
1�Ù �5�f

·K 5.3 � A ∈ L(V ), U ´ A� d�ØCf�m, 0 <

d < n. K�3 V ��|Ä¦� A3TÄe�Ý
�

A =

B C

O D

 ,

Ù¥ B ∈ Md(F ) ´ AU �,�Ý
L«. ? µAU
|µA,

µB|µA, µD|µA.

y². � e1, . . . , ed ´ U ��|Ä. r§*¿� V ��

|Ä e1, . . . , ed, ed+1, . . . , en. Ï� U ´ A�ØCf�m,

¤±� j ∈ {1, 2, . . . , d}�, A(ej)´ e1, . . . , ed ��5|

Ü, =A(ej)'u ed+1, . . . , en��IÑ�u". u´A3
e1, . . . , ed, ed+1, . . . , ene�Ý
X·K¤ã/ª, � B ´

AU 3 e1, . . . , ede�Ý
.

��O���yé?¿ k ∈ N

Ak =

Bk ∗
O Dk

 ,

Ù¥ ∗´,� d× (n−d)��Ý
. u´,é?¿ f ∈ F [t].

f (A) =

f (B) ∗
O f (D)

 .
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Ï�µA(A) = On×n,¤±µA(B) = Od×d, µA(D) = O(n−d)×(n−d).

d1�Ù1�ùÚn 4.2, µB|µA, µD|µA, � µAU
|µA. �

�½A ∈ L(V ), {0}Ú V ´A�²��ØCf�m.

e¡�Ún�ÑXÛÏéA��²��f�m.

Ún 5.4 � A,B ∈ L(V ) ÷v AB = BA. K ker(B) Ú
im(B)´ A�ØCf�m.

y². � x ∈ ker(B). K

B(A(x)) = (BA)(x) = (AB)(x) = A(B(x)) = A(0) = 0.

u´A(x) ∈ ker(B). = ker(B)´AØC�. � x ∈ im(B).
K�3 y ∈ V ¦� x = B(y). u´

A(x) = A(B(y)) = B(A(y)) ∈ im(B). �

·K 5.5 �A ∈ L(V ), f ∈ F [t]. K ker(f (A))Ú im(f (A))
Ñ´ A�ØCf�m.

y². Ï� Af (A) = f (A)A, ¤± ker(f (A))Ú im(f (A))
Ñ´A�ØCf�m(Ún 5.4). �

�
{üå�, � U ´A�ØCf�m�, ·�` U

´A-ØC�½NA-f�m.

·K 5.6 �A ∈ L(V ), U1, U2´A-f�m. K U1+U2Ú

U1 ∩ U2Ñ´ A-f�m.
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y². � x ∈ U1 + U2. K�3 x1 ∈ U1, x2 ∈ U2 ¦�

x = x1 + x2. u´,

A(x) = A(x1) +A(x2) ∈ U1 + U2.

� x ∈ U1 ∩ U2, K A(x) ∈ U1 � A(x) ∈ U2. dd��,

A(x) ∈ U1 ∩ U2. �

Ún 5.7 � A ∈ L(V ), U1, U2 ´�²� A-f�m, �

V = U1 ⊕ U2. � ε1, . . . , εd1 ´ U1�Ä, δ1, . . . , δd2 ´ U2�

Ä. K3 V �Ä. ε1, . . . , εd1, δ1, . . . , δd2 e A�Ý
´

A =

A1 O

O A2

 ,

Ù¥ Ai ∈ Mdi(F )´ AUi 3éAÄe�Ý
, i = 1, 2. ?

 µA = lcm(µAU1
, µAU2

) (�Ä����ú�ª).

y². 5¿� V = U1 ⊕ U2%¹ d1 + d2 = n(= dim(V ))�

ε1, . . . , εd1, δ1, . . . , δd2 �5Ã'. ¤± ε1, . . . , εd1, δ1, . . . , δd2

´ V ��|Ä. é i ∈ {1, 2, . . . , d1}, A(εi) ∈ U1, A(εi)´
ε1, . . . , εd1 ��5|Ü, §'u δ1, . . . , δd2 ��IÑ´".

u´, �3 A1 ∈ Md1(F )¦�

(A(ε1), . . . ,A(εd1)) = (ε1, . . . , εd1)A1.

aq/, �3 A2 ∈ Md1(F )¦�

(A(δ1), . . . ,A(δd1)) = (δ1, . . . , δd2)A2.
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u´ Ai´ AUi 3éAÄ.e�Ý
, i = 1, 2. ?, A3
V �Ä. ε1, . . . , εd1, δ1, . . . , δd2e�Ý
�u A.

� p = lcm(µAU1
, µAU2

). dÚn 5.3, µAU1
|µA, µAU2

|µA.
u´ p|µA. qÏ� µAU1

|p, µAU2
|p, ¤± p(AU1) = O Ú

p(AU2) = O (Ún 5.4). u´

p(A) =

p(A1) O

O p(A2)

 =

O O

O O

 .

ddÚÚn 5.4, µA|p. 2|^Ä�5�Ñ p = µA. �

~ 5.8 �

A =

1 0

0 0

 .

O� µA.

). dþãÚn µA = lcm(µ(1), µ(0)) = lcm(t − 1, t) =

(t− 1)t. �

½n 5.9 � A ∈ L(V ), U1, . . . , Uk ´�²� A-f�m÷
v V = U1 ⊕ · · · ⊕ Uk. � Zi´ Ui��|Ä, i = 1, . . . , k.

K A3 V �Ä. Z1 ∪ · · · ∪ Zk e�Ý


A =


A1 O · · · O

O A2 · · · O
... ... . . . ...

O O · · · Ak

 ,
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Ù¥ Ai ´ AUi 3 Zi e�Ý
, i = 1, 2, . . . , k. ?,

µA = lcm(µAU1
, . . . , µAUk

).

y². é k8B. � k = 1�, ½nw,¤á. � k > 1�

k−1�½n¤á. �W = U1⊕· · ·⊕Uk−1. K V = W ⊕Uk,
Y = Z1∪· · ·∪Zk−1´W �Ä.dÚn 5.7,A3Ä.W∪Zk
e�Ý
´

A =

B O

O Ak

 ,

Ù¥ B´ AW 3 Y e�Ý
, Ak´ AUk 3 Zke�Ý
,

� µA = lcm(µAW
, µAUk

).

éAW , W , U1, . . . , Uk−1^8Bb��

B =


A1 O · · · O

O A2 · · · O
... ... . . . ...

O O · · · Ak−1

 ,

Ù¥ Ai ´ AUi 3 Zi e�Ý
, i = 1, 2, . . . , k − 1. ?,

µAW
= lcm(µAU1

, . . . , µAUk−1
).u´, A´¤�¦�/ª. 5

¿�

lcm
(
µAU1

, . . . , µAUk

)
= lcm

(
lcm

(
µAU1

, . . . , µAUk−1

)
, µAUk

)
= lcm(µAW

, µAUk
) = µA. �
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½n 5.10 (Ø�©) II)1 � A ∈ L(V ). K

V = ker(A)⊕ im(A) ⇐⇒ t2 - µA.

y². �K = ker(A)Ú I = im(A).
(=⇒) � V = K ⊕ I . XJK = {0}, K A´ü�(1

�Ù1�ù·K 2.2). u´, A�_(1�Ù1�ùíØ

1.19). �â1�Ù1�ù·K 4.12, µA(0) 6= 0,l t2 - µA.
XJKA = V . KA = O. d� µA = t. u´ t2 - µA.
� K Ú I Ñ´�²��. K AK ´"�f. u´

µAK
= t. � v ∈ I . XJ AI(v) = 0, K A(v) = 0. u

´, v ∈ K ∩ I . k�Ú^���, v = 0. = AI ´V
�(1�Ù1�ùíØ 1.19). �â1�Ù1�ù·K 4.12,

t - µAI
(0) 6= 0. ·���

µA = lcm(µAK
, µAI

) = tµAI
.

u´, t2 - µA.
(⇐=)XJ t - µA,KA�_(1�Ù1�ù·K 4.12).

XJ µA = t,KA = O. 3ùü«�/e, V = K ⊕ Iw,
¤á.

� µA = tp÷v gcd(t, p) = 1. dØØ©)½n

V = K ⊕ ker(p(A)).
1�å, !'. ~²óÆ�Æ� 27ò1�Ï, 2014c 4�.
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e¡·��y I = ker(p(A)). � x ∈ I . K�3 y ∈ V ¦
� x = A(y). u´,

p(A)(x) = p(A)(A(y)) = (p(A)A)(y) = (tp)(A)(y) = µA(A)(y) = 0.

dd�Ñ I ⊂ ker(p(A)). ,��¡, d�Ú©)�5�Ú

Ø��êúª��

dim(ker(p(A))) = dim(V )− dim(K) = dim(I).

·�íÑ I = ker(p(A)). �

~ 5.11 � A ∈ L(V ) ÷v A3 − A2 − A = O. y²:

ker(A)⊕ im(A) = V .

y². � f (t) = t3 − t3 − t. K f (A) = O. dÚn ??,

µA(t)|f (t). Ï� t2 - f , ¤± t2 - µA(t). dþã½n,

ker(A)⊕ im(A) = V . �

~ 5.12 � A ∈ L(V ) ÷v ker(A) ⊕ im(A) = V . �

e1, . . . , er´ im(A)��|Ä, er+1, . . . , en´ ker(A)��|
Ä.K e1, . . . , er, er+1, . . . , en´V ��|Ä.Ï� im(A)Ú
ker(A)Ñ´A-f�m,�A(ej) = 0, j = r+1, r+2, . . . , n,

¤± A3TÄ.e�Ý
´

A =

B O

O O

 ,

Ù¥ B ∈ Mr(F ) ÷�. � r = n �, B = A. ÄK,

µA = lcm(µB, t).
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6 Ø�©f�m

½Â 6.1 �A ∈ L(V ), U ´A-f�m. XJ U ØU�¤

ü��"� A-f�m��Ú, K¡ U ´ A-Ø�©�.

·K 6.2 � A ∈ L(V ). K V ´k�� A-Ø�©f�m
��Ú.

y². � n = dim(V ). ·�é n 8B. � n = 1 �, V

��´ A Ø�©�. ½nw,¤á. � n > 1 � �

�m�ê�u n �½n¤á. XJ V ´ A Ø�©�,

K½n¤á. ÄK�3ü��" A-f�m U,W ¦�

V = U ⊕W . K dim(U)Ú dim(W )��êÑ�u n. d8

Bb�, U = U1 ⊕ · · · ⊕ Uk, Ù¥ Ui´ AU Ø�©�, l

�´ AØ�©�. Ó�, W = W1 ⊕ · · · ⊕W`, Ù¥Wj ´

AW Ø�©�, l�´AØ�©�. u´

V = U ⊕W = U1 ⊕ · · · ⊕ Uk ⊕W1 ⊕ · · · ⊕W`. �

7 A��þÚA�õ�ª

3�!¥, V ´�Fþ�k���5�m� dim(V )>0.

7.1 A��þ

½Â 7.1 � A ∈ L(V ), v ∈ V \ {0}. XJ 〈v〉´ A -f�

8



m, K¡ v´ A���A��þ (eigenvector).

·K 7.2 � A ∈ L(V ), v ∈ V \ {0}. Ke�(Ø�d:

(i) v´ A�A��þ;

(ii) A(v) ∈ 〈v〉;

(iii) �3 λ ∈ F ¦� A(v) = λv.

y². (i) =⇒ (ii) w,.

(ii) =⇒ (iii) Ï� A(v) ∈ 〈v〉, ¤±�3 λ ∈ F ¦�

A(v) = λv.

(iii) =⇒ (i) � x ∈ 〈v〉. K�3 α ∈ F ¦� x = αv.

u´,

A(x) = A(αv) = αA(v) = αλv ∈ 〈v〉 =⇒ 〈v〉´AØC�. �

lþã·K�� v ´ A A��þ��=��3
λ ∈ F ¦�A(v) = λv. ·�¡ λ´'uA��þ v�A

�� (eigenvalue). {¡ A�A��. ��, � λ ∈ F ´ A
�A��. -

V λ = {x ∈ V | A(x) = λx}

¡� A'u λ�A�f�m(eigenspace). e¡·�5�

y V λ´A-f�m.
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� α, β ∈ F , x,y ∈ V λ. K

A(αx+βy) = αA(x)+βA(y) = αλx+βλy = λ(αx+βy).

dd�� αx + βy ∈ V λ. = V λ´f�m. Ï�

A(x) = λx ∈ V λ,

¤± V λ´AØC�.

~ 7.3 � D´ R[x]n¥��ê�f. ¦ D¤kA��Ú
A��þ.

). � f = fn−1x
n−1+ · · ·+f1x+f0, Ù¥ fn−1, . . . , f1, f0 ∈

R. XJ D(f ) = λf , Ù¥ λ ∈ R. K

(n− 1)fn−1x
n−2 + · · · + f1 = λ(fn−1x

n−1 + · · · + f1x + f0).

þª¤á��=� λ = 0� fn−1 = · · · = f1 = 0. 5¿�

é?¿ r ∈ R, D(r) = 0 = 0r. u´, f ´ D�A��þ�
�=� f ∈ R \ {0}, ù
A��þéA�A��´ 0. 

V 0 = R. �

�·�rÝ
 A ∈ Mn(F )w¤ L(F n)¥d A(x) = Ax½

Â��5�f�, ·�Ó�kÝ
 A�A��þ, A��

ÚA�f�m�Vg.

~ 7.4 ¦ê¦Ý
�A��þÚA��.
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). � A = λE, Ù¥ λ ∈ F . Ké?¿ x ∈ F n,

Ax = λEx = λx.

u´, ?Û F n¥��"�þÑ´ A�A��þ, §�é

A�A��Ñ´ λ. ?, V λ = F n. �

~ 7.5 � A ∈ L(V )� ker(A) 6= {0}. y²: 0´ A�A
��� V 0 = ker(A).
y². � v ∈ ker(A) \ {0}. K A(v) = 0 = 0v. u´, 0´

A�A��. � x ∈ ker(A). K A(x) = 0x. u´, x ∈ V 0.

��, � y ∈ V 0. K A(y) = 0y = 0. u´ y ∈ ker(A). d
d�Ñ V 0 = ker(A). �

7.2 A�õ�ª

�A ∈ L(V ), e1, . . . , en´ V ��|Ä,A3TÄe�
Ý
�u A. � x = x1e1 + · · ·+ xnen,Ù¥ x1, . . . , xn ∈ F
Ø��u". K x´ A�A��þ��=��3 λ ∈ F
¦�A(x) = λx, =

λ


x1
...

xn

 = A


x1
...

xn

 ⇐⇒ (λE − A)


x1
...

xn

 =


0
...

0

 .

ddíÑ x´A�A��þ%¹ det(λE − A) = 0.
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� χA(t) = det(tE − A) ∈ F [t]. K x´A�A��þ
%¹X§éA�A�� λ´ χA(t)��.��,� λ ∈ F ´
χA(t)��. K�§|

(λE − A)


x1
...

xn

 =


0
...

0


k�") (α1, . . . , αn). u´, v = α1e1 + · · · + αnen÷v

A(v) = λv. ddíÑ λ ∈ F ´ χA(t)����=� λ´

A�A��.

½Â 7.6 � A ∈ L(V ), e1, . . . , en´ V ��|Ä, A3T
Äe�Ý
�u A. K det(tE − A)¡� A�A�õ�
ª(characteristic polynomial), P� χA. A�õ�ª χA(t)

3 F ¥¤k��8ÜP� specF (A), ¡� A�3 F ¥�

Ì(spectrum)

5¿�Ý
 A�Ä.À�k'. �
�yþã½Â�Ü

n5,·��B´A3Ä. (ε1, . . . , εn) = (e1, . . . , en)P e

�Ý
, Ù¥ P ∈ GLn(F ). K B = P−1AP . ·�k

det(tE−B) = det(tE−P−1AP ) = det(P−1(tE−A)P ) = det(tE−A).

ù�Ò�y
þã½Â�Ün5.

12



aq/, � A ∈ Mn(F ). ·�¡ χA = det(tE − A)�
Ý
 A�A�õ�ª. þãÜn5�y�`² χA´�q

ØCþ. l, specA¥���Ñ´�qØCþ.

5) 7.7 �âþã?Ø, A �A���¡� A �A�
�(eigenroot).

e¡·�ü«ÏLA�õ�ª¦A��þ��{.

~ 7.8 � e1, e2 ´ R2 �IOÄ, A,B ∈ L(R2)©Odú

ª A(e1) = e2,A(e2) = e1 Ú B(e1) = e2, B(e2) = −e1 �
Ñ. O� AÚ B�A�f�m.

). �f AÚ B3 e1, e2e�Ý
©O´

A =

0 1

1 0

 , B =

0 −1
1 0

 .

u´

χA(t) = det(tE − A) = det

 t −1
−1 t

 = t2 − 1,

Ú

χB(t) = det(tE −B) = det

 t 1

−1 t

 = t2 + 1.

u´, specR(A) = {1,−1}, specB = ∅. l BvkA��§
lvkA��þÚA�f�m.
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A�� λ1 = 1, §éA�A�f�m´�§|

(λ1E − A)

x1
x2

 =

0

0


�)�m. =�§| 1 −1

−1 1

x1
x2

 =

0

0


�)�m. )�§|� V λ1 = 〈(1, 1)t〉. aq/, A��

λ2 = −1éA�A�f�m´ V λ2 = 〈(1,−1)t〉.

~ 7.9 � e1, e2´C2�IOÄ,B ∈ L(C2)dúªB(e1) =
e2, B(e2) = −e1�Ñ. O� B�A�f�m.

). �f B3 e1, e2e�Ý
´

B =

0 −1
1 0

 .

u´

χB(t) = det(tE −B) = det

 t 1

−1 t

 = t2 + 1.

u´, specC(B) = {
√
−1,−

√
−1}. A�� λ1 =

√
−1, §

éA�A�f�m´�§|

(λ1E − A)

x1
x2

 =

0

0
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�)�m. =�§|√−1 1

−1
√
−1

x1
x2

 =

0

0


�)�m. )�§|� V λ1 = 〈(1,−

√
−1)t〉. aq/, A�

� λ2 = −
√
−1éA�A�f�m´ V λ2 = 〈(1,

√
−1)t〉.

·K 7.10 � V ´Eê� C þ��5�m, A ∈ L(V ).

K A�½kA��þ.

y². Ï� χA ∈ C[t] \C,¤± χA3 C¥��k��� λ

(�êÆÄ�½n). =AkA��. u´kA��þ. �

~ 7.11 � A ∈ Mn(C). y²: A�qu��þn�Ý
.

y². é n8B. � n = 1�, (Øw,¤á. � n > 1�

n− 1�(Ø¤á.

�Ä A ∈ Mn(C). r Aw¤ Cnþ3IOÄ e1, . . . , en

eÝ
�u A��5�f. dþ~��, Ak�� 1� A
f�m 〈u〉. �â1�Ù1�ù·K 5.3,

A ∼s

 λ ∗
O(n−1)×1 B

 ,

Ù¥ λ ∈ C, B ∈ Mn−1(C). �â8Bb�. �3 P ∈
GLn−1(C)¦� P−1BP ´þn��. -

Q =

 1 O1×(n−1)

O(n−1)×1 P

 .
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K P �_�

Q−1

 λ ∗
O(n−1)×1 B

Q

=

 1 O1×(n−1)

O(n−1)×1 P−1

 λ ∗
O(n−1)×1 B

 1 O1×(n−1)

O(n−1)×1 P


=

 λ ∗
O(n−1)×1 P−1BP


︸ ︷︷ ︸

T

.

Ï� P−1BP ®²´þn�Ý
, ¤± T �´þn�Ý


. w,, A ∼s T. �

·K 7.12 � A ∈ Mn(F ),

χA(t) = tn + an−1t
n−1 + · · · + a1t + a0, ai ∈ F.

K an−1 = −tr(A)Ú a0 = (−1)n det(A). AO/, A�_�

�=� 0Ø´ A�A��.

y². � A = (ai,j)n×ndA�õ�ª�½Â��

χA(t) = det


t− a1,1 −a1,2 · · · −a1,n
−a2,1 t− a2,2 · · · −a2,n
... ... . . . ...

−an,1 −an,2 · · · t− an,n

 .
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d1�ª�½Â��

χA(t) = (t− a1,1)(t− a2,2) · · · (t− an,n) + p(t),

Ù¥ p ∈ F [t]� deg(p)<n − 1. � deg(χA)=n� lc(χA)=1.

?,

an−1 = −a1,1 − · · · − an,n = −tr(A).

,��¡,

a0 = χA(0) = det


−a1,1 −a1,2 · · · −a1,n
−a2,1 −a2,2 · · · −a2,n
... ... . . . ...

−an,1 −an,2 · · · −an,n

 = (−1)n det(A).

5¿� χA(0) = 0��=� det(A) = 0. � 0Ø´ A

�A����=� A�_. �

5) 7.13 ¯¢þ, ·��yþã·K¥� ai ´ A�¤

k n− i�Ìfª�Ú¦± (−1)n−i. ��2019-2020 cS

GÆÏ1�Ù1�gSK�N¹.

~ 7.14 � A ∈ Mn(F )´Xe©¬þn�/Ý


A1 ∗ ∗ · · · ∗
O A2 ∗ · · · ∗
O O A3 · · · ∗
... ... ... . . . ∗
O O O · · · Ak


.
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y²: χA = χA1 · · ·χAk
.

y².

χA(t) = det(tE − A)

=



tEn1 − A1 ∗ ∗ · · · ∗
O tEn2 − A2 ∗ · · · ∗
O O tEn3 − A3 · · · ∗
... ... ... . . . ∗
O O O · · · tEnk − Ak


,

Ù¥ Ai´ ni��
, i = 1, 2, . . . , k. u´,

χA(t) =

k∏
i=1

det(tEni − Ai) =

k∏
i=1

χAi
(t). �
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