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10 Ì�f�m©)

½n 10.1 (Ì�f�m©)) � A ∈ L(V ). K�3

v1, . . . ,v` ∈ V \ {0}¦�

V = (F [A] · v1)⊕ · · · ⊕ (F [A] · v`).

y². � n = dim(V ). ·�é n8B. � n = 1�, V ´

A-Ì��. (Ø¤á. � n > 1�(Øé�ê�u n�?

Û�5�m¤á.

�Ä n��/. XJ V ´ A-Ì��, � ` = 1=�.

ÄK, �3 w ∈ V ¦� F [A] ·w3¤k AÌ�f�m¥
�ê��.�T�ê�um. K 0 < m < n. ·�ò�E�

� A-f�mW ¦� V = (F [A] ·w)⊕W . ,�r8Bb

�^�W þ=�.

r F [A] · w�Ä. w,A(w), . . . ,Am−1(w)*¿� V

��|Ä

w,A(w), . . . ,Am−2(w),Am−1(w), εm+1, . . . , εn.

d�5N�Ä�½n II, �3����5¼ê f∈V ∗÷v

f (Ai(w)) = 0, i = 0, 1, . . . ,m− 2,
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Ú

f (Am−1(w)) = 1, f (εj) = 0, j = m + 1, . . . , n.

� fk = f ◦ Ak, k = 0, 1, . . . ,m− 1, �

W = ∩m−1k=0 ker(fi).

·�5�y±en�äó.

(i) dim(W ) = n−m;

(ii) (F [A] ·w) ∩W = {0};

(iii) W ´A-ØC�.

äó (i)Ú (ii)�y V = (F [A] ·w)⊕W . äó (iii)�y

8Bb��±A^�W þ.

�yäó(i). ·�Äkw fk3Ä.

w,A(w), . . . ,Am−1(w), εm+1, . . . , εn (1)

e�Ý
, k = 0, 1, . . . ,m− 1. �5¼ê f0 = f 3Ä. (1)

Ú 1e�Ý
´

= (f (w), . . . , f (Am−2(w)), f (Am−1(w)), f (εm+1), . . . , f (εn))

= (1)(0, . . . , 0︸ ︷︷ ︸
m−1

, 1, 0, . . . 0︸ ︷︷ ︸
n−m

) = (0, . . . , 0︸ ︷︷ ︸
m−1

, 1, 0, . . . 0︸ ︷︷ ︸
n−m

) =: B0
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 fk3Ä. (1)e�Ý
´

= (f (Ak(w)), . . . , f (Am−2(w)), f (Am−1(w)),

f (Am(w)), . . . , f (Am−1+k(w)), f (Ak(εm+1)), . . . , f (Ak(εn)))

= (1)(0, . . . , 0︸ ︷︷ ︸
m−k−1

, 1, ∗, . . . ∗︸ ︷︷ ︸
n−m+k

) = (0, . . . , 0︸ ︷︷ ︸
m−k−1

, 1, ∗, . . . ∗︸ ︷︷ ︸
n−m+k

) := Bk,

k = 1, 2, . . . ,m − 1. � x ∈ V 3Ä. (1)e���I´

(x1, . . . , xn)
t. K

f0(x)

f1(x)
...

fm−1(x)

 =


B0

B1

...

Bm−1




x1

x2
...

xn



=


0 · · · 0 1 ∗ · · · ∗
0 · · · 1 ∗ ∗ · · · ∗
... . . . ... ... . . . ...

1 · · · ∗ ∗ ∗ · · · ∗


m×n︸ ︷︷ ︸

C


x1

x2
...

xn



u´, ∩m−1i=0 ker(fi)��ê�u± C �XêÝ
�àg�

5�§|�)�m��ê, = n− rank(C) = n−m.

�yäó(ii). � x ∈ (F [A] ·w) ∩W � x 6= 0. K�

3 p ∈ {0, 1, . . . ,m− 1}, α0, α1, . . . , αp ∈ F , αp 6= 0, ¦�

x = α0w + α1A(w) + · · · + αpAp(w).
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K

0 = fm−1−p(x)

= α0fm−1−p(w) + · · · + αp−1fm−1−p(Ap−1(w)) + αpfm−1−p(Ap(w))

(fm−1−p�5)

= α0f (Am−1−p(w)) + · · · + αp−1f (Am−2(w)) + αpf (Am−1(w))

(f0, . . . , fpÚw�½Â)

= αp.

gñ. äó (ii)¤á.

�yäó(iii). �x ∈ W . Ké?¿ k∈{0, 1, . . . ,m−1},

fk(x) = f (Ak(x)) = 0.

� y = A(x). Ké?¿ k ∈ {0, 1, . . . ,m− 2},

fk(y) = fk(A(x)) = fk+1(x) = 0.

�I��y fm−1(y) = 0. dm�4�5��,

dim(F [A] · x) ≤ m.

�â1�Ù1où·K 9.2 (iii), �3 β0, β1, . . . , βm−1∈F ,
¦�

Am(x) = β0x + β1A(x) + · · · + βm−1Am−1(x).
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u´

fm−1(y) = f (Am−1(y)) (fm−1�½Â)

= f (Am(x)) (y�½Â)

= f (β0x + β1A(x) + · · · + βm−1Am−1(x)) (�þª)

= β0f (x) + β1f (A(x)) + · · · + βm−1f (Am−1(x)) (f �5)

= β0f0(x) + β1f1(x) + · · · + βm−1fm−1(x)

(f0, f1, . . . , fm−1�½Â)

= 0 (x ∈ W ).

u´ y ∈ W . äó (iii)¤á. �

½n 10.2 (Hamilton-Cayley½n�\r�) � A∈L(V ).

K

(i) µA(t)|χA(t);

(ii) χA(t)3 F [t]¥�Ø��ÏfÑ´ µA(t)�Ïf.

y². dÌ�f�m©)½n,

V = U1 ⊕ · · · ⊕ U`,

Ù¥U1, . . . , U`´�"�A-Ì�f�m. AO/,U1, . . . , U`

´A-ØC�(1�Ù1où·K 9.2 (ii)). -

Ai = AUi, µi = µAi
, χi = χAi

, i = 1, 2, . . . , `.
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�â1�Ù1nù½n 5.9, A3 V �,|Äe�Ý
´:

A =


A1 O · · · O

O A2 · · · O
... ... . . . ...

O O · · · A`

 .

�

µA = lcm(µ1, µ2, . . . , µ`).

d1�Ù1nù~ 7.14,

χA = χ1χ2 · · ·χ`.

d1�Ù1oùÚn 9.5, µi = χi, i = 1, 2, . . . , `. �þª�

±��:

χA = µ1µ2 · · ·µ`.

u´, µA(t)|χA(t). (i)¤á. � p´ χA���Ø��Ïf.

K p�Ø,� µi (�þÆÏ1ÊÙ1�ùÚn 3.4). dd

��, p|µA �

5) 10.3 �A ∈ L(V ), µA = pm1
1 · · · pms

s ´ µA3 F [t]¥

�Ø��©). K χA3 F [t]¥�Ø��©)´

χA = pn11 · · · pnss ,

Ù¥m1 ≤ n1, . . . ,ms ≤ ns� n1 + · · · + ns = n.
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íØ 10.4 � A ∈ Mn(F ). K

(i) µA(t)|χA(t);

(ii) χA(t)3 F [t]¥�Ø��ÏfÑ´ µA(t)�Ïf.

Ún 10.5 �A ∈ L(V ), U ´A-f�m. K U ´A-Ø�
©���=�eãü�^�Ñ¤á.

(i) U ´ A-Ì�f�m;

(ii) µAU
´ F [t]¥,�Ø��õ�ª��g.

y². � U ´ A-Ø�©f�m. K U ´ A-f�m. �

â½n 10.1, U ´eZ AU -Ì�f�m��Ú, �´eZ

A-Ì�f�m��Ú.Ï� U ´A-Ø�©f�m,¤±�

Ú��k��, = U ´ A-Ì��. ?, µAU
´ F [t]¥,

�Ø��õ�ª��g. ÄK, dÖ¿á�¥íØ 1.2½

ØØ©)½n��, U 'u AU �ØØ©)��Ú�Ø�
��, � U ´A-Ø�©f�mgñ.

��, �^� (i) Ú (ii) ÷v. � µAU
= pm, Ù¥

p ∈ F [t] Ø��, m > 0. Ï� U ´ A-Ì�f�m, ¤

± U ´AU -Ì��m. d1�Ù1oùÚn 9.5,

dim(U) = m deg(p).
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b� U = U1 ⊕ U2, Ù¥ U1, U2´��ê� A-f�m. K

§��´AU -f�m. K µAU1
|pm� µAU2

|pm (1�Ù1�

ùÚn 4.2). �

pm = lcm(µAU1
, µAU2

)

(1�Ù1nùÚn 5.7). u´, µAU1
, µAU2

��k���

u pm. Ø�� µAU1
= pm,�â Hamilton-Cayley½n, χAU1

kÏf pk, Ù¥ k ≥ m. u´,

dim(U1) ≥ m deg(p) = dim(U).

gñ. �

½n 10.6 �A ∈ L(V ). K�3A-Ø�©f�mW1, . . . ,Wk

¦�

V = W1 ⊕ · · · ⊕Wk

� Wi ´ A-Ì��, µAWi
´ F [t]¥,�Ø��õ�ª�

�g, i = 1, 2, . . . , k.

y². (ÜÚn 10.6Ú1�Ù1nù·K 6.2=�. �

~ 10.7 � D ´ R[x]n þ��ê�f. K µD = tn �

R[x](n) ´ D-Ì��(1�Ù1où½n 9.11). u´,

R[x](n)´ D-Ø�©�. �
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11 Eê�þ� JordanIO.£�3

5¤

PÒ: 3�!¥ V ´ Cþ� n��5�m.

Ún 11.1 � A ∈ L(V ). K V ´ A-Ø�©���=��
3 λ ∈ C¦� µA = (t − λ)n. d�, A3 L(V )�,|Ä

e�Ý
´

Jn(λ) =



λ 1 0 · · · 0 0

0 λ 1 · · · 0 0

0 0 λ · · · 0 0
... ... ... . . . ... ...

0 0 0 · · · λ 1

0 0 0 · · · 0 λ


. (2)

y². � µA = (t − λ)n. K V ´ A-Ì��(1�Ù1o

ù½n 9.11, =Ì��m�O{). dÚn 10.5��, V ´

A-Ø�©�. ��, � V ´A-Ø�©�. Ó��Ún%¹

µA´ C[t]¥,�Ä��Ø��õ�ª��g. d�êÆ

Ä�½n, µA=(t− λ)m, Ù¥ λ ∈ C�m ∈ Z+. TÚn�

%¹ V ´A-Ì��. u´m=n (1�Ù1où½n 9.11).

� V ´A-Ø�©�, V = F [A] · v� µA = (t− λ)n.
äó. - εj = (A − λE)n−j(v), j = 1, 2, . . . , n, ´ V ��

|Ä.
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äó�y². ��y² ε1, . . . , εn�5Ã'=�.

� α1, . . . , αn ∈ C¦�

α1ε1 + · · · + αnεn = 0.

K

α1(A− λE)n−1(v) + · · · + αn−1(A− λE)(v) + αnv = 0.

- f (t) = α1(t−λ)n−1+· · ·+αn−1(t−λ)+αn. K f (A)(v)=0.
� x ∈ V . K�3 g(t) ∈ C[t]¦� x = g(A)(v) (1�Ù1
où·K 9.2 (i)). u´,

f (A)(x) = f (A)g(A)(v)=g(A)f (A)(v) = g(A)(0) = 0.

d x�?¿5��, f (A) = O. Ï� deg(f ) < n, ¤±

f (t) = 0. ÏL©Û f �gê, ·���

α1 = α2 = · · · = αn = 0.

äó¤á.

e¡·�O� A3 V �Ä. ε1, . . . , εne�Ý
. �

j = 2, . . . , n. K

A(εj) = (A− λE + λE)(εj) = (A− λE)((A− λE)n−j(v)) + λE(εj)

= (A− λE)n−j+1(v) + λεj = εj−1 + λεj.
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A(ε1) = (A− λE + λE)(ε1) = (A− λE)((A− λE)n−1(v)) + λE(ε1)

= (A− λE)n(v) + λε1 = λε1.

u´

A(ε1, . . . , εn) = (ε1, . . . , εn)



λ 1 0 · · · 0 0

0 λ 1 · · · 0 0

0 0 λ · · · 0 0
... ... ... . . . ... ...

0 0 0 · · · λ 1

0 0 0 · · · 0 λ


. �.

·�¡ (2)¥�Ý
�'u λ� n� Jordan¬.

Jordan¬�eZÄ�5�Xe.

5) 11.2

(i) XJ λ6=0, K rank(Jn(λ))=n.  rank(Jn(0))=n−1;

(ii) Jn(λ) = λEn + Jn(0);

(iii) Jn(λ)�4�ÚA�õ�ªÑ�u (t − λ)n; lr
Jn(λ)w¤ Cnþ��f�, Cn´ Jn(λ)-Ì��;

(iv) Jn(λ)����A��´ λ, éA�A�f�m�

�ê�u 1, ù´Ï�

Jn(λ)− λEn = Jn(0),
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Ù��u n− 1.

(v) Jn(λ)�é�z��=� n = 1.

½n 11.3 � A ∈ L(V ). K A3 V �,|Äe�Ý
´
Jd1(λ1) O · · · O

O Jd2(λ2) · · · O
... ... . . . ...

O O · · · Jdk(λk)

 , (3)

Ù¥ d1, . . . , dk ∈ Z+, λ1, . . . , λk ∈ C, ÑØ7üüØÓ.

y². d½n 10.6��

V = W1 ⊕ · · · ⊕Wk,

Ù¥Wi´ di-� A-Ø�©f�m, i = 1, 2, . . . , k. dÚn

10.5Ú�êÆÄ�½n, AWi
�4�õ�ª´ (t−λi)di. �

âÚn 11.1, AWi
3Wi�,|Äe�Ý
´ Jdi(λi). 2d

1�Ù1nù½n 5.9, A3 V �,|Äe�Ý
´
Jd1(λ1) O · · · O

O Jd2(λ2) · · · O
... ... . . . ...

O O · · · Jdk(λk)

 . �
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~ 11.4 � D : C[x](n) −→ C[x](n)´�ê�f. O� D�
JordanIO..

).d~ 10.7, C[x](n) ´ D-Ø�©�. u´, D � Jordan

IO.´ Jn(0). 5¿�

C[x](n) = C[D] · xn−1.

dÚn 11.1�� D3Ä.

Dn−j(xn−1) = (n− 1)!

j!
xj, j = 1, 2, . . . , n

e�Ý
´ Jn(0). �

íØ 11.5 � A ∈ Mn(C). K A�qu

JA =


Jd1(λ1) O · · · O

O Jd2(λ2) · · · O
... ... . . . ...

O O · · · Jdk(λk)

 ,

Ù¥ d1, . . . , dk ∈ Z+, λ1, . . . , λk ∈ C, ÑØ7üüØÓ.

~ 11.6 � A ∈ Mn(F ).

• n = 1. (a) = J1(a).

• n = 2. � χA = (t − λ1)(t − λ2). XJ λ1 6= λ2, K�

â1�Ù1oùíØ 8.8,

A ∼s

λ1 0

0 λ2

 =

J1(λ1) 0

0 J1(λ2)

 .
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� λ1 = λ2 =: λ. XJ µA = t − λ, K�â�é�z
�O{ V ,

A ∼s

λ 0

0 λ

 =

J1(λ) 0

0 J1(λ)

 .

XJ µA = (t− λ)2, K AéAÌ��f(1�Ù1o

ù½n 9.11). 2�âÚn 10.5, F 2 ´ A-Ø�©�.

u´

A ∼s

λ 1

0 λ

 = J2(λ).

• n = 3. �χA = (t−λ1)(t−λ2)(t−λ3). XJ λ1, λ2, λ3

pØ�Ó, K�â1�Ù1oùíØ 8.8,

A ∼s


λ1 0 0

0 λ2 0

0 0 λ3

 =


J1(λ1) 0 0

0 J1(λ2) 0

0 0 J1(λ3)

 .

� λ1 6= λ2 = λ3. XJ µA = (t− λ1)(t− λ2), K�â
�é�z�O{ V ,

A ∼s


λ1 0 0

0 λ2 0

0 0 λ2

 =


J1(λ1) 0 0

0 J1(λ2) 0

0 0 J1(λ2)

 .

XJ µA = (t − λ1)(t − λ2)2, K AéAÌ��f(1

�Ù1où½n 9.11). 2�âÚn 10.5, F 3 Ø´
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A-Ø�©�. �

A ∼s


λ1 0 0

0 λ2 1

0 0 λ2

 =

J1(λ1) O1×2

O2×1 J2(λ2)

 .

� λ1 = λ2 = λ3 =: λ. XJ µA = t − λ, K�â�é
�z�O{ V ,

A ∼s λE3 =


J1(λ) 0 0

0 J1(λ) 0

0 0 J1(λ)

 .

XJ µA = (t− λ)2, K AéA�fØ´Ì��(1�

Ù1où½n 9.11). 2�âÚn 10.5, F 3Ø´A-Ø

�©�. �

A ∼s


λ 0 0

0 λ 1

0 0 λ

 =

J1(λ) O

O J2(λ)

 .

XJ µA = (t− λ)3, K AéA�f´Ì��(1�Ù

1où½n 9.11). 2�âÚn 10.5, F 3 ´ A-Ø�

©�,

A ∼s


λ 1 0

0 λ 1

0 0 λ

 = J3(λ).
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~ 11.7 �

J2(0) =

0 1

0 0

 , A =

J2(0) O

O O


4×4

, B =

J2(0) O

O J2(0)

 .

K µA = µB = t2� χA = χB = t4. ÏL4�õ�ªÚA�

õ�ª, ·�EÃ{3�q�¿Âe«© AÚ B. 5¿�

rank(A) 6= rank(B). u´, A �s B.

JA¥�Ý
¡� A��� JordanIO.. JA�Ä

�5�Xe:

5) 11.8 (i) rank(JA) =
∑k

i=1 rank(Jdi(λi));

(ii) JA�(�´ A�)4�õ�ª�u

lcm((t− λ1)d1, . . . , (t− λk)dk);

A�õ�ª�u

(t− λ1)d1 · · · (t− λk)dk ;

(iii) � λ ∈ specC(A). K JA ¥��k��'u λ �

Jordan¬.

(iv) λ��êê�u λ3 JA Ìé��þÑy�gê;

λ�AÛê�u'u λ� Jordan¬3 JA ¥Ñy

�gê;
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(v) λ34�õ�ª¥�ê�u JA¥'u λ� Jordan

¬Ñy����ê.

(vi) A�é�z��=� d1 = · · · = dk = 1.

5� (i)5g JA´©¬é�Ý
.

5� (ii)¤á´Ï�1�Ù1nù½n 5.9Ú1�Ù

1nù~ 7.14.

5� (iii)¤á´Ï� λ ∈ {λ1, . . . , λk}.
5� (iv)¥�1�Ü©�d (i)¥A�õ�ª�/ª

���Ñ. e¡5�y5� (iv)�1�Ü©. 5¿�

JA−λEn =


Jd1(λ1)− λEd1 O · · · O

O Jd2(λ2)− λEd2 · · · O
... ... . . . ...

O O · · · Jdk(λk)− λEdk

 .

Ï�

rank(Jdi(λi)− λEdi) =

 di, λ 6= λi,

di − 1, λ = λi,

i = 1, 2, . . . , k. u´,

rank(JA−λEn) = n−(JA¥'u λ� Jordan¬Ñy�gê).

ddÚÝ
��Ú)�m�ê�'X�Ñ dim(V λ)�u

JA¥'u λ� Jordan¬Ñy�gê. u´, (iv)¤á.
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5� (v)5gu (i)¥4�õ�ª�/ª.

��, ·�5�y5� (vi). XJ d1 = · · · = dk = 1,

K JA�é�z. u´, A�é�z. ��, A�é�z%

¹ µA¥z�Ïf�êÑ�u 1 (é�z�O{ V).d5

� (v), JA´é�
.

~ 11.9 � α ∈ C,

A =


α 0 0

0 α 0

α 0 α

 .

O� JA.

). ��O�� χA = (t − α)3. u´, α´ A���A�

�, Ù�êê�u 3.

rank(A− αE) = rank


0 0 0

0 0 0

α 0 0

 .

ddwÑ, � α 6= 0�, rank(A− αE) = 1. � α�AÛ

ê�u 2. dÄ�5� (iv),

JA =

J2(α) O

O J1(α)

 =


α 1 0

0 α 0

0 0 α

 .
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� α = 0�, rank(A − αE) = 0. � α�AÛê�u 3.

dÄ�5� (iv),

JA =


J1(0) 0 0

0 J1(0) 0

0 0 J1(0)

 = O3×3. �

~ 11.10 �

A =


1 0 1

1 1 −1
0 0 2

 .

O� JA.

). ��O�� χA = (t − 2)(t − 1)2. u´, 2��êÚA

ÛêÑ�u 1. � J1(2)3 JA¥Ñy�g. 5¿� 1�

AÛê�u

3− rank(A− E) = 3− rank


0 0 1

1 0 −1
0 0 1

 = 1.

� J2(1)3 JA¥Ñy�g. dd�Ñ

JA =

J1(2) O

O J2(1)

 =


2 0 0

0 1 1

0 0 1

 . �
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~ 11.11 �

A =


1 0 0 0

0 4 −5 2

0 5 −7 3

0 6 −9 4

 .

O� JA.

). ��O�� χA=(t− 1)2t2. 5¿� 1�AÛê�u

4− rank(A− E) = 4− rank


0 0 0 0

0 3 −5 2

0 5 −8 3

0 6 −9 3

 = 2.

� J1(1)3 JA ¥Ñyüg(1 ��êê´ 2). 0�AÛ

ê�u

4− rank(A) = 1.

� J2(0)3 JA¥Ñy�g.

JA =


J1(1)

J1(1)

J2(0)

 =


1 0 0 0

0 1 0 0

0 0 0 1

0 0 0 0

 . �

~ 11.12 � S ∈ Mn(C)÷v S2 − nS = O. ¦ JS.

). � f (t) = t(t− n). K f (A) = O.
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�/ 1: µS = t. S = O = JS.

�/ 2: µS = t− n. S = nEn = JS.

�/ 3: µS = t(t− n). Ï� n 6= 0, ¤± S �é�z(�O

{V). u´

JS =

nEr O

O O

 ,

Ù¥ r = rank(S). �

S =


1 1 · · · 1

1 1 · · · 1
... ... . . . ...

1 1 · · · 1


�, k

JS =


n 0 · · · 0

0 0 · · · 0
... ... . . . ...

0 0 · · · 0

 . �

'u Cþ JordanIO.ÿØ�����:

(i) ��5´Ä¤á?

(ii) 'uA�� λ� Jordan¬kõ��, z���´õ

�?
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