
1nÙ SÈ�m

½n 6.6 � A,B∈SMn(R)� A�½. K�3 P∈GLn(R)
¦� P tAP = E Ú P tBP ´é�
.

y². Ï� A�½, ¤±�3 P1∈GLn(R)¦� P t
1AP1=E

(.5½n). - C=P t
1BP1. K C é¡. �â1nÙ1n

ù½n 6.1 (ii), �3 P2∈On(R), ¦� D = P t
2CP2 ´é�


. - P = P1P2. K P tBP = P t
2CP2 = D � P tAP =

P t
2EP2 = P t

2P2 = E (∵ P2 ∈ On(R)). �
,y. � Rn�IOÄ´ e1, . . . , en.

é x = (x1, . . . , xn)
t,y ∈ (y1, . . . , yn)

t ∈ Rn. -é¡V

�5.

fA(x,y) = xtAy Ú fB(x,y) = xtBy.

Kr Rnw¤îª�m, Ù¥ (x|y)A := fA(x|y). Ï� A´

�½�, ¤±þãSÈ´û½Â�. K�3�|'uSÈ

( | )A �ü ��Ä ε1, . . . , εn ¦� fB 3TÄe�Ý
´

é�
. -

(ε1, . . . , εn) = (e1, . . . , en)P,

Ù¥ P ∈ GLn(R). 5¿� P ��Ø´��Ý
. ù´Ï

� e1, . . . , en��Ø´'u ( | )A�ü ��Ä.Ï� fB3

ε1, . . . , εne�Ý
´é�Ý
, ¤± P tBP ´é�
. q
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Ï� ε1, . . . , εn´'u ( | )A�ü ��Ä, ¤±

δi,j = (εi|εj) = fA(εi, εj), i, j ∈ {1, 2, . . . , n}.

� fA3 ε1, . . . , εne�Ý
´ü 
. = P tAP = E. �

~ 6.7 � A,B ´ü� n��½Ý
. y²:

det(A +B) ≥ det(A) + det(B).

y². dþã½n�3 P ∈ GLn(R)¦� P tAP = E Ú

P tBP = diag(α1, . . . , αn). u´

P tAP + P tBP = diag(1 + α1, . . . , 1 + αn).

ü>�1�ª�

det(P )2 det(A +B) =

n∏
i=1

(1 + αi).



det(P )2(det(A)+det(B)) = det(P tAP )+det(P tBP ) = 1+

n∏
i=1

αi.

Ï� B �½, ¤± α1, . . . , αn ∈ R+. u´

n∏
i=1

(1 + αi) ≥ 1 +

n∏
i=1

αi.

dd��, det(P )2 det(A+B) ≥ det(P )2(det(A)+det(B)) =⇒
det(A +B) ≥ det(A) + det(B). �
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½Â 6.8 � A ∈ L(V )é¡. XJéu?¿ x ∈ V \ {0},
(A(x)|x) > 0. K¡ A´�½�f.

·K 6.9 � A ∈ L(V )é¡. K A�½��=�§3 V

�ü ��Äe�Ý
�½.

y². � e1, . . . , en´ V �ü ��Ä, A´ A3TÄe
�Ý
, x = x1e1 + · · · + xnen. K

(x|A(x)) = (x1, . . . xn)A(x1, . . . , xn)
t.

u´, A�½��=� A�½. �

íØ 6.10 � A ∈ L(V )é¡. K A�½��=�§3 A
�¤kA��Ñ´�¢ê.

y². d1nÙ1nùíØ 6.3Úþã·K����. �

7 �é¡�fÚ�é¡Ý


½n 7.1 (i) �A∈L(V )�é¡. K�3 β1, . . . , βs∈R\{0},
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¦� A3 V �,|ü ��Äe�Ý
´

M =



N(0, β1)
. . .

N(0, βs)

0

. . .

0


.

(ii) � A∈SSMn(R). K A ���quþã/ª�Ý


M .

(iii) ¢�é¡Ý
Úîª�mþ��é¡�f�A��

½ö´XJê½ö�u".

y². (i) d1nÙ1nù½n 5.18��, A3 V �,|

ü ��Äe�Ý
´

B =



N(α1, β1)
. . .

N(αs, βs)

λ2s+1

. . .

λn


,

Ù¥ α1, β1, . . . , αs, βs, λ2s+1, . . . , λn ∈ R, β1 · · · βs 6= 0. Ï

� A´�é¡�f, ¤± B´�é¡Ý
(1nÙ1nù
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·K 5.7). K N(αi, βi)´�é¡Ý
. dd��, αi = 0,

i = 1, 2, . . . , s. Ón, λ2s+1 = · · · = λn = 0.

(ii)r Aw¤IOîª�m¥ Rnþ��é¡�f=

�.

(iii) Ï� A ∼o M , ¤± A ∼s M . � χA = χM . �

χM(t) = (t2 + β2
1) · · · (t2 + β2

s)t
n−2s.

u´, specC(A) ⊂ {0,±β1
√
−1, . . . ,±βs

√
−1}. �

~ 7.2 � A ∈ SSMn(R). y² E + A�_.

y². �â½n 7.1, �3 P ∈ On(R)¦� P tAP =M , Ù

¥M d½n 7.1�Ñ. u´,

P t(E+A)P = E+M =



N(1, β1)

. . .

N(1, βs)

1

. . .

1


.

Ï� det(E +M) = (1 + β2
1) · · · (1 + β2

s) 6= 0. ¤± E + A

�_. �

8 ���fÚ��Ý


½n 8.1 (i) �A∈L(V )��. K�3 θ1, . . . , θs∈(0, π)∪
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(π, 2π)Ú λ2s+1, . . . , λn ∈ {−1, 1}¦� A3 V �,
|ü ��Äe�Ý
´

M =



N(cos(θ1), sin(θ1))
. . .

N(cos(θs), sin(θs))

λ2s+1

. . .

λn


.

(ii) � A∈On(R). K A���quþã/ª�Ý
M .

(iii) ��Ý
Ú���f�(E)A���Eê��Ñ�

u 1.

y². (i) d1nÙ1nù½n 5.18��, A3 V �,|

ü ��Äe�Ý
´

B =



N(α1, β1)
. . .

N(αs, βs)

λ2s+1

. . .

λn


,

Ù¥ α1, β1, . . . , αs, βs, λ2s+1, . . . , λn ∈ R, β1 · · · βs 6= 0. Ï

� A´���f, ¤± B ´��Ý
(1nÙ1nù·

K 5.9). � s > 0. K N(αi, βi) ´��Ý
�Ã¢A�
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�. ��3 θi ∈ (0, π)¦� N(αi, βi) = N(cos(θi), sin(θi)),

i = 1, 2, . . . , s. aq, λj´�1�����Ý
. Ï���

Ý
�1�ª�u±1, ¤± λj ∈ {−1, 1}.
(ii)r Aw¤IOîª�m¥ Rnþ����f=�.

(iii) é?¿ θ ∈ (0, π), N(cos(θ), sin(θ))�A�õ�ª

�u t2 − 2 cos(θ)t + 1. Ù�

λ = cos(θ)± sin(θ)
√
−1. �

~ 8.2 � P∈On(R)÷v det(P )=−1. y²: det(E+P )=0.

y². �â½n 8.1,�3��Ý
Q¦�Q−1PQ=M ,Ù
¥M XT½n¤ã. Ï� det(P )=−1, ¤± det(M)=−1.

u´, �3 j ∈ {2s + 1, . . . , n}¦� λj = −1. ·�O��
Q−1(E + P )Q = E +M. l, 1�ª |E + P |�u

|N(1+cos(θ1), sin(θ1))| · · · |N(1+cos(θs), sin(θs))|(1+λ2s+1) · · · (1+λn) = 0. �

9 �½�f�²��Ú4z©)

9.1 Ì©)½n

3��!¥, V ´?¿� F þ��5�m.

Ún 9.1 � π1, . . . , πk´V þ�����|, α1, . . . , αk∈F .
Kéu?¿�K�êm,

(α1π1 + · · · + αkπk)
m = αm1 φ1 + · · · + αmk πk.
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y². ém8B. �m = 0, 1�(Øw,. �m > 1��

m− 1�(Ø¤á. K

(α1π1 + · · · + αkπk)
m = (α1π1 + · · · + αkπ

m−1
k )(α1π1 + · · · + αkπk)

=

k∑
i=1

k∑
j=1

αm−1i αjπ
m−1
i πj

=

k∑
i=1

αmi π
m
i (��5 πiπj = O, i 6= j)

=

k∑
i=1

αmi πi. (��5 π2i = π). �

eã½n¡�Ì©)½n(��dA|71�ò 117�).

½n 9.2 � A ∈ L(V )�é�z. K

(i) �3��� λ1, . . . , λk ∈ F , üüØÓ, Ú����

��| π1, . . . , πk ÷v

A = λ1π1 + · · · + λkπk;

(ii) �3 f1, . . . , fk ∈ F [t]÷v fi(λj) = δi,j, πi = fi(A),
i, j ∈ {1, 2, . . . , k}.

y². (i) Ï�A�é�z, ¤±

V = V λ1 ⊕ · · · ⊕ V λk, (1)
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Ù¥ λ1, . . . , λk´A�pØ�Ó�A��. (�é�z�O

{II). � πi´'uþã�Ú�1 i�ÝK, i = 1, 2, . . . , k.

K π1, . . . , πk ´������|(�1�Ù1Ôù·K

12.2). é?¿ x ∈ V . d (1)��, �3

x1 ∈ V λ
1 , . . . ,xk ∈ V λ

k

¦�

x = x1 + · · · + xk.

u´

A(x) = A(x1) + · · · +A(xk) = λ1x1 + · · · + λkxk.

Ï� πi(x) = xi, i = 1, 2, . . . , k, ¤±

A(x) = λ1π1(x) + · · · + λkπk(x) = (λ1π1 + · · · + λkπk)(x).

d x�?¿5��, A = λ1π1 + · · · + λkπk. �35¤á.

2� σ1, . . . , σm´��������|÷v

A = α1σ1 + · · · + αmσm,

Ù¥ α1, . . . , αm∈F , üüØÓ. �â1�Ù1Ôù·K

12.4,

V = im(σ1)⊕ · · · ⊕ im(σm) (2)
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� σi ´'uT�Ú�1 i �ÝK, i = 1, 2, . . . ,m. �

x1 ∈ im(σ1) \ {0}. K�3 y1 ∈ V ¦� x1 = σ1(y1). u´

A(x1) = (α1σ1 + α2σ2 · · · + αmσm)(σ1(y1))

= α1σ
2
1(y1) + α2σ2σ1(y1) + · · · + αmσmσ1(y1)

= α1σ1(y1) (����)

= α1x1.

u´, α1´A�A��� x1 ∈ V α1. � λ1, . . . , λk´A�
Ü�A��. �Ø�� α1 = λ1. dd�Ñ im(σ1) ⊂ V λ1.

aq/,·�N�eI�·��y αi = λi� im(σi) ⊂ V λi,

i = 2, 3, . . . ,m. AO/, m ≤ k. d (1), (2)Úþã�¹'

X�Ñ

V = V λ1 ⊕ · · · ⊕ V λm ⊕ · · · ⊕ V λk⋃
· · ·

⋃
V = im(σ1) ⊕ · · · ⊕ im(σm)

.

dd�Ñ k = m. =

V = V λ1 ⊕ · · · ⊕ V λk⋃
· · ·

⋃
V = im(σ1) ⊕ · · · ⊕ im(σk)

. (3)
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�â1�Ù1�ù·K 4.16, ·�k

dim(V ) = dim(V λ1) + · · · + dim(V λk)∨
‖ · · ·

∨
‖

dim(V ) = dim(im(σ1)) + · · · + dim(im(σk))

.

u´,

dim(V ) = dim(V λ1) + · · · + dim(V λk)

‖ · · · ‖
dim(V ) = dim(im(σ1)) + · · · + dim(im(σk))

.

d (3)�Ñ

V = V λ1 ⊕ · · · ⊕ V λk

‖ · · · ‖
V = im(σ1) ⊕ · · · ⊕ im(σk)

.

·�y²
 k = m,αi = λi, σi = πi, i = 1, 2, . . . , k. ��5

¤á.

(ii) é i = 1, 2, . . . , k, �

fi(t) =
(t− λ1) · · · (t− λi−1)(t− λi+1) · · · (t− λk)

(λi − λ1) · · · (λi − λi−1)(λi − λi+1) · · · (λi − λk)
∈ F [t].

K fi(λj) = δi,j, i, j ∈ {1, 2, . . . , k}. �

g(t) = gdt
d + · · · + g1t + g0 ∈ F [t],
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Ù¥ g0, g1, . . . , gd ∈ F .

g(A) =
d∑
i=0

giAi

=

d∑
i=0

gi(λ1π1 + · · ·λkπk)i

=

d∑
i=0

gi(λ
i
1π1 + · · · + λikπk) (Ún 9.1)

=

(
d∑
i=0

giλ
i
1

)
π1 + · · · +

(
d∑
i=0

giλ
i
k

)
πk

= g(λ1)π1 + · · · + g(λk)πk.

AO/, é?¿ i ∈ {1, 2, . . . , n},

fi(A) =
k∑
j=1

fi(λj)︸ ︷︷ ︸
δi,j

πj = πi. �

5) 9.3 dþã½n��, πi Ú� A����5�fÑ
´���.

9.2 ²��½n

½n 9.4 �A ∈ L(V )´��½�f. K�3�����

½�f B¦� B2 = A� B ∈ R[A].

y². Ï� A´��½�, ¤±§´é¡�. d1nÙ1

12



nù½n 6.1, A�é�z. �âÌ©)½n

A = λ1π1 + · · · + λkπk,

Ù¥, λ1, . . . , λk´A�¤küüØÓ�A��, π1, . . . , πk

©O´ V � V λ1, . . . , V λk 'uA�f�m�Ú©)�Ý

K. Ï� V = V λ1 ⊕ · · · ⊕ V λk , ¤± π1, . . . , πk´����

��|. Ï� A��½, ¤± λ1, . . . , λkÑ´�K�(�1

nÙ1nùíØ 6.11). - B =
√
λ1π1 + · · · +

√
λkπk. �â

Ún 9.1,

B2 =

k∑
i=1

λiπi = A.

e¡�y B ´��½�f. é?¿ i ∈ {1, 2, . . . , k}, �
vi ∈ V λi. K

B(vi) =
√
λ1π1(vi) + · · · +

√
λkπk(vi) =

√
λivi. (4)

� Bi´ V λ
i ��|ü ��Ä. d1nÙ1nù·K 5.1,

B1 ∪ · · · ∪ Bk´ V �ü ��Ä. �â (4), B3TÄe�
Ý
´

diag(
√
λ1, . . . ,

√
λ1︸ ︷︷ ︸

dim(V λ1)

, . . . ,
√
λk, . . . ,

√
λk︸ ︷︷ ︸

dim(V λk)

).

�â1nÙ1nù½n 6.1ÚíØ 6.11, B´��½�f.

�âÌ©)½n π1, . . . , πk ∈ R[A]. u´, B ∈ R[A].
�35¤á.
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� C´��½�f÷v C2 = A. K C�é�z. �â

Ì©)½n, �3üüØÓ��K¢ê µ1, . . . , µ`Ú��

����| σ1, . . . , σ`. ¦� C = µ1σ1 + · · · + µ`σ`. u´

A = µ21σ1 + · · · + µ2`σ` = λ1π1 + · · · + λkπk.

dÌ©)���5, ·�k, ` = k �·�N�eI�

µ2i = λiÚ σi = πi, i = 1, 2, . . . , k. u´, µi =
√
λi, l,

C = B. �.

íØ 9.5 � A∈SMn(R)��½. K�3�����½Ý


 B ¦� A=B2� B∈R[A].

y². r Aw¤IOîª�mþ��5�f=�. �

~ 9.6 � A,B ´ n��½Ý
, AB = BA. y²: AB

´�½.

y². Äk�y AB é¡. ·�O�

(AB)t = BtAt = BA = AB.

�y�.. �âíØ 9.5, �3�½Ý
 C ∈ R[A], D ∈
R[B]¦� A = C2Ú B = D2. Ï� AB = BA, ¤± R[A]
Ú R[B]¥�?Ûü���¦{��. AO/, CD = DC.

þã�y%¹ CD�´é¡�. ·�O�

AB = C2D2 = CCDD = CDCD = (CD)tCD.

u´, AB �½(1�Ù18ù½n 9.16 (ii)). �
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~ 9.7 � A,B ∈ SMn(R)� A�½. y²: AB �A��

Ñ´¢ê.

y². díØ 9.5, �3�½Ý
 C ¦� A = C2. u´,

AB = C2B = CC−1C2BCC−1 = C(CBC)C−1.

u´, AB ∼s CBC. Ï�B,C´é¡Ý
, ¤± CBC�

´é¡�(���y). �â1nÙ1nù½n 6.1, CBC

�A��Ñ´¢ê. Ï� AB ∼s CBC, ¤± AB �A�

�Ñ´¢ê(A��´�qØCþ). �

9.3 4z©)

½n 9.8 � A ∈ GLn(R)�_. K�3����½Ý
 S

Ú��Ý
 T ¦� A = ST .

y². � B = AAt. �âíØ 9.5, �3�½Ý
 S ¦�

B = S2. � T = S−1A. e¡�y T ��. 5¿� S ´é

¡Ý
. ·�k

T tT = (S−1A)t(S−1A) = At(S−1)tS−1A

= AtS−1S−1A = AtS−2A = AtB−1A

= At(At)−1A−1A = E.

�35¤á.
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� S ′�½, T ′��¦� A = S ′T ′ = ST . K

AAt = S ′T ′(S ′T ′)t = S ′T ′(T ′)t(S ′)t = S ′(S ′)t = (S ′)2.

íØ 9.5%¹ S = S ′, l T = T ′. �.

5) 9.9 |^Ý
=�, þã½n��±Qã�µ

� A ∈ GLn(R)�_. K�3����½Ý
M Ú

��Ý
 N ¦� A = NM .

5) 9.10 þã½néØ�_Ý
 A�Ü©¤á. d� S

´��½Ý
�d A��(½, ���Ý
 T Ø�½�

��.

íØ 9.11 � A ∈ L(V )�_. K�3����½�f S
Ú���f T ¦� A = ST .

y². � A3 V ��|ü ��Äe�Ý
´ A. K A

�½. u´, �3����½Ý
 S Ú��Ý
 T ¦�

A = ST . - S Ú T ©O´ V þ3þãü ��ÄeÝ


� SÚ T ��5�f. KA = ST . �

~ 9.12 � v1, . . . ,vnÚw1, . . . ,wn´ V �ü|Ä. y²µ

�3��C� A ∈ L(V )¦� A(vi) = wi, i = 1, 2, . . . , n,

��=� (vi|vj) = (wi|wj), i, j ∈ {1, 2, . . . , n}.
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y². ���C� A ∈ L(V ) ¦� A(vi) = wi, i =

1, 2, . . . , n. �â1nÙ1nù·K 4.9,

(vi|vj) = (A(vi)|A(vj)).

u´, (vi|vj) = (wi|wj), i, j ∈ {1, 2, . . . , n}.
��, � e1, . . . en ´ V ��|ü ��Ä. K�3

A,B ∈ GLn(R)¦�

(v1, . . . ,vn) = (e1, . . . en)A Ú (w1, . . . ,wn) = (e1, . . . en)B.

K

(vi|vj) = ( ~A(i))t ~A(j) =⇒ G(v1, . . . ,vn) = AtA.

Ón G(w1, . . . ,wn) = BtB. db�^���

G(v1, . . . ,vn) = G(w1, . . . ,wn).

�

AtA = BtB. (5)

�â½n 9.8Ú5 9.9, �3�½Ý
M,N Ú��Ý


P,Q¦� A = PM Ú B = QN . u´

AtA =M tP tPM =M tM =M 2.

Ón BtB = N 2. d (5)Ú½n 9.4, M = N . u´,

P−1A = Q−1B.
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·���

B = QP−1︸ ︷︷ ︸
T

A. (6)

�â1nÙ1�ù·K 3.2, T ´��Ý
. � T ∈ L(V )

´3 e1, . . . , eneÝ
� T ��5�f. Ó��·K%¹

T ´���f. é?¿ j ∈ {1, 2, . . . , n},

T (vj) = T ((e1, . . . , en) ~A(j))

= (T (e1), . . . , T (en)) ~A(j)

= (e1, . . . , en)T ~A
(j)

(6)
= (e1, . . . , en) ~B

(j)

= wj. �
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