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9.2 £�¤�½�g.

½Â 9.7 � q´ V þ��g..

(i) XJéu?¿ x ∈ V , q(x) ≥ 0, K¡ q ´��½�

(semi-positive definite);

(ii) XJéu?¿ x ∈ V \ {0}, q(x) > 0, K¡ q´�½

� (positive definite);

(iii) XJéu?¿ x ∈ V , q(x) ≤ 0, K¡ q ´�K½�

(semi-negative definite);

(iv) XJéu?¿ x ∈ V \ {0}, q(x) < 0, K¡ q´K½

� (negative definite);

(v) XJ q QØ´��½�Ø´�K½�, K¡ q ´Ø

½� (indefinite).

� A ∈ SMn(R), qA ´ Rn þ3IOÄeÝ
� A��g

.. XJ qA ´��½(�½�, �K½�, K½�, Ø½

�), K¡A´��½(�½�,�K½�,K½�,Ø½�).

·K 9.8 � dim(V ) = n� q´ V þ��g.. §�\¶

´ (k, `).
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(i) q´��½���=� ` = 0;

(ii) q´�½���=� k = n;

(iii) q´�K½���=� k = 0;

(iv) q´K½���=� ` = n;

(v) q´Ø½���=� k > 0� ` > 0.

y². � q35�Ä e1, . . . , ene�5�.´

q(x) = x21 + · · · + x2k − x2k+1 − · · · − x2k+`,

Ù¥ x = x1e1 + · · · + xnen´ V ¥�?¿�þ.

(i)e ` = 0,K q(x) = x21 + · · ·+x2k ≥ 0. = q��½. ��,

b� ` > 0. - x = ek+1. K q(x) = −1 < 0. gñ. � ` = 0.

(ii) e k = n, K q(x) = x21 + · · · + x2n. u´, � x 6= 0�,

q(x) > 0, = q �½. ��, b� k < n. - x = en. K

q(en) = 0. u´ qØ´�½�. gñ.

(iii) � (i)aq.

(iv) � (ii)aq.

(v) üØ (i), (iii)�/=�. �

5) 9.9 ��½, �½, �K½, K½ÚØ½�g.©O

ke�5�.

x21+· · ·+x2k, x21+· · ·+x2n, −x21−· · ·−x2` , −x21−· · ·−x2n,
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Ú

x21 + · · · + x2k − x2k+1 − · · · − x2k+`,

3���5�.¥ k > 0, ` > 0.

aq/, ·�k

·K 9.10 � A ∈ SMn(R). §�\¶´ (k, `).

(i) A´��½���=� ` = 0;

(ii) A´�½���=� k = n;

(iii) A´�K½���=� k = 0;

(iv) A´K½���=� ` = n;

(v) A´Ø½���=� k > 0� ` > 0.

~ 9.11 y² (a) ∈ M1(R)´�½���=� a > 0. �½

A =

1 2

2 1


´Ø´�½�.

y². Ý
 (a)éA Rþ��g. q(x) = ax2.  q �½

��=� a > 0.

3



|^1���C�½ Jacobiúª��

A ∼c

1 0

0 −3

 =⇒ A�\¶´ (1, 1).

u´ A´Ø½�.

~ 9.12 � p, q ∈ Q(V )´��½�. y² p + q �´��

½�; eþã p, q¥�k��´�½�, K p+ q�´�½

�.

y². � p, q ´��½�. Ké?¿� x ∈ V , p(x) ≥ 0,

q(x) ≥ 0. u´

(p + q)(x) = p(x) + q(x) ≥ 0.

2� p´�½�. Kéu?¿� x ∈ V \ {0}, p(x) > 0.

u´

(p + q)(x) = p(x) + q(x) > 0. �

aq/�y²e�(Ø.

5) 9.13 � A,B ∈ SMn(R)´��½�, K A + B �´

��½�; ?�Ú� A,B¥�k��´�½�, K A +B

�´�½�.

� q ∈ Q(V ). ½Â

Cq = {v ∈ V | q(v) = 0}.

¡ Cq� q(½�I¡(cone).
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~ 9.14 � q ∈ Q(V ). y² Cq ´ V �f�m��=� q

´��½½�K½�.

y². � q�\¶´ (k, `).

� Cq ´ V ¥�f�m. XJ k > 0 � ` > 0. �

â.5½n q 3 V �,|Ä e1, . . . , ek, ek+1, . . . , en e�

5�.´ q(x) = x21 + · · · + x2k − x2k+1 + · · · + x2k+`, Ù

¥ x = x1e1 + · · · + xkek + xk+1ek+1 + · · · + xnen. u´

q(ek + ek+1) = 1− 1 = 0� q(ek − ek+1) = 0. dd��

ek+ek+1, ek−ek+1 ∈ Cq =⇒ 2ek ∈ Cq =⇒ q(2ek) = 0 =⇒ 4 = 0.

gñ. u´ k = 0½ ` = 0. = q´�K½½��½�.

��, Ø�� q´��½�. �â.5½n q3 V �

,|Ä e1, . . . , ek, ek+1, . . . , ene�5�.´

q(x) = x21 + · · · + x2k.

� U = 〈ek+1, . . . , en〉. K U ⊂ Cq. � v = v1e1 + · · · +
vnen ∈ Cq. K

q(v) = v21 + · · · + v2k = 0.

Ï� v1, . . . , vk ∈ R, ¤± v1 = · · · = vk = 0. u´

v = vk+1ek+1 + · · · + vnen ∈ U,

= Cq ⊂ U . nþ¤ã, U = Cq. �
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9.3 £�¤�½Ý
��d^�

¢ê����Ä�5�´µ� x1, . . . , xn ∈ R. K

x21+ · · ·+x2n ≥ 0; x21+ · · ·+x2n = 0 =⇒ x1 = · · · = xn = 0.

ù�5��Ý
�Xe: �

x =


x1
...

xn

 ∈ Rn, xtx ≥ 0; xtx = 0 =⇒ x = 0.

Ún 9.15 � A ∈ Rm×n. K AtA ∈ SMn(R), ��½�

rank(AtA) = rank(A).

y². O� (AtA)t = At(At)t = AtA�Ñ AtA ∈ SMn(R).

� x = (x1, . . . , xn)t ∈ Rn, y = Ax ∈ Rm. K

xt(AtA)x = yty ≥ 0.

� AtA��½.

� U, V ´©O´± AÚ AtA�Xê�àg�5�§

|�)�m. K U ⊂ V . ��, � x ∈ V . K

AtAx = 0n ∈ Rn.

u´, yty = 0. dd�Ñ y = 0m ∈ Rm, = x ∈ U . dd�

Ñ U = V . AO/, dim(U) = dim(V ). d�§|��éó

½n, rank(A) = rank(AtA). �
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½n 9.16 � A ∈ SMn(R). K

(i) A��½��=��3 B ∈ Mn(R)¦� A = BtB.

(ii) A�½��=��3 B ∈ GLn(R)¦� A = BtB.

y². (i) � A ��½. KdÝ
��.5½n�3

P ∈ GLn(R)¦�

P tAP =

Er O

O O

 ,

Ù¥ r = rank(A), �´ A��.5�ê. u´

A =
(
P−1

)tEr O

O O

P−1 =
(
P−1

)tEr O

O O

Er O

O O

P−1︸ ︷︷ ︸
B

= BtB.

��, �âÚn 9.15, A = BtB´��½�.

(ii)�A�½. KdÝ
��.5½n�3P∈GLn(R)

¦� P tAP = En. u´, A =
(
P−1

)t
P−1. ��, �âÚn

9.15, A = BtB´��½�. Ï� B�_, ¤± A÷�. u

´, A��.5�ê�u n. �

~ 9.17 � A´�½Ý
. y² det(A)>0� A−1��½.

y². dþã½n (ii), A = P tP , Ù¥ P ∈ GLn(R). K

det(A) = det(P )2 > 0, �

A−1 = (P tP )−1 = P−1
(
P t
)−1

= P−1
(
P−1

)t
.
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2dþã½n (ii), A−1�½. �

½n 9.18 � A ∈ SMn(R). � ∆k ´ A� k �^SÌf

ª, k = 1, 2, . . . , n. Ke�·K�d.

(i) A�½;

(ii) A�?Û k�ÌfªÑ�u";

(iii) ∆1 > 0, . . . , ∆n > 0.

y². (i) =⇒ (ii)�B´dA¥1 i1, . . . , ik1Ú i1, . . . , ik

��¤�fÝ
. Ù¥ 1 ≤ i1 < · · · < ik ≤ n. -

x ∈ Rn, é?¿ j ∈ {1, 2, . . . , n} \ {i1, i2, . . . , ik}, 1 j �

�I�u", 1 i` ��I�u xi`, ` = 1, 2, . . . , k. 2-

y = (xi1, . . . , xik)
t. b� y 6= 0k. K x 6= 0n. u´

0 < xtAx = ytBy.

d y�?¿5��, B�½. �âþ~, det(B) > 0.

(ii) =⇒ (iii) w,.

(iii) =⇒ (i) d Jacobiúª,

A ∼c diag

(
∆1

∆0
,

∆2

∆1
, . . . ,

∆n

∆n−1

)
,

Ù¥ ∆0 = 1. u´ AÜÓu��é�Ý
, Ùé��þ�

��Ñ´�¢ê. u´ A��.5�ê�u n. �
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~ 9.19 �

A =


λ −1 1

−1 λ −1

1 −1 λ


¯ λ�Û�� A´�½�, A´K½�?

). A�n�^SÌfª©O´

∆1 = λ, ∆2 = det

 λ −1

−1 λ

 = λ2−1, ∆3 = det(A) = (λ−1)2(λ+2).

A�½��=� ∆1 > 0, ∆2 > 0� ∆3 > 0. = λ > 1.

AK½��=� −A�½.  −A�n�Ìfª´

Ω1 = −λ, Ω2 = λ2− 1, Ω3 = det(A) = −(λ− 1)2(λ+ 2).

AK½��=� Ω1 > 0, Ω2 > 0� Ω3 > 0. = λ < −2.

~ 9.20 � A ∈ SMn(R)�½. y² det(A)Ø�u A�é

��þ���È.

y². � A = (ai,j). é n8B. � n = 1�, A = (a1,1). u

´ det(A) = a1,1. (Ø¤á. � n > 1� n − 1�(Ø¤

á. r A©¬�

A =

An−1 v

vt an,n

 .
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d½n 9.18 (i) =⇒ (ii) �y²��, An−1 �½. u´

det(An−1) ≤ a1,1 · · · an−1,n−1. -

P =

 En−1 −A−1n−1v
O1×(n−1) 1

 .

K

P tAP =

 An−1 O(n−1)×1

O1×(n−1) an,n − vtA−1n−1v︸ ︷︷ ︸
α

 .

Ï� det(P ) = 1, ¤±þªü>�1�ª�

det(A) = det(An−1)(an,n − α).

Ï� An−1�½, ¤± A−1n−1�½(�~ 9.17). u´ α ≥ 0.

dþªÚ8Bb��

det(A) ≤ a1,1 · · · an−1,n−1an,n. �

~ 9.21 (Hadamard Ø�ª) � A ∈ Mn(R). y²:

| det(A)| ≤

√√√√ n∏
i=1

n∑
j=1

a2i,j Ú | det(A)| ≤

√√√√ n∏
i=1

n∑
j=1

a2j,i.

y². Ø�� A ∈ GLn(R). -M = AtA. d½n 9.16 (ii)

��M �½. �M = (mi,j). Kdþ~��

det(M) ≤ m1,1 · · ·mn,n.
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5¿�

mi,i =

n∑
j=1

a2j,i.

¤±

det(A)2 = det(M) ≤
n∏
i=1

mi,i =

n∏
i=1

n∑
j=1

a2j,i.

ddy²
1��Ø�ª. -M = AAt. ·��±y²

1��Ø�ª. �

10 �g�Ú¡���©a

10.1 ��C�

3��!¥, F ´?¿��, V ´� F þ��5�m.

½Â 10.1 � φ : V −→ V ´�5(g)Ó�, v ∈ V ´��
�½��þ. N�

ρ : V −→ V

x 7→ φ(x) + v

¡� V þ��d φÚ v½Â���C� (affine transfor-

mation), Ù¥ v¡� ρ�²£�þ.

� φ´ðÓN�´, ρ¡�²£C� (translation).
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·K 10.2 (i) � ρ1, ρ2´ V þü���C�. K ρ2 ◦ ρ1
�´��C�.

(ii) ��C��_§�Ù_�´��C�.

y². (i) � ρid�5Ó� φiÚ²£�þ vi½Â, i = 1, 2.

2� x ∈ V . K

ρ2◦ρ1(x) = ρ2(φ1(x)+v1) = φ2(φ1(x)+v1)+v2 = φ2◦φ1(x)+φ2(v1)+v2.

u´ ρ2 ◦ ρ1´d�5Ó� φ2 ◦ φ1Ú²£�þ φ2(v1) + v2

½Â���C�.

(ii) � ρ´d�5Ó� φÚ²£�þ v½Â���C

�. �â (i)�y², ·�- σ´d φ−1Ú −φ−1(v)½Â�

��C�. é?¿� x ∈ V ,

σ◦ρ(x)=σ(φ(x)+v)=φ−1(φ(x)+v)−φ−1(v)=x+φ−1(v)−φ−1(v)=x.

aq/,

ρ◦σ(x)=ρ(φ−1(x)−φ−1(v))=φ(φ−1(x)−φ−1(v))+v=x−v+v=x.

u´, ρ−1 = σ. �

5) 10.3 þã·K`² V þ�¤k��C�'u ◦�
¤+.
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~ 10.4 3ù�~f¥·�ïÄ Rn þ���C�. 3I

OÄe Rn¥z��þ´d n��I���þ, z��5

Ó�éA������_Ý
. u´��C� ρ�±äN

�L«�

ρ : Rn −→ Rn


x1
...

xn

 7→ A


x1
...

xn

 +


v1
...

vn


Ù¥ A ∈ GLn(R), v1, . . . , vn´�½�¢ê.

�Ä¼ê f (x1, . . . , xn) : Rn −→ R. 3�È©¥·�

²~�CþO�r f C�,�«/ª. CþO�´��l

Rn� Rn��_N�

T : Rn −→ Rn


x1
...

xn

 7→


y1(x1, . . . , xn)

...

yn(x1, . . . , xn)

 .

��C�´�«AÏ�CþO�. |^CþO�z{¼ê

13



�±^e���ã�*/L«

Rn Rn

R,

g

T

f

Ù¥ g = f◦T (x1, . . . , xn) = f (y1(x1, . . . , xn), . . . , yn(x1, . . . , xn)).

·�é¼ê g��£�±ÏLÓ� f = g ◦ T−1=��¤
'u f ��£. �,·��UI�²LõgC�O�âU

��8�. d���ãL«�

Rn Rn

R.

g

T1◦···◦Tk

f

Ún 10.5 � p ∈ R[x1, . . . , xn]�gê�u 2, Ùà 2gÜ

©P� h2. r pw¤l Rn� R�¼ê, h2w¤�A��

g.. K�3 Rnþ���C� ρ¦�

p ◦ ρ : Rn −→ R

x =


x1
...

xn

 7→
x21 + · · · + x2k − x2k+1 − · · · − x2k+`
−λxk+`+1 − µ,

Ù¥ (k, `)´ h2�\¶, λ ∈ {0, 1}� µ ∈ R.

y². � p = h2 + h1 + h0´ p�\{©). K

p(x) = xAxt + h1(x) + h0,
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Ù¥ A ∈ SMn(R). d.5½n(Ý
�)��, �3 P ∈
GLn(R)¦�

P tAP =


Ek O O

O −E` O

O O O

 (1)

. � ρ1 : Rn −→ Rndúª ρ1(x) = Px�Ñ. K

p ◦ ρ1(x) = xtP tAPx + h1(Px) + h0
(1)
= x21 + · · · + x2k − x2k+1 − · · · − x2k+`
+ 2α1x1 + · · · + 2αnxn + h0,

Ù¥ α1, . . . , αn ∈ R. ÏL���

p ◦ ρ1(x) = (x1 + α1)
2 + · · · + (xk + αk)

2

− (xk+1 − αk+1)
2 − · · · − (xk+` − αk+`)2

+ 2αk+`+1xk+`+1 + · · · + 2αnxn + ξ,
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Ù¥ ξ ∈ R. �Ä²£C�

ρ2 : Rn −→ Rn

x1
...

xk

xk+1

...

xk+`

xx+`+1

...

xn



7→



x1 − α1

...

xk − αk
xk+1 + αk+1

...

xk+` + αk+`

xx+`+1

...

xn



.

K

p ◦ ρ1 ◦ ρ2(x) = x21 + · · · + x2k − x2k+1 − · · · − x2k+`
+ 2αk+`+1xk+`+1 + · · · + 2αnxn + ξ.

�/ 1. � 2αk+`+1xk+`+1 + · · ·+ 2αnxn = 0�,- λ = 0Ú

µ = −ξ=�.

�/ 2. � 2αk+`+1xk+`+1 + · · · + 2αnxn 6= 0�, �3 j ∈
{k + ` + 1, k + ` + 2, . . . , n} ¦� αj 6= 0. � m = n −
(k + `). �Ä�� m��_�
 B, Ù¥ B �1�1´

(−2αk+`+1, . . . ,−2αn), Ù§1¥����k��´ 1ÚÙ

§Ñ´ 0, AO/, 1 j����½´". ù���_Ý
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w,�3. u´

C =

Ek+` O

O B


´ n ��_Ý
. K Cx ¥�1 k + ` + 1 ��I�u

−2αk+`+1xk+`+1 − · · · − 2αnxn. - ρ3 : Rn −→ Rndúª

ρ3(x) = C−1x�Ñ. K

p◦ρ1◦ρ2◦ρ3(x) = x21+· · ·+x2k−x2k+1−· · ·−x2k+`−xk+`+1+ξ.

(2)

- λ = 1Ú µ = −ξ=�. (þª���O��yL§�5

º 10.6). �

5) 10.6 �ª (2)�äN�yL§Xe. � y = ρ3(x),

Ù¥ y = (y1, . . . , yn)t. K

p ◦ ρ1 ◦ ρ2(y) = y21 + · · · + y2k − y2k+1 − · · · − y2k+`
+ 2αk+`+1yk+`+1 + · · · + 2αnyn + ξ.

5¿�d ρ3�½Â��:
y1
...

yk+`

 = Ek+`


x1
...

xk+`

 Ú


yk+`+1

...

yn

 = B−1


xk+`+1

...

xn

 .
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u´

p ◦ ρ1 ◦ ρ2(x) = x21 + · · · + x2k − x2k+1 − · · · − x2k+`

+ (2αk+`+1, . . . , 2αn)B−1


xk+`+1

...

xn

 + ξ

= x21 + · · · + x2k − x2k+1 − · · · − x2k+`

− ~B1B
−1


xk+`+1

...

xn

 + ξ

= x21 + · · · + x2k − x2k+1 − · · · − x2k+`

− (1, 0, . . . , 0︸ ︷︷ ︸
n−k−`−1

)


xk+`+1

...

xn

 + ξ

= x21 + · · · + x2k − x2k+1 − · · · − x2k+` − xk+`+1 + ξ.

�y�..

½n 10.7 1 � p ∈ R[x1, . . . , xn]�gê�u 2, Ùà 2g

Ü©P� h2. r pw¤l Rn� R�¼ê, h2w¤�A�

�g.. � r = rank(h2)Ú k´ h2��.5�ê. K�3

1��dA|71�ò191��íØ.
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Rnþ���C� ρ¦�

p ◦ ρ : Rn −→ R

x =


x1
...

xn

 7→ x21 + · · · + x2k − x2k+1 − · · · − x2r − µ,

Ù¥ µ ∈ R; ½�3 Rnþ���C� ρ¦�

p ◦ ρ : Rn −→ R

x =


x1
...

xn

 7→ x21 + · · · + x2k − x2k+1 − · · · − x2r − xr+1

� r < n.

y². 5¿� h2�K.5�ê�u r − k. �Ún 10.5¥

λ = 0�, ·���1��¼ê. ÄK λ = 1. ·��Ä²

£ xi 7→ xi, i ∈ {1, 2, . . . , n} \ {r + 1}, xr+1 7→ xr+1 − µ=
�. �

� p ∈ R[x1, . . . , xn]. ½Â

Sp = {(α1, . . . , αn)t ∈ Rn | p(α1, . . . , αn) = 0}

¡�d p½Â��¡. � deg(p) = 2�, Sp¡��g�
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¡, R2¥��g�¡¡��g�, R3¥��g�

¡¡��g¡.

� deg(p) = 2, p�à�gÜ©�u q, q ���u r,

\¶´ (k, `). K r > 0� k + ` = r.

Äk�Ä�g� (n = 2).

�/ C1. r = 2.

(1a) (k, `) = (2, 0). p = x21 +x22−µ. XJ µ < 0,K Sp = ∅;
XJ µ = 0,K Sp = {02};XJ µ > 0,K Sp´(ý)�.

(1b) (k, `) = (0, 2). � (1a)aq.

(1c) k = 1, ` = 1. p = x21 − x22 − µ. XJ µ 6= 0,K Sp´V

�. XJ µ = 0, K Sp´ü^��u�:���.

�/ C2. r = 1.

(2a) k = 1, ` = 0. XJ p = x21 − x2, K Sp´�Ô�. X

J p = x21 − µ, K Sp = ∅ (µ < 0); Sp´ü^Ü��

�(µ = 0); Sp´ü^²1��(µ > 0).

(2b) k = 0, ` = 1. � (2a)aq.

2�Ä�g¡ (n = 3).

�/ S1. r = 3.
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(1a) (k, `) = (3, 0). p = x21 + x22 + x23 − µ. XJ µ < 0, K

Sp = ∅; XJ µ = 0, K Sp = {03}; XJ µ > 0, K Sp

´(ý)¥¡.

(1b) (k, `) = (0, 3). � (1a)aq.

(1c) (k, `) = (2, 1). p = x21 +x22−x23−µ. XJ µ < 0,K Sp

´V�V¡. XJ µ = 0, K Sp´(ý)�I¡. X

J µ > 0, K Sp´ü�V¡.

�/ S2. r = 2.

(2a) (k, `) = (2, 0). XJ p = x21 + x22 − x3, K Sp ´ý�

�Ô¡; XJ p = x21 + x22 − µ, K Sp = ∅ (µ < 0);

Sp = {03} (µ = 0); Sp (ý)�Î¡ (µ > 0).

(2b) (k, `) = (0, 2). � (2a)aq.

(2c) (k, `) = (1, 1). XJ p = x21 − x22 − x3, K Sp´V�

Ô¡. XJ p = x21−x22−µ,K Sp´VÎ¡(µ 6= 0);

Sp´üÜ��u�^���²¡(µ = 0).

�/ S3. r = 1.

(3a) (k, `) = (1, 0). XJ p = x21−x2,K Sp´�ÔÎ¡;X

J p = x21 − µ, K Sp = ∅ (µ < 0); Sp´üÜÜ�²

¡ (µ = 0); Sp´üÜ²1�²¡ (µ > 0).
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(3b) (k, `) = (0, 1). � (3a)aq.
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