
1nÙ SÈ�m

5 �5�f��5Ý


5.1 ���f

½Â 5.1 � A ∈ L(V ). XJ�f B ∈ L(V )÷vé?¿

x,y ∈ V , (A(x)|y) = (x|B(y)), K¡ B´ A����f.

·K 5.2 � A ∈ L(V ). K A����f�3���. X

J A3 V �ü ��Ä e1, . . . , ene�Ý
�u A, KÙ

���f3TÄe�Ý
�u At.

y². d�5N�Ä�½n II (1�Ù1�ù½n

4.11), �3�5�f B ¦� B(ej) =
∑n

i=1(A(ei)|ej)ei,
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j = 1, 2, . . . , n. � x =
∑n

i=1 xiei, y =
∑n

j=1 yjej. K

(x|B(y)) = (x|
n∑
j=1

yjB(ej)) (B�5)

= (x|
n∑
j=1

yj

n∑
k=1

(A(ek)|ej)ek) (B�½Â)

= (x|
n∑
k=1

 n∑
j=1

yj(A(ek)|ej)

 ek) (ÚÒp�)

= (x|
n∑
k=1

 n∑
j=1

(A(ek)|yjej)

 ek) (SÈV�5)

= (x|
n∑
k=1

(A(ek)|
n∑
j=1

yjej)ek) (SÈV�5)

= (x|
n∑
k=1

(A(ek)|y)ek) (y�½Â)

= (

n∑
i=1

xiei|
n∑
k=1

(A(ek)|y)ek) (x�½Â)

=

n∑
i=1

xi(A(ei)|y)) (ü ��Äe�SÈúª)

= (

n∑
i=1

xiA(ei)|y) (SÈV�5)

= (A(x)|y) (A�5).

u´, B´A����f. �35¤á.

� C ´ A�,�����f. Kéu?¿ x,y ∈ V ,
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(x|B(y)) = (x|C(y)). u´

(x|B(y)− C(y)) = 0.

� x = B(y)−C(y). ·�k (B(y)−C(y)|B(y)−C(y)) = 0.

u´, B(y) = C(y). d y�?¿5����5¤á.

� A = (ai,j). K

B(ej) =
n∑
i=1

(

n∑
k=1

ak,iek|ej)ei =
n∑
i=1

aj,iei.

u´, B3 e1, . . . , ene�Ý
´ (aj,i) = At. �

�âþã·K, ·�rA����fP�A∗.

5.2 �5�f

½Â 5.3 � A ∈ L(V ). XJ AA∗ = A∗A, K¡ A´�
5�f. aq/, � A ∈ Mn(R). XJ AAt = AtA, K¡ A

´�5Ý
.

~ 5.4 y²��Ý
´�5Ý
.

y². � P ∈ On(R). K P tP = E = PP t. � P ´�5Ý


. �

·K 5.5 � A ∈ L(V ), A3 V �ü ��Ä e1, . . . , en

e�Ý
� A. K A�5��=� A�5.
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y². �â·K 5.2, A∗3 e1, . . . , ene�Ý
� At. d1

�Ù1�ù½n 2.1, AA∗Ú A∗A3 e1, . . . , ene�Ý


©O´ AAtÚ AtA. kÝ
L«���5��(�1�Ù

1�ù1 1.1!), AA∗ = A∗A��=� AAt = AtA. �

½Â 5.6 � A ∈ L(V ). XJ A∗ = A, K¡ A´é¡�
f. XJ A∗ = −A, K¡ A´�é¡�f.

é¡Ú�é¡�fÑ´�5�f. w,, é¡Ú�é¡Ý


Ñ´�5Ý
.

·K 5.7 � A ∈ L(V ), A3 V �ü ��Ä e1, . . . , en

e�Ý
� A. K A (�)é¡�f��=� A (�)é¡

Ý
.

y². �â·K 5.2, A∗3 e1, . . . , ene�Ý
�At. u´,

A∗=A��=� At=A; A∗=−A��=� At=− A; �

½Â 5.8 � A ∈ L(V ). XJéu?¿ x,y ∈ V ,

(x|y) = (A(x)|A(y)),

K¡ A´�S(È)�.

·K 5.9 � A∈L(V ), A3 V �ü ��Ä e1, . . . , ene

�Ý
� A. Ke�äó�d
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(i) A�S;

(ii) A ∈ On(R);

(iii) é?¿ x ∈ V , ‖x‖ = ‖A(x)‖ (��);

(iv) é?¿ x,y ∈ V , ‖x− y‖ = ‖A(x)−A(y)‖ (�å).

y². (i) =⇒ (ii). é?¿ i, j ∈ {1, 2, . . . , n},

δi,j = (ei|ej) = ((e1, . . . , en) ~A
(i)|(e1, . . . , en) ~A(j)) = ( ~A(i))t ~A(j).

u´, AtA = E. = A ∈ On(R).
(ii) =⇒ (iii). � x = x1e1 + · · · + xnen. ·�O�

‖A(x)‖2 = (A(x)|A(x)) = ((e1, . . . , en)A


x1
...

xn

 |(e1, . . . , en)A

x1
...

xn

)

= (x1, . . . , xn)A
tA


x1
...

xn

 = (x1, . . . , xn)


x1
...

xn


= x21 + · · · + x2n.

u´, ‖x‖ = ‖A(x)‖.
(iii) =⇒ (iv) é?¿ x,y ∈ V , ·�k

‖x− y‖ = ‖A(x− y)‖ = ‖A(x)−A(y)‖.
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(iv) =⇒ (i) é?¿ x,y ∈ V , ·�k

‖x−y‖=‖A(x)−A(y)‖ ⇒ (x−y|x−y)=(A(x)−A(y)|A(x)−A(y)).

u´,

‖x‖2−2(x|y)+‖y‖2 = ‖A(x)‖2−2(A(x)|A(y))+‖A(y)‖2.

5¿� ‖x‖2 = ‖x− 0‖2 = ‖A(x)−A(0)‖2 = ‖A(x)‖2. Ó
n ‖y‖2 = ‖A(y)‖2. dþª�� (x|y) = (A(x)|A(y)). �

5) 5.10 Ï���Ý
´�5Ý
(�~ 5.4), ¤±�

S�f´�5�f. §�¡���(��!�å)�f.

5.3 'u�5�f�Ø�©f�m©)

Ún 5.11 � n�¢�


A =

 B C

O(n−k)×k D

 , Ù¥ B ∈ Mk(R).

XJ A�5, K C = Ok×(n−k).

y². Ï� AtA = AAt, ¤±Bt O

Ct Dt

B C

O D

 =

B C

O D

Bt O

Ct Dt

 .

u´, BtB = BBt + CCt. dd�Ñ, CCt = O. d1�Ù

18ùÚn 9.15��, C=Ok×(n−k). �
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Ún 5.12 � A ∈ L(V )´�5�f, W ⊂ V ´ A-f�
m. K

(i) W⊥´ A-f�m;

(ii) A3W þ����f AW ´�5�f.

y². (i) � n = dim(V )� ε1, . . . , εk ´W ��|ü �

�Ä.�â1nÙ1�ù½n 2.2 (ii), V = W ⊕W⊥. u´,

dim(W⊥) = n − k. � εk+1, . . . , εn´W⊥��|ü ��

Ä. K ε1, . . . , εk, εk+1, . . . , εn´ V ��|ü ��Ä. Ï�

W ´A-ØC�,¤±A3 ε1, . . . , εk, εk+1, . . . , εne�Ý


�u

A =

B C

O D

 ,

Ù¥ B ∈ Mk(R). Ï� ε1, . . . , εk, εk+1, . . . , εn´ü ��

Ä�A´�5�f, ¤± A�5 (1nÙ1�ù·K 5.4).

�âÚn 5.11, C = Ok×(n−k). u´,

(A(εk+1), . . . ,A(εn)) = (εk+1, . . . , εn)D.

�W⊥�´A-ØC�.

(ii) d (i)�y²��,

A =

B O

O D

 .
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Ï� AAt = AtA, ¤± BBt = BtB. dd�Ñ B´�5Ý


. 
 B ´ AW 3ü ��Ä e1, . . . , ek e�Ý
. �â

1nÙ1�ù·K 4.4, AW �5. �

Ún 5.13 � A∈L(V ). K V k��½��� Af�m.

y². Ï� R[t]¥��²�Ø��õ�ª�gêÑØ�
u 2 (1�ÆÏ1ÊÙ1nùíØ 4.10), ¤± µA = pq, Ù

¥ p, q ∈ R[t], 0 < deg(p) ≤ 2, p3 R[t]¥Ø��. Ï�

deg(q) < deg(µA), ¤± q(A) 6= O. u´, �3 v ∈ V ¦�
w := q(A)(v) 6= 0.�W = F [A] ·w. K dim(W ) > 0. Ï�

p(A)(w) = p(A)q(A)(v) = µA(v) = 0,

¤± deg(µA,w) ≤ 2. l
 dim(W ) ≤ 2 (1�Ù1où·K

9.2 (iii)). �

5) 5.14 þãÚn�I V ´ R þk���5�m=
�(��dA|7Ö 64�½n 7).

½n 5.15 � A ∈ L(V )�5, n = dim(V ). K

V = U1 ⊕ · · · ⊕ Us ⊕ U2s+1 ⊕ · · · ⊕ Un,

Ù¥

(i) U1, . . . , Us´�� A-Ø�©f�m;
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(ii) U2s+1, . . . , Un´�� A-Ø�©f�m;

(iii) U1, . . . , Us, U2s+1, . . . , Unüü��.

y². é dim(V )8B. � dim(V ) = 1�, � s = 0, U1 = V

=�. � 1 ≤ dim(V ) < n�½n¤á. dÚn 5.13, �3

A-f�m U ¦� 0 < dim(U) ≤ 2. XJ dim(U) = 1, K

U -´ A-Ø�©�. XJ dim(U) = 2� U ´ A-�©�, K

U ¥k�� AØCf�m. u´, Ø�� U ´ V ¥�ê

Ø�L 2�A-Ø�©f�m.

�âÚn 5.12, V = U ⊕ U⊥� AU⊥ ´ U⊥þ��5

�f. �â8Bb�, U⊥´üü����êØ�u 2�

AU⊥-ØCf�m�Ú.qÏ� U � U⊥¥�?Ûf�mÑ

��, ¤±½n¤á. �

5.4 �5Ý
�IO.

� dim(V )=1�?¿� A∈L(V )Ñ´�5�f. ù´

Ï�é V ¥�ü �þ v, A(v)=λv, Ù¥ λ´,�¢ê.

Ún 5.16 � dim(V ) = 2, A ∈ L(V )�5, � V ´ A-Ø
�©�. K A3 V �?¿ü ��Äe�Ý
´

A =

α −β
β α

 ,

Ù¥ α, β ∈ R� β 6= 0.
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y². � e1, e2´ V ��|ü ��Ä, A´ A3 e1, e2

e�Ý
. K A�5. �

A =

a b

c d

 .

d AtA = AAt�a c

b d

a b

c d

 =

a b

c d

a c

b d

 .

u´,
a2 + c2 = a2 + b2

ab + cd = ac + bd

b2 + d2 = c2 + d2

=⇒

 c2 = b2

ab + cd = ac + bd

�/ 1. b = c. K χA = t2− (a+ d)t+ ad− b2. Ù�Oª´
(a− d)2+ 4b2 ≥ 0. �Ak¢A�� λ. � v´ λ���A

��þ. K 〈v〉´ A-f�m. u´, V = 〈v〉 ⊕ 〈v〉⊥. �â
Ún 5.12, V ´A-�©�, gñ.

�/ 2. b = −c� c 6= 0. K a = d. �

A =

a −c
c a

 .

���y�� A´�5�. �
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·�rÝ
 α −β
β α


P�N(α, β), Ù¥ β 6= 0.

~ 5.17 y²: N(α, β) ∼o N(a, b) ⇐⇒ α = a, β = ±b.
y²: � N(α, β) ∼o N(a, b). K tr(N(α, β)) = tr(N(a, b)).

u´, 2a = 2α =⇒ a = α.qÏ� det(N(α, β)) = det(N(a, b)),

¤± α2 + β2 = a2 + b2. � β2 = b2.

��, � α = a, β = ±b. ·��I�Ä β = −b��
/. d�, ·�k1 0

0 −1

α −β
β α

1 0

0 −1

 =

 α β

−β α

 =⇒

α −β
β α


∼o

 α β

−β α

 . �

½n 5.18 � A ∈ L(V )�5. K�3 V ��|ü ��

Ä e1, . . . , en Ú α1, β1, . . . , αs, βs, λ2s+1, . . . , λn ∈ R, Ù¥
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β1 · · · βs 6= 0, ¦� A3ù|Äe�Ý
�u

N(α1, β1)
. . .

N(αs, βs)

λ2s+1

. . .

λn


.

y². �â½n 5.15,

V = U1 ⊕ · · · ⊕ Us ⊕ U2s+1 ⊕ · · · ⊕ Un,

Ù¥

(i) U1, . . . , Us´��A-Ø�©f�m;

(ii) U2s+1, . . . , Un´��A-Ø�©f�m;

(iii) U1, . . . , Us, U2s+1, . . . , Unüü��.

� e2i−1, e2i ´ Ui �ü ��Ä, i = 1, 2, . . . , s, ej ´ Uj

¥�ü �þ, j = 2s + 1, . . . , n. �âÚn 5.16, �3

αi, βi ∈ R, βi 6= 0,¦��5�fAUi3 e2i−1, e2ie�Ý


´N(αi, βi), i = 1, 2, . . . , s. éu��ØCf�m Uj, �3

λj ∈ R¦�

A(ej) = λjej, j = 2s + 1, . . . , n.
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Ï� U1, . . . , Us, U2s+1, . . . , Unüü��, ¤±

e1, e2, . . . , e2s−1, e2s, e2s+1, . . . , en

´ V ��|ü ��Ä, � A3ù|Äe�Ý
X½n
¤ã. �

íØ 5.19 � A ∈ Mn(R)�5. K�3 α1, β1, . . . , αs, βs,

λ2s+1, . . . , λn ∈ R, Ù¥ β1 · · · βs 6= 0, ¦�

A ∼o B =



N(α1, β1)

. . .

N(αs, βs)

λ2s+1

. . .

λn


.

y². � A : Rn −→ Rn dúª A(x) = Ax�Ñ, Ù¥

x = (x1, . . . , xn)
t. r Rn w¤IOîª�m, KIOÄ

e1, . . . , en´ü ��Ä� A3TÄe�Ý
�u A. Ï

�A�5,¤±A�5(1nÙ1�ù·K 4.4). �â½n

5.18, A3,|ü ��Äe�Ý
´ B. � A ∼o B. �

·K 5.20 � A∈L(V ) �5, λ1, λ2∈specR(A) � λ1 6=λ2.
K V λ1⊥V λ2.
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y². �â½n 5.18, V ¥k�|ü ��Ä ε1, . . . , εn¦

�A3TÄ.e�Ý
�

B =



N(α1, β1)
. . .

N(αs, βs)

ρ1Ek1

. . .

ρ`Ek`


,

Ù¥ ρ1, . . . , ρ` ∈ RüüØÓ.u´, specR(A) = {ρ1, . . . , ρ`}.
dd��, rank(ρiEn − B) = n − ki. � dim(V ρi) = ki. 5

¿� ε2s+k1+···+ki−1+1, . . . , ε2s+k1+···+ki−1+ki ∈ V ρi. ·�k

V ρi = 〈ε2s+k1+···+ki−1+1, . . . , ε2s+k1+···+ki−1+ki〉, i = 1, 2, . . . , `.

u´, ØÓA��éA�A�f�mdü ��Ä

ε1, . . . , εn¥ØÓ���)¤. �A�f�m V ρ1, . . . , V ρ`

üü��. �

6 é¡�fÚé¡Ý


6.1 ¢é¡Ý
���IO.

½n 6.1 (i) � A ∈ L(V )é¡. K A3 V �,|ü 

��Äe�Ý
´ diag(λ1, . . . , λn),Ù¥λ1, . . . , λn∈R
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Ø7üüØÓ.

(ii) � A ∈ SMn(R). K A ∼o diag(λ1, . . . , λn), Ù¥

λ1, . . . , λn ∈ RØ7üüØÓ.

(iii) λ1, . . . , λn ´ A (A)�A��. AO/, ¢é¡Ý


Úîª�mþ�é¡�f�A��Ñ´¢ê.

y². (i) d½n 5.18��, K A3 V �,|ü ��Ä

e�Ý
´

B =



N(α1, β1)

. . .

N(αs, βs)

λ2s+1

. . .

λn


,

Ù¥ α1, β1, . . . , αs, βs, λ2s+1, . . . , λn ∈ R, β1 · · · βs 6= 0. Ï

� A´é¡�f, ¤± B´é¡Ý
(1nÙ1�ù·K

4.7). � s > 0. KN(α1, β1)´é¡Ý
. dd��, β1 = 0.

gñ. � s = 0.

(ii)r Aw¤IOîª�m¥ Rnþ�é¡�f=�.

(iii)Ï�A ∼o diag(λ1, . . . , λn),¤±A ∼s diag(λ1, . . . , λn).
Ï�A�õ�ª´�qØCþ(�1�Ù1nù1Ê�),

χA = (t− λ1) · · · (t− λn). �

15



¯K.

(i) � A ∈ L(V )é¡. ¦ V �,|ü ��Ä¦� A
3e�Ý
´ diag(λ1, . . . , λn).

(ii) � A ∈ SMn(R). ¦ P ∈ On(R)¦�

P−1AP = diag(λ1, . . . , λn).

Ä�Ú½.

1. O�A�A��. �pØ�Ó�A��´ λ1, . . . , λk;

2. é i ∈ {1, 2, . . . , k}, ¦ V λi��|Ä;

3. é i ∈ {1, 2, . . . , k},|^ Gram-Schmidt��z¦ V λi

��|ü ��Ä; ei,1, . . . , ei,di

4. �â·K 5.20Úé�z�O{II, e1,1, . . . , e1,d1, . . . ,

ek,1, . . . , ek,dk ´ V ��|ü ��Ä�3TÄe A
�Ý
´é��.

éué¡Ý
, �Ir§w¤IOîª�mþ��5�f

=�.

16



~ 6.2 �

A =


0 1 1 −1
1 0 −1 1

1 −1 0 1

−1 1 1 0

 ∈ SM4(R).

O� P ∈ O4(R)Úé�
 B ¦� B = P−1AP .

). dO�ÅO�� χA(t) = (t− 1)3(t + 3). u´, λ1 = 1,

λ2 = −3. O� V λ1 ��|Ä. ®� dim(V λ1) = 3. u´,

rank(λ1E − A) = 1. ·����Ä�§

x1 − x2 − x3 + x4 = 0

�)�m=�. ���Ñ

V λ1 = 〈


1

1

0

0

 ,


0

0

1

1

 ,


1

0

0

−1

〉.
O� V λ2 ��|Ä. Ï� V λ1⊥V λ2 � R4 = V λ1 ⊕ V λ2, ¤

± V λ2 = V λ1)⊥. dd��,

V λ2 = 〈


1

−1
−1
1

〉.
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|^ Gram-Schmidt��z¦ V λ1��|ü ��Ä�

ε1 =
1√
2
(1, 1, 0, 0)t, ε2 =

1√
2
(0, 0, 1, 1)t, ε3 =

1

2
(1,−1, 1,−1)t.

|^ Gram-Schmidt��z¦ V λ2 ��|ü ��Ä�:

ε4 =
1
2(1,−1,−1, 1)

t. �

P =


1√
2

0 1
2

1
2

1√
2

0 −1
2 −

1
2

0 1√
2

1
2 −1

2

0 1√
2
−1

2
1
2

 .

·��� P tAP = diag(1, 1, 1,−3). �

íØ 6.3 � A ∈ SMn(R). K A��(K).5�ê�u A

¥�(K)���ê(3P­ê�¿Âe). AO/, A (�)�

½��=� A�A��Ñ´��(�K�).

y². d½n 6.1 (ii)Ú (iii), A ∼o diag(λ1, . . . , λn). Ï�

A ∼c diag(λ1, . . . , λn), ¤± A�\¶� diag(λ1, . . . , λn)�

\¶�Ó. �

íØ 6.4 � q ´ V þ��g.. K q 3 V �ü ��

Ä e1, . . . , en e�Ý
�u A. K q 3,|ü ��Ä

ε1, . . . , εne��¤

g(v) = λ1y
2
1 + · · · + λny

2
n,

Ù¥ v = y1ε1 + · · · + ynεn, specR(A) = {λ1, . . . , λn}.

18



y². d½n 6.1 (ii)Ú (iii), �3 P ∈ On(R)¦�

P tAP = diag(λ1, . . . , λn),

� specR(A) = {λ1, . . . , λn}. �ÄÄC�

(ε1, . . . , εn) = (e1, . . . , en)P.

K ε1, . . . , εn´ü ��Ä(1nÙ1�ù·K 3.5). �

v = x1e1 + · · · + xnen = y1ε1 + · · · + ynεn.

K

q(v) = (x1, . . . , xn)A


x1
...

xn



= (x1, . . . , xn)(P
t)−1diag(λ1, . . . , λn)P

−1


x1
...

xn

 .

Ï� (P t)−1 = (P−1)tÚ1�Ù1nù½n 5,2, ·�k

q(v) = (y1, . . . , yn)diag(λ1, . . . , λn)


y1
...

yn

 = λ1y
2
1+· · ·+λny2n. �

5) 6.5 |^þãíØ¥�ÎÒ, 2� V ´IOîª�

m Rn� e1, . . . , en´IOÄ. K εj = ~P (j), j = 1, 2, . . . , n.
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Ó� ~P (j)´ A�A��þ. u´, A�A��þéAX�

g. q�é¡¶.
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