
1nÙ SÈ�m

10 Hermitian �m{0

£Á: C = {x + y
√
−1|x, y ∈ R}. � z = x + y

√
−1.

K z̄ = x− y
√
−1´ z��Ý.

1. �ÝN� − : C −→ C´gÓ�;

2. � z ∈ C. K zz̄´�K¢ê; |z| =
√
zz̄;

3. � z1, . . . , zk ∈ C, z1z̄1 + · · · + zkz̄k ≥ 0; �

z1z̄1 + · · · + zkz̄k = 0 ⇐⇒ z1 = · · · = zk = 0.

4. � f ∈ C[t] \ C. K f ´ C[t]¥�gõ�ª�¦È.

PÒ. 3�!¥ V ´ Cþ n��5�m.

10.1 �V�5.

½Â 10.1 � f : V × V −→ C. XJé?¿ x,y, z ∈ V ,

α, β ∈ C, ·�k

f (αx + βy, z) = αf (x, z) + βf (y, z)

Ú

f (x, αy + βz) = ᾱf (x,y) + β̄f (x, z),
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K¡ f ´ V þ��V�5..

� e1, . . . , en ´ V ��|Ä. Ý
 A = (f (ei, ej))n×n ¡

� f 3 e1, . . . , en e�Ý
. � x = x1e1 + · · · + xnen Ú

y = y1e1 + · · · + ynen. K

f (x,y) = (x1, . . . , xn)A(ȳ1, . . . , ȳn)t.

�y:

f (x,y) = f

(
n∑
i=1

xiei,y

)

=

n∑
i=1

xif

ei,
n∑
j=1

yjej


=

n∑
i=1

n∑
j=1

xiȳjf (ei, ej)

= (x1, . . . xn)A


ȳ1
...

ȳn

 .

XJé?¿ x,y ∈ V , f (y,x) = f (x,y), K�V�5

. f ¡�´ Hermitian.�.

é A ∈ Mn(C), A��Ý=�´�Ý
 Āt, Ù¥ Ā´

r A¥��Ñ��Ý���Ý
. P A��Ý=�� A∗.

XJ A = A∗, K¡ A´ Hermitian.�.
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·K 10.2 � f´V þ�V�5.,Ý
A = (f (ei, ej))n×n

f 3 V �Ä. e1, . . . , ene�Ý
. K f ´ Hermitian.

���=� A´ Hermitian..

y². � f ´ Hermitian�. K

A∗ = (f (ej, ei)) = (f (ei, ej)) = A.

� A´ Hermitian�.

��, � A´ Hermitian�. Ké?¿ x,y ∈ V ,

f (x,y) = (x1, . . . , xn)A(ȳ1, . . . , ȳn)t

= (ȳ1, . . . , ȳn)At(x1, . . . , xn)t

= (y1, . . . , yn)A∗(x̄1, . . . , x̄n)t

= f (y,x). �

5) 10.3 � f ´ Hermitian�V�5.. K

f (x,x) = f (x,x).

u´, f (x,x) ∈ R.

½Â 10.4 � f ´ Hermitian�V�5.. XJéu?¿

x ∈ V \ {0}, ·�k f (x,x) > 0, K¡ f ´�½�. �

A ∈ Mn(C)´ Hermitian..

XJéu?¿ x ∈ Cn \ {0}·�k xtAx̄ > 0. K¡

A´�½�.
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·K 10.5 � f ´�V�5., A = (f (ei, ej))n×n´ f 3

e1, . . . , ene�Ý
. K f ´�½���=� A´�½�.

10.2 Hermitian �m

� f ´ V þ��½�V�.. K (V, f )¡� Hermi-

tian�m½j�m. Ï~r f P� ( | ). ·�k

1. é?¿ α, β ∈ C,x,y, z ∈ V ,

(αx + βy|z) = α(x|z) + β(y|z)

Ú

(x|αy + βz) = ᾱ(x|y) + β̄(x|z);

2. (x|y) = (y|x);

3. (x|x)´�K¢ê� (x|x) = 0��=� x = 0.

� v1, . . . ,vk ∈ V . ½Â

G(v1, . . . ,vm) = ((vi|vj))m×m.

¡�� v1, . . . ,vm � Gram Ý
. Ý
 G(v1, . . . ,vm)´

Hermitian�.

·K 10.6 �V ´îª�m, v1, . . . ,vm ∈ V . Kv1, . . . ,vm

�5�'��=�

rank(G(v1, . . . ,vm)) < m.
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~ 10.7 3Cn¥,é?¿x = (x1, . . . , xn)tÚy = (y1, . . . , yn)t,

½Â

(x|y) = xtȳ = x1ȳ1 + · · · + xnȳn.

K Cn´ Hermitian�m.

Ún 10.8 � P ∈ GLn(C). K P ∗P ´�½Ý
.

y². � A,B ∈ Mn(C). ����y,

(A∗)∗ = A, (AB)∗ = B∗A∗.

u´, P ∗P ´ Hermitian�.

� x ∈ Cn \{0}. Ï� P ∈ GLn(C),¤± y := Pz 6= 0.

�

ȳty > 0 =⇒ x̄tP ∗Px > 0. �.

Ún 10.9 � A ∈ Cm×n. K rank(A∗A) = rank(A);

y². (i) � VA ´± A �XêÝ
�àg�5�§|

�)�m, U ´± A∗A�XêÝ
�àg�5�§|�

)�m. K VA ⊂ U . ��, � z ∈ U . K A∗Az = 0. K

z̄A∗Az = 0. - y = Az. K ȳt = z̄A∗. ·���

ȳty = |y|2 = 0.

dd�� y = 0. � U ⊂ VA. ·�k VA = U . �âéó½

n rank(A) = rank(A∗A). �

5



~ 10.10 é?¿ A = (ai,j), B = (bi,j) ∈ Cm×n, ½Â:

(A|B) = tr(AB∗) =

m∑
i=1

n∑
j=1

ai,j b̄i,j.

Ké?¿ α ∈ C,

(A|αB) = tr(A(αB)∗) = tr(AᾱB∗) = ᾱtr(AB∗) = ᾱ(A|B).

� ( | )´�V�5�

(B|A) = tr(BA∗) =

m∑
i=1

n∑
j=1

bi,jāi,j = (A|B).

� ( | )´ Hermitian�.

(A|A) =

m∑
i=1

n∑
j=1

|ai,j|2.

� ( | )�½. dd�Ñ, (Cm×n, ( | ))´ Hermitian�m.

10.3 �Ý!ålÚ��

� V ´ Hermitian�m.

½Â 10.11 � x ∈ V . ¡
√

(x|x)´ x��Ý, P� ‖x‖.
2� y ∈ V . K ‖x− y‖¡� x� y�m�ål.

½n 10.12 � x,y ∈ V . K|(x|y)| ≤ ‖x‖‖y‖ (Cauchy-

BunyakovskiØ�ª). AO/, |(x|y)| = ‖x‖‖y‖��=
� x,y�5�'.
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� x ∈ V \ {0}. XJ ‖x‖ = 1, K¡ x´ü �þ.

½Â 10.13 � x,y ∈ V. XJ (x|y) = 0, K¡ xÚ y �

�, P� x⊥y.

"�þ�?Û�þÑ��.

Ún 10.14 � x,x1, . . . ,xk ∈ V , Ù¥ x1, . . . ,xk �".

(i) x⊥x ⇐⇒ x = 0.

(ii) XJ x1, . . . ,xk üü��, K§��5Ã'.

10.4 ü ��Ä

� dim(V ) = n, e1, . . . , en´ V ¥üü���ü �

þ. �âÚn 10.14, e1, . . . , en´ V ��|Ä.¡� V ��

|ü ��Ä.

½n 10.15 (Gram-Schmidt��z) � v1, . . . ,vk ∈ V �
5Ã'. K�3üü���ü �þ ε1, . . . , εk ¦�

〈v1, . . . ,vi〉 = 〈ε1, . . . , εi〉,

i = 1, 2, . . . , k. AO/, V kü ��Ä.
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10.5 ��Ö

½Â 10.16 � U1, U2 ⊂ V ´f�m. XJéu?¿�

u1 ∈ U1Ú u2 ∈ U2·�k u1⊥u2, K¡f�m U1Ú U2�

�, P� U1⊥U2.

½n 10.17 � U ⊂ V ´f�m. ½Â

U⊥ = {x ∈ V | ∀u ∈ U, u⊥x}.

K

(i) U⊥´f�m� U⊥U⊥;

(ii) V = U ⊕ U⊥ (¡ U⊥´ U ���Ö).

(iii) (U⊥)⊥ = U .

íØ 10.18 � e1, . . . , ed ´ V ¥�ü ���þ. K

e1, . . . , ed�*¿� V ��|ü ��Ä.

5) 10.19 � V ´ Hermitian�m, e1, . . . , en´ V ��

|ü ��Ä. -

x = x1e1 + · · · + xnen Ú y = y1e1 + · · · + ynen.

K

(x|y) = x1ȳ1 + · · · + xnȳn.
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11 U-Ý
� U-�d

PÒ: 3�!¥ V ´ n� Hermitian�m, Ù¥ n > 0.

� V kü|ü ��Ä e1, . . . , enÚ ε1, . . . , εn, Ý


P ∈ GLn(C)÷v

(ε1, . . . , εn) = (e1, . . . , en)P.

Ké?¿ i, j ∈ {1, 2, . . . , n}, ·�k

δi,j = (εi|εj) = ((e1, . . . , en)~P (i)|(e1, . . . , en)~P (j)) = (~P (i))t ~P (j).

dd�Ñ P tP̄ = E, ? P ∗P = E.

½Â 11.1 � P ∈ GLn(C). XJ P ∗ = P−1, K¡ P ´

U -Ý
. ¤k n� U-Ý
�8ÜP� Un(C).

·K 11.2 8Ü Un(C)´ GLn(C)�f+.

~ 11.3 �M = A + B
√
−1, Ù¥ A,B ∈ Mn(R). KM

´ U-Ý
��=� AtB é¡� AtA + BtB = E.

y². ��O��

M ∗M = (At−Bt
√
−1)(A+B

√
−1) = (AtA+BtB)+(AtB−BtA)

√
−1.

�M ∗M = E��=�AtA+BtB = EÚAtB = BtA. �
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·K 11.4 �Hermitian�mV kÄ e1, . . . , enÚ ε1, . . . , εn,

Ý
 P ∈ GLn(C)÷v

(ε1, . . . , εn) = (e1, . . . , en)P.

2� e1, . . . , en´ü ��Ä. K ε1, . . . , εn´ü ��Ä

��=� P ∈ Un(C).

½Â 11.5 � A,B ∈ Mn(C). XJ�3 P ∈ Un(C)¦�

B = P−1AP , K¡ A � B ´ U -�d(U -�q)�, P�

A ∼u B.

¯K. �½ A ∈ Mn(C), ¦§3 U �de�IO.. �½

A,B ∈ Mn(C), �½§�´Ä U -�d.

12 �5�f��5Ý


PÒ: 3�!¥ V ´ n� Hermitian�m, Ù¥ n > 0.

½Â 12.1 � A ∈ L(V ). XJ�f B ∈ L(V )÷vé?¿

x,y ∈ V ,

(A(x)|y) = (x|B(y)),

K¡ B´ A����f.
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·K 12.2 � A ∈ L(V ). K A ����f�3���.

XJ A3 V �ü ��Ä e1, . . . , ene�Ý
�u A, K

Ù���f3TÄe�Ý
�u A∗.

·�rA����fP�A∗.

½Â 12.3 � A∈L(V ). XJ AA∗=A∗A, K¡ A´�5
�f. aq/, � A∈Mn(C). XJ AA∗ = A∗A, K¡ A´

�5Ý
.

·K 12.4 �A ∈ L(V ), A3L(V )�ü ��Ä e1, . . . , en

e�Ý
� A. K A�5��=� A�5.

½Â 12.5 � A ∈ L(V ). XJ A∗ = A, K¡ A ´ Her-

mitian�f. XJ A∗ = −A, K¡ A ´� Hermitian�

f.

HermitianÚ� Hermitian�fÑ´�5�f. w,, Hermi-

tianÚ� HermitianÝ
(A∗ = −A)Ñ´�5Ý
.

·K 12.6 �A ∈ L(V ), A3L(V )�ü ��Ä e1, . . . , en

e�Ý
� A. K A (�) Hermitian�f��=� A (�)

HermitianÝ
.

½Â 12.7 � A ∈ L(V ). XJéu?¿ x,y ∈ V ,

(x|y) = (A(x)|A(y)),
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K¡ A´�S(È)�.

·K 12.8 �A ∈ L(V ), A3L(V )�ü ��Ä e1, . . . , en

e�Ý
� A. Ke�äó�d

(i) A�S;

(ii) A ∈ Un(C);

(iii) é?¿ x ∈ V , ‖x‖ = ‖A(x)‖ (��);

(iv) é?¿ x,y ∈ V , ‖x− y‖ = ‖A(x)−A(y)‖ (�å).

5) 12.9 �S�f�¡� U-�f.

13 �5Ý
�IO.

Ún 13.1 �

A =

 B C

O(n−k)×k D

 ∈ Mn(C), Ù¥ B ∈ Mk(C).

XJ A�5, K C = Ok×(n−k).

Ún 13.2 � A ∈ L(V )´�5�f, W ⊂ V ´ A-f�
m. K

(i) W⊥�´ A-f�m;
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(ii) AW �´�5�f.

Ún 13.3 � A ∈ L(V ). K Ak�� A-ØCf�m.

½n 13.4 � A ∈ V �5. K�3 V ��|ü ��Ä

e1, . . . , en¦� A3TÄe´é�
.

íØ 13.5 � A ∈ Mn(C)�5. K�3 A�,�é�Ý


 U-�q.

½n 13.6 (i) � A ∈ L(V ) Hermitian. K A 3 V �

,|ü ��Äe�Ý
´ diag(λ1, . . . , λn), Ù¥

λ1, . . . , λn ∈ RØ7üüØÓ.

(ii) � A ∈ Mn(C) Hermitian. K A ∼u diag(λ1, . . . , λn),

Ù¥ λ1, . . . , λn ∈ RØ7üüØÓ.

(iii) AO/, HermitianÝ
Ú Hermitian�f�A��

Ñ´¢ê.

y². ùp�y² λ1, . . . , λn ∈ R. Ï� A Hermitian�

A ∼u diag(λ1, . . . , λn),¤± diag(λ1, . . . , λn)�´Hermitian

�. dd��,

diag(λ1, . . . , λn)∗ = diag(λ1, . . . , λn)

⇒ λ̄1 = λ1, . . . , λ̄n = λn

⇒ λ1, . . . , λn ∈ R. �
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½n 13.7 (i) �A ∈ L(V ) � Hermitian. KA3 V �

,|ü ��Äe�Ý
´ diag(λ1, . . . , λn), Ù¥

λ1, . . . , λn´"½XJêØ7üüØÓ.

(ii) �A ∈ Mn(C)�Hermitian. KA ∼u diag(λ1, . . . , λn),

Ù¥ λ1, . . . , λn´"½XJêØ7üüØÓ.

(iii) AO/, � HermitianÝ
Ú� Hermitian�f�A

��Ñ´"½XJê.

y². ùp�y² λ1, . . . , λn´"½öXJê. Ï� A´

�Hermitian�A ∼u diag(λ1, . . . , λn),¤± diag(λ1, . . . , λn)

�´� Hermitian�. dd��,

diag(λ1, . . . , λn)∗ = −diag(λ1, . . . , λn)

⇒ λ̄1 = −λ1, . . . , λ̄n = −λn
⇒ λ1, . . . , λn ∈ {y

√
−1 | y ∈ R}. �

½n 13.8 (i) � A ∈ L(V ) ´ U-�f. K A 3 V �

,|ü ��Äe�Ý
´ diag(λ1, . . . , λn), Ù¥

λ1, . . . , λn�Eê���u 1.

(ii) �A ∈ Mn(C)�Hermitian. KA ∼u diag(λ1, . . . , λn),

Ù¥ λ1, . . . , λn�Eê���u 1..

(iii) AO/, U-Ý
Ú U-�f�A���Eê��Ñ�

u 1.
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y². ùp�y² λ1, . . . , λn´����u 1. Ï�A´ U

Ý
�A ∼u diag(λ1, . . . , λn),¤± diag(λ1, . . . , λn)�´ U

Ý
. dd��,

diag(λ1, . . . , λn)∗ = diag(λ−11 , . . . , λ−1n )

⇒ λ̄1 = λ−11 , . . . , λ̄n = λ−1n

⇒ |λ1| = · · · = |λn| = 1. �

14 �½�f

½Â 14.1 � A ∈ L(V )´ Hermitian�f. XJéu?

¿ x ∈ V \ {0}, (A(x)|x) > 0. K¡ A´�½�f.

·K 14.2 � A ∈ L(V ). K A�½��=�§3 V �ü

 ��Äe�Ý
�½.

·K 14.3 � A ∈ L(V ). K A�½��=�§�A��
Ñ´�¢ê.

y². Ï� A´ Hermitian�, ¤±�3 V ��|ü �

�Ä e1, . . . , en¦� A3TÄe�Ý
´ diag(λ1, . . . , λn)

� λ1, . . . , λn ∈ R. AO/, A(ei) = λiei, i = 1, 2, . . . , n.

XJA´�½�, K

(A(ei)|ei) > 0 =⇒ (λiei|ei) > 0 =⇒ λi > 0, i = 1, . . . , n.
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��, � λ1, . . . , λn ∈ R+, x = x1e1 + · · · + xnen 6= 0. K

(A(x)|x) =

 n∑
i=1

λixiei|
n∑
j=1

xjej

 =

n∑
i=1

λixix̄i > 0.

�A´�½�f. �

½n 14.4 � A ∈ L(V )´��½�f. K�3����

�½�f B¦� B2 = A� B ∈ C[A].

íØ 14.5 � A ∈ Mn(C) ��½. K�3�����½

Ý
 B ∈ Mn(C)¦� A = B2� B ∈ C[A].

½n 14.6 � A ∈ GLn(C)�_. K�3����½Ý


S Ú U-Ý
 T ¦� A = ST .

íØ 14.7 � A ∈ L(V )�_. K�3����½�f S
Ú U-�f T ¦� A = ST .
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