
1�Ù �m�/ª

11 �é¡V�5.

3�!¥ F ´A�Ø�u 2��, V ´ F �5�m.

Ún 11.1 � f ∈ L2(V ). K f ∈ L−2 (V )��=�é?¿

x ∈ V , f (x,x) = 0.

y². � f ∈ L−2 (V ). Ï� f (x,x) = −f (x,x), ¤±

2f (x,x) = 0. u´ f (x,x) = 0. ��, �é?¿ x ∈ V ,

f (x,x) = 0.K?¿ x,y ∈ V

0 = f (x + y,x + y) = f (x,x) + f (y,x) + f (x,y) + f (y,y)

= f (y,x) + f (x,y).

dd�Ñ f (x,y) = −f (y,x). �

Ún 11.2 � f ∈ L−2 (V ), u,v ∈ V ¦� f (u,v) 6= 0, K

u,v�5Ã'.

y². Ï� f (u,v) 6= 0,¤± u,vÑØ´"�þ. b� u,v

�5�'. K�3 α ∈ F \ {0}¦� u = αv. dÚn 11.1

��, f (u,v) = f (αv,v) = αf (v,v) = 0. gñ. �

½Â 11.3 � f ∈ L−2 (V ), u,v ∈ V ¦� f (u,v) 6= 0. K

〈u,v〉¡� f �"²¡ (simpletic plane).
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Ún 11.4 � f ∈ L−2 (V ), W ´ f �"²¡, w1,w2´W

��|Ä. K f (w1,w2) 6= 0.

y². �W = 〈v1,v2〉¦� f (v1,v2) 6= 0. Ï� w1,w2´

W ��|Ä, ¤±�3 α1, α2, β1, β2 ∈ F ¦�

v1 = α1w1 + α2w2 Úv2 = β1w1 + β2w2.

u´

0 6= f (v1,v2) = f (α1w1+α2w2, β1w1+β2w2) = (α1β2−α2β1)f (w1,w2).

dd�� f (w1,w2) 6= 0. �

Ún 11.5 � V ´ F þ� n��5�m, f ∈ L−2 (V ), W

´ f �"²¡. K�3 V ¥f�m W̃ ÷vé?¿�

x ∈ W , y ∈ W̃ ¦� f (x,y) = 0, � V = W ⊕ W̃ .

y². �w1,w2´W ��|Ä,

Ui = {y ∈ V | f (wi,y) = 0},

i = 1, 2. d f �V�5��, U1, U2Ñ´f�m. �âÚn

11.4, f (w1,w2) 6= 0. u´ w2 /∈ U1. d f ��é¡5��

f (w2,w1) 6= 0. u´w1 /∈ U2. =

`1 = f (w1,y) Ú `2 = f (w2,y)
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Ñ´'u y��"�5¼ê. u´ dim(im(`i)) = 1. ?


Ui = ker(`i)��ê´ n− 1, i = 1, 2.

- W̃ = U1 ∩ U2. Kéu?¿ y ∈ W̃ ,

f (w1,y) = f (w2,y) = 0.

d f �V�5��, é?¿� α1, α2 ∈ F ,

f (α1w1 + α2w2,y) = 0.

=éu?¿ x ∈ W , y ∈ W̃ , f (x,y) = 0.

�â�êúª, ·�k

dim(W̃ ) = dim(U1)+dim(U2)−dim(U1+U2) ≥ n−1+n−1−n = n−2.

ew ∈ W ∩ W̃ ,K�3 α1, α2 ∈ F ¦�w = α1w1 +α2w2.

qÏ�w ∈ W̃ , ¤±

f (w1,w) = 0 =⇒ α1f (w1,w1) + α2f (w1,w2) = 0.

dÚn 11.1, α1f (w1,w1) = 0. 2dÚn 11.4, α2 = 0. aq

/, l f (w2,w) = 0Ú f (w2,w1) 6= 0�íÑ α1 = 0. u´

w = 0. =W + W̃ ´�Ú. dd��.

dim(W ⊕ W̃ ) = dim(W ) + dim(W̃ ) ≥ 2 + n− 2 = n.

l
 V = W ⊕ W̃ . �
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½n 11.6 � V ´ F þ�k���5�m, f ∈ L−2 (V ).

K�3 f �"²¡W1, . . . ,Wk Úf�m U ÷v

(i) V = W1 ⊕ · · · ⊕Wk ⊕ U ;

(ii) f |U×U þ´"V�5.;

(iii) é?¿ i ∈ {1, 2, . . . , k}, x ∈ W1 ⊕ · · · ⊕ Wi, y ∈
Wi+1 ⊕ · · · ⊕Wk ⊕ U , ·�k f (x,y) = 0.

y². XJ f ´"V�5.,K� k = 0Ú U = V =�.·

�b� f �"� n = dim(V ). K n > 1.

é n8B. � n = 2. Ï� f �", ¤±�3 u,v ∈ V
¦� f (u,v) 6= 0. dÚn 11.2, ·�k V = 〈u,v〉´ f �

"²¡. d��W1 = V , k = 1Ú U = {0}=�.

� n > 1�(Øé�ê�u n��5�m¤á. Ï�

f �", ¤±�3w1,w2 ∈ V ¦� f (w1,w2) 6= 0. -

W1 = 〈w1,w2〉.

�âÚn 11.5, �3 V �f�m W̃1¦�é?¿ x ∈ W1,

y ∈ W̃1·�k f (x,y) = 0� V = W1 ⊕ W̃1. �Ä W̃1þ

��é¡V�5. f1 = f |
W̃1×W̃1

. XJ f1´"N�, K�

k = 1Ú U = W̃1=�. ÄK§d8Bb��3 f1�"²

¡W2, . . . ,WkÚ W̃1�f�m U ¦�

(i) W̃1 = W2 ⊕ · · · ⊕Wk ⊕ U ;

4



(ii) f1|U×U þ´"V�5.;

(iii) é?¿ j ∈ {2, 3, . . . , k}, x ∈ W2 ⊕ · · · ⊕ Wj, y ∈
Wj+1 ⊕ · · · ⊕Wk ⊕ U , ·�k f1(x,y) = 0.

K V = W1 ⊕ W̃1 = W1 ⊕ W2 ⊕ · · · ⊕ Wk ⊕ U . ?


f |U×U = f1|U×U þ´"V�5.. � i ∈ {1, 2, . . . , k},
x ∈ W1⊕· · ·⊕Wi, y ∈ Wi+1⊕· · ·⊕Wk⊕U . K x = x1+x2,

Ù¥ x1 ∈ W1, x2 ∈ W2 ⊕ · · · ⊕Wi. ��O��

f (x,y) = f (x1 + x2,y) = f (x1,y) + f (x2,y) = 0 + 0 = 0.

u´, W1,W2, . . . ,Wk, U =�¤¦. �.

½n 11.7 � V ´ F þ n��5�m, f ∈ L−2 (V ). K�

3 V ��|Ä e1, . . . , en¦� f 3TÄe�Ý
�u

M =


S2 . . .

S2

}
k

O

 , Ù¥ S2 =

 0 1

−1 0

, 2k = rank(f ).

y². �â½n 11.6, �3 f �"²¡W1, . . . ,WkÚf�

m U ÷v½n 11.6¥�n�5�. � w2i−1,w2i´Wi�

�|Ä. �âÚn 11.4, αi = f (w2i−1,w2i) 6= 0. - e2i−1 =

α−1i w2i−1, e2i = w2i. K f (e2i−1, e2i) = 1, i = 1, 2, . . . , k. d

�Ú©) V = W1 ⊕ · · ·Wk ⊕ U ��,

dim(U) = n− 2k.
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2� e2k+1, . . . , en ´ U ��|Ä. þã�Ú©)�y

e1, e2, . . . , e2k−1, e2k, e2k+1, . . . , en ´ V ��|Ä. d½n

11.6¥�1�Ú1n�5���, f 3ù|Äe�Ý
�

M . �

íØ 11.8 � A ∈ SSMn(F ). K A��´óê. �

rank(A) = 2k.

K

A ∼c


S2 . . .

S2

}
k

O

 , Ù¥ S2 =

 0 1

−1 0

.

y². �

f (x,y) = (x1, . . . , xn)A


y1
...

yn


´ F nþ�V�5.. Ï� A�é¡,¤± f �é¡. �â

½n 11.7, A�þãÝ
ÜÓ. u´ rank(A) = 2k. �

~ 11.9 y²� F þÛê��é¡�
�1�ª�u";

óê��é¡�
�1�ª�u F ¥,����²�.

y². � A ∈ SSMn(F ). XJ n´Ûê, KíØ 11.9�Ñ

AØ÷�. u´ det(A) = 0. � n´óê. XJ AØ÷�,
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K(Øw,¤á. ÄK�3 P ∈ GLn(F )¦�

A = P t



S2

S2

. . .

S2

S2


P, Ù¥ S2 =

 0 1

−1 0

.

u´ det(A) = det(P t) det(S2)
n
2 det(P ) = det(P )2. �

~ 11.10 � A´�ê�þóê��é¡÷��
. y²

det(A)´,���ê�²�.

y². 5¿� A ∈ SSMn(Q). dþ~�� det(A) = a2, Ù

¥ a´,��knê. � det(A) ∈ Z+. XJ aØ´�ê,

K a2 �Ø´. ù��ª det(A) = a2 Ø�U¤á. u´

a ∈ Z+.

3þ~b�^�e
√

det(A)¡� A� Pfaffian.

12 �Ú�ÝK(Ö¿SN)

�!¥ V ´ F þ��5�m, é F �A�Ú V ��

êvk?Û��. � U1, . . . , Uk´ V �f�m�

V = U1 ⊕ · · · ⊕ Uk. (1)
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Kd�Ú�½Â��, éu?¿ x ∈ V �3��� x1 ∈
U1, . . . , xk ∈ Uk¦�

x = x1 + · · · + xk. (2)

·�¡ xi´ x'u (1)3 Uiþ�ÝK. ½Â

πi : V −→ V

x 7→ xi,

Ù¥ xid (2)�Ñ, i = 1, 2, . . . , k. d x'u (1)3 Uiþ�

ÝK���5, πi´û½Â�. ·�¡ πi´'u (1)�1 i

�ÝK. u´ (2)�±�¤

x = π1(x) + · · · + πk(x). (3)

Ún 12.1 � πi´'u (1)�1 i�ÝK. K

(i) πi´�5N�,

(ii) ker(πi) = U1 + · · · + Ui−1 + Ui+1 + · · · + Uk,

(iii) im(πi) = Ui,

(iv) éu?¿ x ∈ Ui, πi(x) = x.

y². (i) � α, β ∈ F , x,y ∈ V . d (3)�

x =

k∑
i=1

π(xi) Ú y =

k∑
i=1

πi(y).
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u´

αx + βy =

k∑
i=1

απi(x) + βπi(y).

Ï� απi(x) + βπi(y) ∈ Ui, ¤±§´ αx + βy'u (1)3

Uiþ�ÝK. =

απi(x) + βπi(y) = πi(αx + βy).

u´ πi´�5�.

(ii) XJ πi(x) = 0, Kd (3)��,

x ∈ U1 + · · · + Ui−1 + Ui+1 + · · · + Uk.

��, �

x ∈ U1 + · · · + Ui−1 + Ui+1 + · · · + Uk.

K

x = x1 + · · · + xi−1 + 0 + xi+1 + · · ·xk,

Ù¥ xj ∈ Uj, j ∈ {1, 2, . . . , k} \ {i}. d�Ú�½Â��
πi(x) = 0. ù�Ò�Ñ


ker(πi) = U1 + · · · + Ui−1 + Ui+1 + · · · + Uk.

(iii)Ú (iv) � x ∈ Ui. K (2)C�

x = 0 + · + 0︸ ︷︷ ︸
i−1

+x + 0 + · · · + 0︸ ︷︷ ︸
k−i

.

u´ πi(x) = x. AO/ im(πi) = Ui. �
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·K 12.2 � πi ´'u (1)�1 i�ÝK, i = 1, 2, . . . , k.

K

(i) é?¿ i, j ∈ {1, 2, . . . , k}� i 6= j, πj ◦ πi´"N�.

(ii) é?¿ i ∈ {1, 2, . . . , k}, πi ◦ πi = πi.

(iii) π1 + · · · + πk ´ðÓN�.

y². � x ∈ V .

(i) 5¿� πi(x) ∈ Ui. ù´Ï�Ún 12.1¥k Ui =

im(πi). Ï� j 6= i, ¤± Ui ⊂ ker(πj) (Ún 12.1). u´

πj ◦ πi(x) = 0.

(ii) d (i)�y²�� πi(x) ∈ Ui. 2�âÚn 12.1. ·

�d πi ◦ πi(x) = πi(x).

(iii) ·�O��

(π1 + · · · + πk)(x) = π1(x) + · · · + πk(x)
(3)
= x. �

½Â 12.3 � σ1, . . . , σk ∈ Hom(V, V ). XJ

(i) (��5) é?¿ i, j ∈ {1, 2, . . . , k}� i 6= j, σj ◦ σi
´"N�.

(ii) (��5) é?¿ i ∈ {1, 2, . . . , k}, σi ◦ σi = σi.

(iii) (��5) σ1 + · · · + σk ´ðÓN�.
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K¡ σ1, . . . , σk ´��������|.

·K 12.4 � σ1, . . . , σk ´��������|. K

V = im(σ1)⊕ · · · ⊕ im(σk),

� σi´'uþã�Ú�1 i�ÝK, i = 1, 2, . . . , k.

y². � x ∈ V . d��5

x = (σ1+· · ·+σk)(x) = σ1(x)+· · ·+σk(x) ∈ im(σ1)+· · ·+im(σk).

(4)

u´ V = im(σ1) + · · · + im(σk).

� 0 = x1 + · · ·xn, Ù¥ x1 ∈ im(σ1), . . . ,xk ∈ im(σk).

Ké?¿ i ∈ {1, 2, . . . , k}, �3 yi ∈ V ¦� σi(yi) = xi.

dd�Ñ

0 = σ1(y1) + · · · + σk(yk).

u´, é?¿ i ∈ {1, 2, . . . , k},

0 = σi(0) = σi ◦ σ1(y1) + · · · + σi ◦ σk(yk).

d��5��, 0 = σi ◦ σi(yi). 2d��5íÑ

0 = σi(yi) = xi.

u´, x1 = · · · = xk = 0. l
 im(σ1) + · · · + im(σk)´�

Ú. d (4)wÑ x'u�Ú im(σ1)⊕ · · · ⊕ im(σk) �1 i�

ÝK´ σi(x). d x�?¿5�� σi´'uþã�Ú�1

i�ÝK. �
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1�Ù �5�f

1 ØÓÄ.e�5N��Ý
L«

3�!¥ F ´?¿�, V ÚW ´ F þ��5�m,

e1, . . . , en´ V ��|Ä, ε1, . . . , εm´W ��|Ä.

1.1 �5N�e�Ý
£ESÚ~f¤

� φ ∈ Hom(V,W ),

φ(ej) = a1,jε1 + · · · + am,jεm = (ε1, . . . , εm)


a1,j

...

am,j

 ,

j = 1, 2, . . . , n. ¡

A =


a1,1 a1,2 · · · a1,n

a2,1 a2,2 · · · a2,n
... ... . . . ...

am,1 am,2 · · · am,n


´ φ3Ä. e1, . . . , enÚ ε1, . . . , εme�Ý
(L«). � V

ÚW �Ä.À½� φ�Ý
´���. ·�k

(φ(e1), . . . , φ(en)) = (ε1, . . . , εm)A.
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� x = x1e1 + · · · + xnenÚ φ(x) = y1ε1 + · · · + ymεm.

K 
y1
...

ym

 = A


x1
...

xn

 .

~ 1.1 � V = F n, W = Fm, e1, . . . , enÚ ε1, . . . , εmÑ´

IOÄ. K φ�Ý
L«´

(φ(e1), . . . , φ(en)).

~ 1.2 � φ : V −→ W dúª ∀ x ∈ V, φ(x) = 0W �Ñ.

K φ3 V ÚW �?¿Ä.e�Ý
Ñ´ Om×n.

~ 1.3 � φ : V −→ V dúª ∀ x ∈ V, φ(x) = x�Ñ. K

φ3 V �?¿Ä. e1, . . . , en; e1, . . . , ene�Ý
Ñ´ En.

~ 1.4 � V ´W �f�m, φ : V −→ W dúª ∀ x ∈
V, φ(x) = x �Ñ. � W �Ä´ e1, . . . , en, en+1, . . . , em.

K φ�Ý
´  En

O(m−n)×n

 .

~ 1.5 �5�m V þ��5¼ê. �1�Ù1nù~

5.6.
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~ 1.6 � A ∈ Fm×n, φ : F n×k −→ Fm×k dúª ∀ X ∈
F n×k, φ(X) = AX �Ñ. ¦ φ3IOÄe�Ý
.

). é j = 1, 2, . . . , k,

−−−→
φ(X)(j) = A ~X(j).

u´ 
−−−→
φ(X)(1)

...
−−−→
φ(X)(k)

 =


A O · · · O
O A · · · O
... ... . . . ...

O O · · · A


km×kn︸ ︷︷ ︸

B


~X(1)

...

~X(k)

 .

Ý
 B ´ φ 3IOÄe�Ý
. d�IOÄ�^SX

e. � Ei.j ∈ F n×k, i ∈ {1, 2, . . . , n}, j ∈ {1, 2, . . . , k};
Li,j ∈ Fm×k, i ∈ {1, 2, . . . ,m}, j ∈ {1, 2, . . . , k}©O´ü
�Ý
�m�IOÄ. K F n×k �IOÄü�´

E1,1, E2,1, . . . , En,1, . . . , E1,k, . . . , En,k.

aq/, Fm×k �IOÄü�´

L1,1, L2,1, . . . , Lm,1, . . . , L1,k, . . . , Lm,k.

Ún 1.7 � φ ∈ Hom(V,W ), v1, . . . ,vk ∈ V , M ∈ F k×`.

K½Â

φ(v1, . . . ,vk) := (φ(v1), . . . , φ(vk)).
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K

φ((v1, . . . ,vk)M) = (φ(v1), . . . , φ(vk))M.

y². �M = (mi,j)k×`. K

(v1, . . . ,vk)M =

(
k∑
i=1

mi,1vi, . . . ,
k∑
i=1

mi,`vi

)
.

u´

φ((v1, . . . ,vk)M) = φ

(
k∑
i=1

mi,1vi, . . . ,
k∑
i=1

mi,`vi

)

=

(
φ

(
k∑
i=1

mi,1vi

)
, . . . , φ

(
k∑
i=1

mi,`vi

))

=

(
k∑
i=1

mi,1φ(vi), . . . ,
k∑
i=1

mi,`φ(vi)

)
= (φ(v1), . . . , φ(vk))M. �

·K 1.8 � A ∈ Fm×n. K�3��� φ ∈ Hom(V,W )¦

� φ3Ä. e1, . . . , enÚ ε1, . . . , εme�Ý
�u A.

y². � φ ∈ Hom(V,W ) ÷v φ(ej) = (ε1, . . . , εm) ~A(j),

j = 1, 2, . . . , n. d�5N�Ä�½n II�� φ�3. dÝ


L«�½Â��, A´ φ3À½Ä.e�Ý
. N� φ

���5d�5N�Ä�½n II¥���5�Ñ. �
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½n 1.9 �

Φ : Hom(V,W ) −→ Fm×n

φ 7→ A, φ3À½Ä.e�Ý

.

K Φ´�5Ó�.

y². � φ, ψ ∈ Hom(V,W ), A = Φ(φ)Ú B = Φ(ψ). 2�

α, β ∈ F . é j = 1, 2, . . . , n,

(αφ + βψ)(ej) = αφ(ej) + βψ(ej)

= α(ε1, . . . εm) ~A(j) + β(ε1, . . . εm) ~B(j)

= (ε1, . . . εm)(α ~A(j) + β ~B(j))

= (ε1, . . . εm)~C(j), Ù¥ C = αA + βB.

u´, Φ(αφ + βψ) = C = αA + βB = αΦ(φ) + βΦ(ψ). N

� Φ´�5�.

�

Θ : Fm×n −→ Hom(V,W )

A 7→ φ, φd·K 1.8�y²¥½Â.
.

�â�5N�Ä�½n IIÚ·K 1.8, Θ ◦ Φ(φ) = φ�

Φ ◦ Θ(A) = A. �yXe. � A = Φ(φ). K Θ(A)(ej) =

(ε1, . . . εm) ~A(j). u´, Θ(A)(ej) = φ(ej), j = 1, 2, . . . , n. d

�5N�Ä�½n II��, Θ(A) = φ. ��, � φ = Θ(A).

K φ(ej) = (ε1, . . . εm) ~A(j), j = 1, 2 . . . , n. u´ Φ(φ) = A.

�
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·K 1.10 � φ ∈ Hom(V,W )3 e1, . . . , en; ε1, . . . , εme�

Ý
´ A. � Z ´ F þ��5�m δ1, . . . , δk ´ Z ��

|Ä, ψ ∈ Hom(W,Z)3 e1, . . . , em; δ1, . . . , δk e�Ý
´

B ∈ F k×m. K ψ ◦ φ ∈ Hom(V, Z)3 e1, . . . , en; δ1, . . . , δk

e�Ý
´ BA ∈ F k×n.

V W

Z

ψ◦φ

φ

ψ

y². 'u ψ ◦ φ´�5N���y�þÆÏ1�Ù·K
4.1. O�

ψ ◦ φ(ej) = (ψ(ε1), . . . , ψ(εn)) ~A(j) = (δ1, . . . , δk)B ~A(j),

j = 1, 2, . . . , n. u´

(ψ ◦ φ(e1), . . . , ψ ◦ φ(en)) = (δ1, . . . , δk)B( ~A(1), . . . , ~A(n))

= (δ1, . . . , δk)BA.

N� ψ ◦ φ3À½Ä.e�Ý
´ BA. �

1.2 �5N�3ØÓÄ.e�Ý


½n 1.11 � φ ∈ Hom(V,W ). 2� e′1, . . . , e
′
n ´ V �,

�|Ä, ε1, . . . , εm´W �,�|Ä, �

(e′1, . . . , e
′
n) = (e1, . . . , en)P Ú (ε′1, . . . , ε

′
m) = (ε1, . . . , εm)Q,

17



Ù¥ P ∈ GLn(F )Ú Q ∈ GLm(F ). XJ φ3 e1, . . . , en;

ε1, . . . , εm e�Ý
´ A, K φ3 e′1, . . . , e
′
n; ε′1, . . . , ε

′
m e

�Ý
´ Q−1AP .

y². d (e′1, . . . , e
′
n) = (e1, . . . , en)P ÚÚn 1.7�

(φ(e′1), . . . , φ(e′n)) = (φ(e1), . . . , φ(en))P.

u´

(φ(e′1), . . . , φ(e′n)) = (ε1, . . . , εm)AP = (ε′1, . . . , ε
′
m)Q−1AP. �

þã½n`²�5N�3ØÓÄ.e�Ý
k�Ó��.

½Â 1.12 � φ ∈ Hom(V,W ), A´ φ3 V ��|ÄÚW

��|Äe�Ý
. K rank(A)¡� φ��, P� rank(φ).

~ 1.13 O�~ 1.6¥ φ��. �Ý
 B d~ 1.6�Ñ.

K

rank(φ) = rank(B) = krank(A).
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