1, . . . , xn, xn+1] −→ R[x1, . . . , xn, xn+1] ´d~ 5.18

½Â�Ó�. K

φσ(p) = (xn+1 − xσ(1)) · · · (xn+1 − xσ(n)) = p.

,��¡,

φσ(p) = xnn+1−φσ(ε1)x
n−1
n+1+· · ·+(−1)n−1φσ(εn−1)xn+1+(−1)nφσ(εn).

�âþÆÏ1ÊÙ1�ù5º 1.3, φσ(ε1) = ε1, . . . ,

φσ(εn−1) = εn−1 Ú φσ(εn) = εn. u´, ε1, . . . , εn−1, εn

Ñ´'u x1, . . . , xn�é¡õ�ª.

2� ε0 = 1. ·�¡ ε0, ε1, . . . , εn´'u x1, . . . xn�

Ð�é¡õ�ª.

~ 5.21 ÏL��O���,� n = 2�, ε1 = x1+x2, ε2 =

x1x2; � n = 3 �, ε1 = x1 + x2 + x3, ε2 = x1x2 + x2x3 +

x1x3, ε3 = x1x2x3. ��5ù

εk =
∑

1≤i1<i2<···<ik≤n
xi1xi2 · · · xik, k = 1, 2, . . . , n.

5¿� εk ´ kàg�.

|^Ð�é¡õ�ª, ·��±r'u�gõ�ª�

Vieta½ní2����/.
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½n 5.22 � F ´�, f ∈ F [x], deg(f ) = n > 0, lc(f ) =

an. -

f = anx
n + an−1x

n−1 + · · · + a0 = an(x− α1) · · · (x− αn).

Ù¥ α1, . . . , αn ∈ F , Ø7üüØÓ. K

ai
an

= (−1)n−iεn−i(α1, . . . , αn),

Ù¥ εn−i´1 n−i� n�Ð�é¡õ�ª, i = 0, 1, . . . , n.

y². d½n 5.16��, �3D�Ó�

φ : F [x1, . . . , xn, xn+1] −→ F [x]

÷v: φ|F ´ðÓN�, φ(xi) = αi, i = 1, 2, . . . , n Ú

φ(xn+1) = x. - g = (xn+1 − x1) · · · (xn+1 − xn)Ú h = ang.

K φ(h) = anφ(g) = an(x − α1) · · · (x − αn) = f. dÐ�é

¡õ�ª�½Â��:

an(xn − φ(ε1)x
n−1 + · · · + (−1)n−1φ(εn−1)x + (−1)nφ(εn))

= anx
n + an−1x

n−1 + · · · + a0.

�â½n 2.1 ��, an(−1)n−iεn−i(α1, . . . , αn) = ai, i =

0, 1, . . . , n. �

~ 5.23 � f = ax2 + bx + c ∈ R[x]� a 6= 0, α, β ∈ C´
f �ü��. K

α + β = −b
a
� αβ =

c

a
.
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ùÒ´�g�§� Vieta½n.

� f = ax3 + bx2 + cx+ d ∈ R[x]� a 6= 0, α, β, γ ∈ C
´ f �n��. K

α + β + γ = −b
a
, αβ + βγ + γα =

c

a
� αβγ = −d

a
.

½n 5.24 � F ´�, Tn´ F [x1, . . . , xn]¥é¡õ�ª�

¤�f�. K÷v

φF = idF , φ(x1) = ε1, . . . , φ(xn) = εn

´l F [x1, . . . xn]� Tn��Ó�. AO/, é?¿ p ∈ Tn,
�3��� f ∈ F [x1, . . . , xn]¦�

p(x1, . . . , xn) = f (ε1, . . . , εn).

T½n�y²I�^�ü�ª�üS, ùpØ2Kã.

~ 5.25 � p = x21 + x22 ∈ T2. K

p = (x1 + x2)
2 − 2x1x2 = ε21 − 2ε2 = f (ε1, ε2),

Ù¥ f (x1, x2) = x21 − 2x2.

6 ��õ�ª�Ã²�Ü©

� F ´�, p ∈ F [x]�gê��. K�3c ∈ F , F þ

üüpØ���Ø��õ�ª p1, . . . pk ∈ F [x] \ F Ú��
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�m1, . . . ,mk ∈ Z+¦�

p = cpm1
1 · · · p

mk
k . (3)

·�¡ pi ´ p � mi Ïf, i = 1, 2, . . . , k. � mi = 1

�, pi¡�üÏf. Ïf p1p2 · · · pk ¡� p�Ã²�Ü©

£squarefree part¤. � p�Ø��ÏfÑ´üÏf�, p¡

�Ã²��. ¦+ p�Ã²�Ü©´ÏL p�Ø��Ïf

½Â�, Ã²�Ü©�±ÏLÎ=�Ø{��. �d, ·

�I�½Âõ�ª�/ª�ê.

� f = fnx
n + fn−1x

n−1 + · · · + f1x + f0 ∈ F [x]. ½Â

f 'u x��ê´

f ′ = nfnx
n−1 + (n− 1)fn−1x

n−2 + · · · + f1.

duÙ$�5Æ�Ï~¢Xêõ�ª��ê��, ���

�y: é?¿ f, g ∈ F [x],

(f + g)′ = f ′ + g′ Ú (fg)′ = f ′g + fg′.

½n 6.1 � F ´A��"��, p ∈ F [x] \ F . K p�Ã

²�Ü©3 F þ� p/ gcd(p, p′)��.
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y². d (3)��,

p′ = c
k∑
i=1

mi

(
pm1
1 · · · p

mi−1
i−1 p

mi−1
i p′ip

mi+1
i+1 · · · p

mk
k

)
= c

(
pm1−1
1 · · · pmk−1

k

)
︸ ︷︷ ︸

g

k∑
i=1

mi (p1 · · · pi−1p′ipi+1 · · · pk)︸ ︷︷ ︸
h

.

u´, g´ pÚ p′�úÏf. e¡y gcd(p, h) = 1. b�T

(ØØ¤á,d (3)���3 i ∈ {1, . . . , k}¦� pi|h. Ø�

� p1|h. Kd h�½Â p1|m1(p
′
1p2 · · · pk) (�Ún 2.1). Ï

� gcd(p1, pi) = 1, i = 2, . . . , k, �m13A��"��¥�

",¤± p1|p′1 (�Ún 3.1). �ù� deg(p1) > deg(p′1)gñ.

dd��, gcd(p, h) = 1. ? gcd(p, p′) = g. ·���

p

g
= p1 · · · pm.�

íØ 6.2 � F ´A��"��, p ∈ F [x] \ F . K p´Ã

²����=� pÚ p′p�.

y². XJ gcd(p, p′) = 1, Kdþã½n p�§�Ã²�

Ü©3 F þ��. u´ p´Ã²��. ��, e pÃ²�,

K m1 = · · · = mk = 1. u´þã½ny²¥�õ�ª

g = 1, = gcd(p, p′) = 1. �

~ 6.3 � p = x4 − 2x + 1 ∈ Q[x]. �ä p´Ø´Ã²�

�.
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). O� p′ = 4x3− 2. |^Î=�Ø{�� gcd(p, p′) = 1.

u´ p´Ã²��.

e¡�~f`², ½n 6.1éA��u"��Ø¤á.

~ 6.4 � F ´©ª� Z2. - p = x2. K p′ = 2̄x = 0̄. u

´ gcd(p, p′) = p. � p�Ã²�Ü©w,Ø�U´ 1̄.

7 ¥I�{½n

Ún 7.1 �m1, . . . ,mk ∈ Z+ \ {1}üüp�. K

(i) m1 · · ·mk−1Úmk p�.

(ii) lcm(m1, . . . ,mk) = m1 · · ·mk.

y². (i)d Bezout'X��. é?¿ i ∈ {1, 2, . . . , k − 1}
�3 ui, vi ∈ Z¦� uimi + vimk = 1. u´

1 =

k−1∏
i=1

(uimi + vimk) = u(m1 · · ·mk−1) + vmk,

Ù¥ u = u1 · · ·uk−1� v´�ê. ù�#� Bezout'X%

¹m1 · · ·mk−1Úmkp�.

(ii) � k = 2�, (Ø´þÆÏ1�Ù¥Ún 6.1. �

k > 2�� k − 1�·�k

lcm(m1, . . . ,mk−1) = m1 · · ·mk−1. (4)
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d (i)Ú k = 2��/��

lcm(m1 · · ·mk−1,mk) = m1 · · ·mk−1mk.

-

` = lcm(m1, . . . ,mk−1,mk).

Ï� (m1 · · ·mk−1mk)´m1, . . . ,mk−1,mk�ú�ª, ¤±

`|(m1 · · ·mk−1mk). qÏ� `´m1, . . . ,mk−1�ú�ª, ¤

±d (4)�� (m1m2 · · ·mk−1)|`. u´, `´ (m1m2 · · ·mk−1)

Ú mk �ú�ª. l, (m1 · · ·mk−1mk)|`. nþ��, ` =

m1 · · ·mk−1mk. �.

aq/, ·�keãÚn

Ún 7.2 � f1, . . . , fk ∈ F [x] \ F üüp�. K

(i) f1 · · · fk−1Ú fk p�.

(ii) lcm(f1, . . . , fk) = f1 · · · fk.

y². (i) rþãÚn'u1��(Ø�y²¥� Bezout

'X�¤'u�þ��õ�ª� Bezout'X=�.

(ii)aq�O��±y²þÆÏ1�Ù¥Ún 6.1é

�þ��õ�ª�¤á, Ù§�ínaq. �

5) 7.3 þãü�Ún�±|^ Euclid����óÚ�

QãÚy². ��±|^ ZÚ F [x]Ñ´��Ïf©)�

�5y².
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½n 7.4 �m1, . . . ,mk ∈ Z+\{1},üüp�, r1, . . . , rk ∈
Z. K�3��� r ∈ N÷v

r ≡ r1 mod m1

...

r ≡ rk mod mk

� r < m1 · · ·mk.

y². (�35) é k8B. � k = 1�- r = r1=�. �

k > 1��3 s ∈ Z¦�, s ≡ ri mod mi, i = 1, 2, . . . k−1.

dÚn 7.1 (i),�3 u, v ∈ Z¦� u(m1 · · ·mk−1)+vmk = 1.

-

t = s + u(m1 · · ·mk−1)(rk − s).

K t ≡ s mod mi. d8Bb� t ≡ ri mod mi, i =

1, 2, . . . , k − 1. ,��¡

t = s + (1− vmk)(rk − s) = rk − vmk(rk − s).

u´, t ≡ rk mod mk. 2- r = rem(t,m1 · · ·mk−1mk). K

0 ≤ r < m1 · · ·mk−1mk� r÷v½n¥�Ó{'X. ·�

y²
�35.

(��5) � r̃ �÷v½n¥Ó{'X� 0 ≤ r̃ <

m1 · · ·mk−1mk. Ø�� r ≥ r̃. K r − r̃ ≡ 0 mod mi,

i = 1, . . . , k − 1, k. u´, r − r̃ ´ m1, . . . ,mk−1,mk �ú
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�ª� 0 ≤ r − r̃ < m1 · · ·mk−1mk. dÚn 7.1 (ii)��,

r = r̃. �

~ 7.5 ¦��ê r÷v

r ≡ 2 mod 3, r ≡ 3 mod 5, r ≡ 2 mod 7.

). � a = 2. O�� 2 × 3 + (−1) × 5 = 1. - b =

a + 2 × 3 × (3 − a) = 8. O�� 15 − 2 × 7 = 1. -

c = 8 + 15× (2− 8) = −82. ��, r = rem(−82, 105) = 23.

u´¤k���ê)´

{23 + 105k | k = 0, 1, 2, . . .}.

aq/, 'u��õ�ª�¥I�{½nXe.

½n 7.6 � f1, . . . , fk ∈ F [x] \ F , üüp�, r1, . . . , rk ∈
F [x]. K�3��� r ∈ F [x]÷v

r ≡ r1 mod f1 (= f1|(r − r1))
...

r ≡ rk mod fk

� deg(r) < deg(f1) + · · · + deg(fk).

y². �½n 7.4aq, ��r'u�ê�(ØÚ$��

¤õ�ª�=�. �

20


