
1�Ù �5�f

3 ü��f)¤�f�

�A ∈ L(V ). - F [A] = 〈{Ak | k ∈ N}〉. K F [A]´

{αkAk+αk−1Ak−1+· · ·+α1A+α0E | k ∈ N, αk, αk−1, . . . , α0 ∈ F}.

5¿� F [A] ⊂ L(V ). é?¿ G,H ∈ F [A], GH ∈ F [A].


� O, E ∈ F [A]. u´ F [A] ´f�. ���y��

GH = HG. u´ F [A]´���.

·���±l,���ÝwÑ F [A]´���. � A

´A3 e1, . . . , ene�Ý
. Kd½n 2.1, �êÓ�

Φ−1 : Mn(F ) −→ L(V )

r��� F [A]N� F [A]. Ï� F [A]´���(�þÆÏ

1oÙ1 3.5!), ¤± F [A]´���.

����yN�

φ : F −→ F [A]

α 7→ αE

´�Ó�. dõ�ªD�Ó�½n, φ�±*Ð���l

F [t]� F [A]��Ó� φA÷v φ(t) = A. ÏLD�Ó��

�é?¿ f (t) = fkt
k + fk−1t

k−1 + · · · + f1t + f0 ∈ F [t], Ù
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¥ fk, fk−1, . . . , f1, f0 ∈ F ��

φA(f ) = fkAk + fk−1Ak−1 + · · · + f1A + f0E = f (A).

�é?¿ p, q ∈ F [t], ·�k

(p + q)(A) = p(A) + q(A) Ú (pq)(A) = p(A)q(A).

¯¢þ, þãD�Ó���dD�Ó� φA : F [t] −→ F [A]

� Φ−1 : F [A] −→ F [A]��. D�Ó� φA��E�þÆ

Ï1ÊÙùÂ�½n 1.10.

dþ�ù½n 1.9��, dim(L(V )) = n2. u´E ,A, . . . ,An2

3 F þ7,�5�'. �ó�, �3 α0, α1, . . . , αn2 ∈ F ,

Ø��", ¦�

α0E + α1A + · · · + αn2−1An
2−1 + αn2An

2
= O.

u´AØ�U´�½�. éG ∈ F [A],·�ØU��½Â

A�“gê”Ú “Xê”.

~ 3.1 � A´ê¦�f λE, f (t) = t2 − 3t− λ2. K

f (A) = A2 − 3A− λ2E = −3A = −2λE . �

5) 3.2 D�Ó� f (t) 7→ f (A)´��� F [t]� F [A]�

÷Ó�. u´

F [A] = {p(A) | p ∈ F [t]} � F [A] = {p(A) | p ∈ F [t]}.
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½n 3.3 (ØØ©)) � A ∈ L(V ), p, q ∈ F [t]p�. XJ

(pq)(A) = O, K

V = ker(p(A))⊕ ker(q(A)).

y². d Bezout'X, �3 u, v ∈ F [t]¦�

u(t)p(t) + v(t)q(t) = 1.

u´,

u(A)p(A) + v(A)q(A) = E . (1)

� x ∈ V . K

x = E(x) = (u(A)p(A) + v(A)q(A))(x) (∵ (1))

= (u(A)p(A))(x) + (v(A)q(A))(x) (N�\{�½Â)

= (p(A)u(A))(x) + (q(A)v(A))(x) (F [A]´���)

= p(A)(u(A))(x)︸ ︷︷ ︸
y

) + q(A)(v(A)(x)︸ ︷︷ ︸
z

). (¦{=EÜ)

= p(A)(y) + q(A)(z).

Ï� (pq)(A) = O,¤± p(A)q(A) = O. u´ q(A)(p(A)(y)) =

0, = p(A)(y) ∈ ker(q(A)). aq�� q(A)(z) ∈ ker(p(A)).

·��� x ∈ ker(p(A)) + ker(q(A)). d x�?¿5íÑ

V = ker(p(A)) + ker(q(A)).

2� x ∈ ker(p(A)) ∩ ker(q(A)). Kd (1)�Ñ

x = E(x) = u(A)p(A)(x) + v(A)q(A)(x) = 0.
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l
 V = ker(p(A))⊕ ker(q(A)). �

~ 3.4 � A ∈ L(A)÷v A2 = E. y²: � F �A�Ø

�u 2�,

rank(A− E) + rank(A + E) = dim(V ).

y². dØ���éóúª(1�Ù1�ù·K 4.14 (iii)

Úþ�ù5º 1.16), ·���y²

dim(ker(A− E)) + dim(ker(A + E)) = dim(V ).

� f (t) = t2 − 1. K f (A) = A2 − E = O. � p = (t − 1),

q = (t + 1). Ï� pq = f , ¤± (pq)(A) = O. Ï� F �A

�Ø�u 2, ¤± gcd(p, q) = 1. dØØ©)½n��

V = ker(p(A))⊕ ker(q(A)).

qÏ� p(A) = A− E Ú q(A) = A + E, ¤±

dim(V ) = dim(ker(A− E)) + dim(ker(A + E))

(�Ú�ê�Ä�5�—1�Ù1�ù·K 4.15). �

÷vA2 = E��f¡�éÜ�f. ;.~f´Ý
Ek O

O −E`

 .
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½n 3.5 (Ø�©) I)1 � A ∈ L(V ). K

V = ker(A)⊕ im(A) ⇐⇒ rank(A) = rank(A2).

y². äó. é?¿A ∈ L(V ),

ker(A) ⊂ ker(A2), im(A) ⊃ im(A2).

äó�y². � v ∈ ker(A). K

A2(v) = A(A(v)) = A(0) = 0.

� y ∈ im(A2). K�3 z ∈ V ¦� y = A2(z). u´

y = A(A(z)) ∈ im(A). äó¤á.

(⇐=) Ï� rank(A) = rank(A2), ¤±

dim(ker(A)) = dim(ker(A2)).

ù´Ï� dim(ker(A))+rank(A) = dim(ker(A2))+rank(A2)

(þ�ù5º 1.16). däó�� ker(A) = ker(A2). �

x ∈ ker(A) ∩ im(A). K�3 y ∈ V ¦� x = A(y) �

A(x) = 0. u´ A2(y) = 0. Ï� ker(A) = ker(A2), ¤±

y ∈ ker(A). u´ x = 0. = ker(A) + im(A)´�Ú. u´

dim(ker(A)+im(A)) = dim(ker(A))+dim(im(A)) = dim(V ).

·��Ñ V = ker(A)⊕ im(A).

1�å, !'. ~²óÆ�Æ� 27ò1�Ï, 2014c 4�.
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(=⇒)däóÚíØ 1,14��,·���y² im(A) ⊂
im(A2)=�. � x ∈ im(A). K�3 y ∈ V ¦� x = A(y).

Ï� V = ker(A) + im(A),¤±�3 u ∈ ker(A), v ∈ im(A)

¦� y = u+v� v = A(w),Ù¥w´ V ¥,��þ. u

´ x = u +A(w), l


x = A(y) = A(u) +A2(w) = A2(w) ∈ im(A2).

·�k im(A) ⊂ im(A2). �

5) 3.6 dþã½nÚy²¥�äó��, ±e(Ø´

*d�d�.

(i) V = ker(A)⊕ im(A);

(ii) rank(A) = rank(A2);

(iii) im(A) = im(A2);

(iv) ker(A) = ker(A2);

(v) dim(ker(A)) = dim(ker(A2)).

~ 3.7 � A ∈ L(V )÷v A2 = A. y²

ker(A)⊕ im(A) = V.

y². Ï� A2 = A, ¤± rank(A2) = rank(A). dþãØ

�©)½n��(Ø¤á. �
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~ 3.8 � D ´ R[x]n þ��ê�f. K ker(D) = R �
im(D) = R[x]n−1. Ï� R ⊂ R[x]n−1, ¤± ker(D) + im(D)

Ø´�Ú.

4 �fÚÝ
�4�õ�ª

½Â 4.1 � f ∈ F [t], A ∈ L(V ). XJ f (A) = O, K¡ f

´'u A�"zõ�ª. 'u A��"�"zõ�ª¥
gê���¡� A�4�õ�ª. �²(å�, ·��4

�õ�ª´Ä��.

aq/, é A ∈ Mn(F ), ·�k'u A�"zõ�ª

Ú4�õ�ª�Vg.

Ún 4.2 � A ∈ L(V ), f (t) ∈ F [t], p(t)´ A�4�õ�
ª. K

f (A) = O ⇐⇒ p|f.

y². dõ�ªØ{�� f (t) = q(t)p(t) + r(t), Ù¥

q, r ∈ F [t]� deg(r) < deg(p). dD�Ó�½n f (A) =

q(A)p(A) + r(A). Ï� p(A) = O, ¤± f (A) = r(A).

XJ f (A) = O, K r(A) = O. d4�õ�ª�½

Â��, r(t) = 0. XJ r(t) = 0, K r(A) = O. u´,

f (A) = O. �
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·K 4.3 � A ∈ L(V ). K A�4�õ�ª�3���.

4�õ�ª�gêØ�u n2.

y². Ï� dim(L(V )) = n2, ¤± 1,A, . . . ,An2 3 F þ�

5�'. dd��, Ak�"�gêØpu n2�"zõ�

ª. u´, 4�õ�ª�3�gêØpu n2. � p, q´ A
�ü�4�õ�ª. K deg(p) = deg(q). dÚn 4.2, p|q�
q|p. u´ p = cq, Ù¥ c ∈ F \ {0}. Ï� pÚ qÑÄ�, ¤

± c = 1. �

5) 4.4 ±þ(Øé A ∈ Mn(F )Ó�¤á.

PÒ. � A ∈ L(V ), A ∈ Mn(F ). §��4�õ�ª©O

P� µAÚ µA.

5) 4.5 � A ∈ L(V ), A´ A3 V ,|Äe�Ý
. K

µA = µA. ù´Ï� F [A]Ú F [A]�êÓ�.

~ 4.6 � A ∈ L(V ). y² deg(µA) = 1��=� A´ê
¦�f.

y². � A = λE, λ ∈ F . K µA = t − λ. ��, �

µA = t− λ. K O = µA(A) = A− λE . u´, A = λE. �

AO/, µO = t, µE = t− 1.

~ 4.7 � A ∈ L(V )´�"�f. y² µA´ t��g.
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y². � Ak = O. K tk "z A. dÚn 4.2, µA|tk. u´
µA´ t��g. �

Ún 4.8 �A,B ∈ Mn(F ), P ∈ GLn(F )¦�B = P−1AP .

� f ∈ F [t]. K

f (B) = P−1f (A)P.

AO/, A ∼s B =⇒ f (A) ∼s f (B).

y². ��O��é?¿ i ∈ N,

Bi = (P−1AP )(P−1AP ) · · · (P−1AP )(P−1AP )︸ ︷︷ ︸
i

= P−1AiP.

� f (t) = fkt
k + fk−1t

k−1 + · · · + f1t + f0. K

f (B) = fkP
−1AkP + fk−1P

−1Ak−1P + · · · + f1P
−1AP + f0P

−1EP

= P−1f (A)P. �

·K 4.9 � A,B ∈ Mn(F ). XJ A ∼s B, K µA = µB.

y². dÚn 4.8Ú µA(A) = O ��, µA(B) = O. u´

µB|µA (Ún 4.2). Ón µA|µB. Ï� µAÚ µBÑÄ�,¤±

µA = µB. �

~ 4.10 �

A =

1 0

0 1

 , B =

1 1

0 1

 .
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¯ AÚ B ´Ä�q?

). 5¿� µA = t − 1. Ï� B Ø´ê¦Ý
§¤±

deg(µB) > 1 (~ 4.6). u´, µA 6= µB. � A �s B. �

~ 4.11 � A,B∈Mn(F ), A´ê¦Ý
, B ´�"Ý
.

K

A ∼s B ⇐⇒ A = B = O.

y². d~ 4.6Ú~ 4.7��, µA = t − λ, µB = tk, Ù¥

λ ∈ F, k ∈ Z+. � A ∼s B. K µA = µB (·K 4.9). u´

λ = 0� k = 1. dd�Ñ A = OÚ B = O. ,����

´²��. �

·K 4.12 � A ∈ L(V ). K dim(F [A]) = deg(µA)� A�
_��=� µA(0) 6= 0.

y². � d = degt(µA). ·�5y² E , A, . . . , Ad−1´F [A]

��|Ä.

� α0, α1, . . . , αd−1 ∈ F ¦�

α0E + α1A + · · · + αd−1Ad−1 = O.

- p(t) = α0 +α1t+ · · ·+αd−1t
d−1 ∈ F [t]. K p(A) = O. Ï

� degt(p) < d,¤± p = 0. u´, α0 = α1 = · · · = αd−1 = 0.

·�íÑ E , A, . . . , Ad−1�5Ã'.
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�G ∈ F [A]. K�3 g ∈ F [t]¦�G = g(A). dõ�

ª�{Ø{��, �3 q, r ∈ F [t], degt(r) < d¦�

g(t) = q(t)µA(t) + r(t).

u´

G = g(A) = q(A)µA(A) + r(A) = r(A).

=G´ E ,A, . . . ,Ad−13 F þ��5|Ü.u´ E , A, . . . ,

Ad−1´ F [A]��|Ä. AO/, dim(F [A]) = d.

�µA = β0+β1t+· · ·+βd−1td−1+td,Ù¥β0, β1, . . . , βd−1 ∈
F . K

O = β0E + β1A + · · · + βd−1Ad−1 +Ad.

XJ µA(0) 6= 0, K β0 6= 0. u´

A (−β1E − · · · + βd−1Ad−2 −Ad−1)β−10︸ ︷︷ ︸
A−1

= E . (2)

=A�_. �A�_. XJ µA(0) = 0, K β0 = 0. u´

µA(t) = t(β1 + β2t + · · · + βn−1t
n−2 + tn−1).

u´

O = A(β1E + β2A + · · · + βd−1Ad−2 +Ad−1).

rþã�ªü>Ó¦±A−1. K

O = β1E + β2A + · · · + βd−1Ad−2 +Ad−1.
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·�w��"õ�ª β1 + β2t + · · · + βd−1t
d−2 + td−1"z

A. gñ. �

5) 4.13 d (2)��, � A�_�, A−1 ∈ F [A].

5 ØCf�m

½Â 5.1 � A ∈ L(V ), U ´ V �f�m. XJ A(U) ⊂
U , = ∀u ∈ U,A(u) ∈ U , K¡ U ´ A�ØCf�m.

� U ´ A �ØCf�m. K A|U �±w� U þ��

5�f. �{²å�, P��N� A|U � AU . 5¿�

AU ∈ L(U).

~ 5.2 �D´R[x]nþ��ê�f. KR[x]k´D�ØC
f�m, k = 1, 2, . . . , n. � 〈xk〉Ø´, k = 0, 1, . . . , n− 1.

� λ ∈ F , K V �z�f�mÑ´'u λE �ØC�.

·K 5.3 � A ∈ L(V ), U ´ A� d�ØCf�m, 0 <

d < n. K�3 V ��|Ä¦� A3TÄe�Ý
�

A =

B C

O D

 ,

Ù¥ B ∈ Md(F ) ´ AU �,�Ý
L«. ?
 µAU
|µA,

µB|µA, µD|µA.
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y². � e1, . . . , ed ´ U ��|Ä. r§*¿� V ��

|Ä e1, . . . , ed, ed+1, . . . , en. Ï� U ´ A�ØCf�m,

¤±� j ∈ {1, 2, . . . , d}�, A(ej)´ e1, . . . , ed ��5|

Ü, =A(ej)'u ed+1, . . . , en��IÑ�u". u´A3
e1, . . . , ed, ed+1, . . . , ene�Ý
X·K¤ã/ª, � B ´

AU 3 e1, . . . , ede�Ý
.

��O���yé?¿ k ∈ N

Ak =

Bk ∗
O Dk

 ,

Ù¥ ∗´,� d× (n−d)��Ý
. u´,é?¿ f ∈ F [t].

f (A) =

f (B) ∗
O f (D)

 .

Ï�µA(A) = On×n,¤±µA(B) = Od×d, µA(D) = O(n−d)×(n−d).

dÚn 4.2, µB|µA, µD|µA, � µAU
|µA. �
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