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7 V�5.

7.2 é¡V�5.

�!�Ì�(J´

½n 7.12 � F �A�Ø�u 2� f ∈ L+
2 (V ). K V ¥

k�|Ä¦� f 3TÄe�Ý
´é�
.

y²T½nI�é¡V�5.�4zúª. � F �A�

Ø�u 2� f ∈ L+
2 (V ). Kéu?¿ x,y ∈ V ,

f (x,y) =
1

2
(f (x + y,x + y)− f (x,x)− f (y,y)) . (1)

�yXe:

1

2
(f(x+ y,x+ y)− f(x,x)− f(y,y))

=
1

2
(f(x,x) + f(x,y) + f(y,x) + f(y,y)− f(x,x)− f(y,y)) (V�5)

=
1

2
(f(x,y) + f(y,x))

= f(x,y). (é¡5)

½n 7.12 �y². XJ f ´"N�, K f 3 V �?¿Ä

.e�Ý
Ñ´"Ý
. ½nw,¤á. � f Ø´"N�.
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2� n = dim(V ). ·�é n8B. � n = 1�, ½nw,¤

á. � n > 1�½né n− 1¤á.

d4zúª (1), �3 e1 ∈ V ¦� f (e1, e1) 6= 0. -

W = {v ∈ V | f (v, e1) = 0}.

����yW ´f�m. ·�5y²

V = 〈e1〉 ⊕W. (2)

Äk, � x ∈ 〈e1〉 ∩ W . K x = λe1, Ù¥ λ ∈ F , �

f (λe1, e1) = 0. u´ λf (e1, e1) = 0. Ï� f (e1, e1) 6= 0,

¤± λ = 0 =⇒ x = 0. d1�Ù1�ù½n 1.11 (iii),

〈e1〉 + W ´�Ú. d1�Ù1�ù·K 4.15, ��y²

dim(W ) = n− 1=�. �Ä�5N�

φ : V −→ F

x 7→ f (x, e1).

K W = ker(φ). Ï� φ(e1) 6= 0, ¤± dim(im(φ)) ≥ 1.

� im(φ) ⊂ F � dimF = 1. u´ im(φ) = F . AO/

dim(im(φ)) = 1. déóúª(1�Ù1�ù·K 4.14(iii)),

dim(W ) = n− 1. �Ú©) (2)¤á.

� g ∈ L2(W )÷vé?¿x,y ∈ W , g(x,y) = f (x,y).

d8Bb��3W ��|Ä e2, . . . , en¦� g 3TÄe

�Ý
´é��, =é?¿� i, j ∈ {2, 3, . . . , n}, i 6= j,
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·�k g(ei, ej) = f (ei, ej) = 0. d (2), e1, e2, . . . , en�5

Ã' (�1�Ù1�ù½n 1.11 (ii))� dim(V ) = n. u´

e1, e2, . . . , en´ V ��|Ä. dW �½Â�� f (ei, e1) =

0, i = 2, 3, . . . , n. 3d f �é¡5��

f (e1, ei) = 0, i = 2, 3, . . . , n.

nþ¤ã f (ei, ej) = 0, i, j ∈ {1, 2, . . . , n}� i 6= j. u´ f

3 e1, . . . , ene�Ý
´é�
. �

½Â 7.13 � f ∈ L+
2 (V ), f 3 V �Ä. e1, . . . , en e�

Ý
´é�
. K¡ e1, . . . , en ´ f ��|5�Ä. �V

�5. f 3�|5�Äe�Ý
� diag(λ1, . . . , λn). K

f (x,y) = λ1x1y1 + · · · + λnxnyn

¡��5�ÄéA�5�., Ù¥ x = x1e1 + · · · + xnen,

y = y1e1 + · · · + ynen.

íØ 7.14 � F �A�Ø�u 2, A ∈ SMn(F ). K AÜÓ

u��é�
.

y². �ÄV�5.

f : F n × F n −→ F
x1
...

xn

 ,


y1
...

yn

 7→ (x1, . . . , xn)A


y1
...

yn

 .
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Ï� Aé¡, ¤± f é¡. dþã½n�3 F n��|Ä

¦� f 3TÄe�Ý
´é�
 B. K A ∼c B. �

~ 7.15 ¦ P ∈ GL3(R)¦�

P t


0 1 1

1 0 1

1 1 0


︸ ︷︷ ︸

A

P

´é�Ý
.

). � f ´ R3 þé¡V�5., §3IOÄ e1, e2, e3 e

�Ý
´ A.

Ú½ 1. À� ε1¦� f (ε1, ε1) 6= 0. - ε1 = e1 + e2. K

f (ε1, ε1) = f (e1 + e2, e1 + e2)

= f (e1, e1) + f (e1, e2) + f (e2, e1) + f (e2, e2) = 2.

Ú½ 2. (½W = ker(f (x, ε1))��|Ä. ·�O�

f (x, ε1) = (x1, x2, x3)A


1

1

0

 = x1 + x2 + 2x3.

)�§ x1 + x2 + 2x3 = 0��W ��|Ä

w1 =


1

−1
0

 , w2 =


2

0

−1

 .
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Ú½ 3. ¦ g := f |W×W 3 w1,w2e�Ý


B =

f (w1,w1) f (w1,w2)

f (w2,w1) f (w2,w2)

 =

−2 −2
−2 −4

 .

�dü��W þ�é¡V�5. g.

Ú½ 1. À� ε2¦� g(ε2, ε2) 6= 0. - ε2 = w1.

Ú½ 2. (½ Z = ker(g(x, ε2))��|Ä. ·�O�

g(y, ε2) = (y1, y2)B

1

0

 = −2y1 − 2y2.

)�§ −2y1 − 2y2 = 0��)�m��|Ä 1

−1

 =⇒ Z �Ä´ (w1,w2)

 1

−1

 .

u´, f 3 R3¥��|5�Ä´

ε1 = e1+e2 =


1

1

0

 , ε2 = w1 =


1

−1
0

 , ε3 = w1−w2 =


−1
−1
1

 .

l e1, e2, e3� ε1, ε2, ε3�Ý
´

P =


1 1 −1
1 −1 −1
0 0 1

 .
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O��

P tAP = diag(2,−2,−2).

íØ 7.16 � f ∈ L+
2 (V )� rank(f ) = r. K�3 V ��

|5�Ä¦� f 3TÄe�Ý
´

diag(λ1, λ2, . . . , λr, 0, · · · , 0),

Ù¥ λ1, λ2, . . . , λr ∈ F \ {0}.

y². d½n 7.12, �3 f 5�Ä e1, . . . , en. u´,

f (ei, ej) = 0, i, j ∈ {1, 2, . . . , n}� i 6= j.

Ï� r = rank(A), ¤±3 f (e1, e1), . . . , f (en, en)¥TÐk

r��". ·�N�eI�, ·��±���|#�5�

Ä ε1, . . . , εn÷v {ε1, . . . , εn} = {e1, . . . , en},

f (εi, εi) 6= 0, i = 1, 2, . . . , r, � f (εj, εj) = 0, j = r+1, r+2, . . . , n.

- λi = f (εi, εi), i = 1, 2, . . . , n, =�. �

íØ 7.17 � A ∈ SMn(F )� rank(A) = r. K�3 F ¥�

"�� λ1, . . . , λr¦� A ∼c diag(λ1, λ2, . . . , λr, 0, · · · , 0).

y². dþãíØ����. �
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~ 7.18 � A ∈ SMn(C)� r = rank(A). K

A ∼c

Er O

O O

 .

y². díØ 7.17, A ∼c diag(λ1, λ2, . . . , λr, 0, · · · , 0), Ù
¥λ1, . . . , λr´�"Eê. d�êÆÄ�½n

√
λ1, . . . ,

√
λr

´Eê. -

P = diag

 1√
λ1
, . . . ,

1√
λr
, 1, . . . , 1︸ ︷︷ ︸

n−r

 .

K P ∈ GLn(C)�é¡. ��O�

A ∼c P tdiag(λ1, λ2, . . . , λr, 0, · · · , 0)P

=

Er O

O O

 .

7.3 ä�'(Jacobi)úª

� A ∈ Mn(F ). Ý
 A�fª

M

i1, i2, . . . , ik
i1, i2, . . . , ik

 ,

Ù¥ 1 ≤ i1 < i2 < · · · < ik ≤ n, ¡� A��� k�Ìf

ª. AO/,

M

1, 2, . . . , k

1, 2, . . . , k
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¡� A� k�^SÌfª.

~ 7.19 �

A =


a1,1 a1,2 a1,3

a2,1 a2,2 a2,3

a3,1 a3,2 a3,3

 .

Ý
 A�n�^SÌfª©O´

a11, det

a1,1 a1,2

a2,1 a2,2

 , det(A).
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