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E=E

10 Hermitian Z8) &Y

B4, C = {z + yv/—1|z,y € R}. &z =2a+yy/—1
Wz =2 —yy/—1 =2 z L5

1. JLHEL — C — C & H AW,
2. %z e C. N 2z RAFFSHEL |2] = Vaz
3. Wz2,...,2r€C, 971+ -+ 2.2, >0 H
221+t =0 <4 z1=---= 2. = 0.
4. % feCl]\C. M f# C[t] h—kZ U H)RA.
WH.AEARTH V2 C b on 4EZ %73 H.

10.1 Wk HHY

EX 101 X f: VXV —C. XML& xy,zcV,
a,BeC, &£MMA

flax+ By, z) = af(x,2) + Bf(y,2)

f(x, oy + fz) = af(x,y) + Bf(x,2),
1



WA f RV bR T

W €1,...,€n VI —d4H A %Elzi A = (f(ei,ej))nxn B
AN ffEe,...,e, TR W x =€ +---+x,e, F
Yy =yi€e1+ -+ ype,. M

fxy) = (@1, 20) AGrs- - G

=f (Z i€, Y>
i=1

= Z z;f (ei, Z yjej)
= Z Z 7, f (e, e;)

1=1 j=1

B

U1
= (x1,...20)A | :

Un
WMRMEE x,y €V, fly,x) = f(x,y), WM

M f WRONAZ Hermitian 769

XA e M,(C), AR4ust & 2 Al Hrp AR
2 A Fon R ARHCILHEA B AERE. 10 A IR E N A*.

M A = A, WHR A & Hermitian &89
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R 10.2 X f RV EFREBEA SEE A = (f(e, e)))nxn
fEV&EXKe,...,e, TS, N f £ Hermitian &
6% XS A & Hermitian 7.

JERA . W f 72 Hermitian HJ. M

A* = (Fley,e) = (flene,) = A,

M A #& Hermitian HJ.
2., % A& Hermitian Y. WIXHMTEE x,y € V,

— (,1'17 e ,ZIJn)A<§1; s e 7gn)t
= (yh c . ,yn)At(xh s an)t

JEfR 10.3 % f & Hermitian F &R N

flx,x) = f(x,x).
TA, f(x,x) eR.

EX 10.4 % f & Hermitian ¥ & MR o X3 T &
x € V\ {0}, &RMA flx,x) >0, M f RIEEM. &
A € M,(C) & Hermitian &

e X3t FHEZE x € C\ {0} &£A1A xAx > 0. WAR
A A IEEW.



AR 10.5 % f AFREMEA A = (fe, €)nxn & [ £
e,...,e, FTO9ZEME. M| f REZXY HMRX Y AR EFH],

10.2 Hermitian Z|g]
W f 2V ERIEE LR, W (V, f) BN Hermi-
tian 72 1A B P97 E). EAE £ idoh (]). ATA
1. MffE a,8€C,x,y,z€V,
(ax + By|z) = a(x|z) + B(y|z)
Al
(x|ay + Bz) = a(x|y) + B(x|z);
2. (xly) = (y|x);
3. (x]x) AIEMSEE H (x|x) =0 B HMN M x = 0.

Wvy,...,.vip € V. ENX

G(vi, .., vin) = ((VilV}))mxm-

MZ AV, vy B Gram 421, FERE G(vy, ..., vp) &
Hermitian HYJ.

Wl 10.6 XV ARXZE, vi,...,v,, €V. Mv, ... v,
LMK Y HARXE
rank(G(vy, ..., vy)) < m.
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) 10.7 £C" ¥, sHEEx = (z1,...,2) Foy = (y1, ..., yn),
2 L
(xly) =Xy =z51 + - + 2.0

n C" & Hermitian = 19,
532 10.8 & P € GL,(C). W P*P & iE % 4B %

L. W A, B € M,(C). n] EEIGAIE,
(A=A, (AB)* = B*A".

+7&, P*P s& Hermitian [).
W x e C"\{0}. BIA P e GL,(C), Frbhy := Pz # 0.
H
y'y >0—=x'P"Px>0. 0.

3138 10.9 % A € C™". M) rank(A*A) = rank(A);

WER. (1) B Va B RL A DY REOE R ST IR TR A
g a), U 52 BL A*A 9 R B0 P ) 55 I e T A ALY
eS|, MV, cU. kR, wzeU. N A*Az = 0. N
ZA*Az = 0. ¥y = Az N y' =zA* FA115 3]

yy=lyl’=0.

A Ay =0. MU c Vy. TATE V4 = U. IRIEXEE
H rank(A) = rank(A*A). O



15'] 10.10 Xﬂ—’fj{_‘%: (azj),B — (blj) Can; jay )‘L

(A|B) = t1(AB") = iiawb

1=1 j=1
N 3FE&E o e C,
(AlaB) = tr(A(aB)") = tr(AaB*) = atr(AB*) = a(A|B).

HO(]) AFRE M

n

(BJA) = tr(BA") zm:z b ;0 j =

=1 j=1
¥ (|) & Hermitian #.
(A]A) = ZZ ‘CLU‘Q
1=1 j=1

B () B2, wkFd, (C" (])) £ Hermitian % 18]

10.3 KE. BEFMIER

WV #& Hermitian 7% [A].
EX 1011 Zxe V. & /(x|x) £ x 9KE, LA [|x].
BiRyeV. W|x—y| HHhx2yZ Mg

EHE 10.12 & x,y € V. W|xly)| < Ixllllyll (Cauchy-
Bunyakovski I~ 3 X). &A1, |(x|y)| = [|x]|]ly] % HBAX
L x,y &tEtax.



wxeV\{0} WHR|x|| =1 WIHKxe&izm=.

EMX 10.13 &k x,y € V. ®= % (x]y) = 0, WA x =y IE
T, LA xLy.

F[A) S AR R AR IR
I3 10.14 X x,xq,...,x, €V, ¥ xq,...,x; FFE.
(1) x1x <= x=0.

(ii) 4 % x1, ..., x, FFEZ, M EA&M T £,

10.4 EIERZE

W dim(V) =n, ey,...,e, & V R IESZ 1AL
= RIETIHE 10.14, e, ... e, 22 V FI—HE BNV H—
4H 45 0E A

I 10.15 (Gram-Schmidt EZK) & vyi,..., vy €V %
MK NEEARERZNEZGE ¢,..., 6 [EF

<V1,...,VZ'> = <€17---7€i>7

i=1,2,.. .k 45 V HELEL



10.5 IE3Z4P

EMX 1016 Z U, U, CV 2F TR, R FHEEW
u; € Uy Fe u € Uy é’&/ﬂ]ﬁ w1 Lug, N'Jﬁﬁt%ﬁffﬂ Uy Fe Us 1E
2, A Uy LU,.

EIE 10.17 XU CV RF=H. &3
Ut ={xeV|VueU ulx}.
|
(i) Ut RFZHAULUL;
(i) V=UdU- #R U+ & U HGIEZH).
(iii) (UH)t =U.

HiL 10.18 X e,...,eq RV PHELEZERXmE. N
e,...,eq AT RAV —mf {5 EH.

AR 10.19 XV & Hermitian £ 1], eq,...,e, £V 89—
¥ A5 FE H. A
X =z1€1+ -+ T8, A y=yier+ - +ye,
]
(x|y) =191+ + 0.
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11 U-7 &S U-FN

WHF: AEARTTH V & n 2 Hermitian 2500, HA n > 0.
WV ANHRMIEAR e, ... e, e, ... 6,
P € GL,(C) i /&

(61,...,en):(el,...,en)P.

MR R 0,5 € {1,2,...,n}, TATH

— .

51 = (eilej) = ((er,....e,) PV|(ey, ..., e,) PY) = (PU) PO
kS PP = E, #M P*P = E.

EMX 11.1 %X P € GL,(C). 4% P* = P!, M P £
U-JE%. BT n W U-4E1 89 5 4924 U,(C).

R 11.2 £4 U,(C) & CL,(C) #-F #.

5 11.3 X M = A+ By-1, % A, B € M,(R). ¥ M
R U-%EEY HAY A'B st L A'A+ B'B=EF.
W, A4 EF

M*M = (A'—B'/=1)(A+Bv—1) = (A'A+B'B)+(A'B—B' A)v/—1.

¥ MM=F 3804 A'A+B'B=FE# A'B=B'A. O



il 11.4 & Hermitian 218V H X er,...,e, Foer, ... 6,

%1% P e GL,(C) #% 2
(61,...,€n) = (el,...,en)P.

Fiken....e, RELETA. Mep,....6, RELEETA
LAY Pe U, C).

EX 11.5 £ A, B € M,(C). =R &£ P e U,(C) 1247
B = P7'AP, WA A5 B & U-ZMU-MHB)&, it H
A ~, B.

BIFR. 45 A € M, (C), R'ELE U EM FrbafER. 4%
A, B e M,(C), FIEENT 2 U-F5E0.

12 1EEREFSIENRER

WH EARTH V & n 4E Hermitian 250, HH n > 0.

EX 12.1 H A€ L(V). 9 RHEF Be L(V) HREZE
x,yeV,

(A)]y) = (x|B(y)),
A& B & A &R T
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Rl 12.2 X A€ L(V). N A&k HE T 44 Lf—.
R ALV ELSEI, e, ... e, TWEEET A N
HMEFAZATOESRS T A

FAHE A FARES iy A*

EX 12.3 & AcL(V). %% AA=A"A, N A& IEHM
BF. EMH, & AEM,(C). 4% AA* = A*A, MAR A &
1ERRHE P

Rl 124 R AcL(V), ABRLV) B ELEERK e, ... e,
THIERER A M AERL BRY A EH.

EN 125 X A e L(V). mE A = A, W4 A £ Her-
mitian FH . R A* = —A, WA A £ F} Hermitian 5
T

Hermitian A&} Hermitian B -5-#8 2 IEMAE 7. B8, Hermi-
tian AR Hermitian HiFE(A* = — A)#f & IR BE.

Rl 12.6 LA L(V), AELV)WELZER K e, ... e,
TagsEEA A W A (#F) Hermitian B3 % BAXE A (#)
Hermitian #E % .

EX 12.7 X AcL(V). RN TFHEXyEV,

(x]y) = (A(x)|Aly)),
11



A A 2R (328,

el 12.8 X Ac L(V), AEL(V)89 2z ERXKe, ... e,
TEI4ETEH A W T P82 S0

(i) A®RA;
(1i) A e U,(C),
(iii) iEZEx eV, x| = |AX)| (K );
(i) HEZ x,y €V, [|x -yl = [|Alx) — Aly)|| (#R3E).

ARE 12.9 RN HTEAMRA U-FF.

13 IERFEFERRAESR

S|IE 13.1 &

B C
A= € M,(C), £ BeM,(C).
Otn—tyxk D

4k A JE?J@LL, N C = ka(n—k:)-

51 132 L Ac LV)REAFET WCV R AF=E
. ;]

(i) Wtz AT 20,



(ii) Ay LAERE T
513 13.3 X Ac L(V). M AKF—% A-TEF=0.

EFIE 134 X AcV EN. NAEALEV H—BELS EHE
er,....e, E1F A L1z AT XA

HEL 13.5 X A € M,(C) EH. WAL A HE/N A4
% U-A8 1.

I 13.6 (i) X A € L(V) Hermitian. M A £V &
X ERATaEMSER diagh, ..., \), EF
Al,,)\HGRZ:‘)A‘%%Z:E]

(i) X A € M, (C) Hermitian. A ~, diag(Aq, ..., ),
£F N, A €ERRLHFHRA.

(ii1) 4% A3, Hermitian %E1%F= Hermitian B - 6945 AEAR
HR A R B

JER]. X HE HAEE N, .. N, € R, KA A Hermitian H.
A ~, diag(A, ..., A\, Frbhdiag(Aq, ..., \,) 52 Hermitian
(1), FH It AT

diag(A1, ..., A\p)" = diag(A, ..., A\p)
:>5\1:)\1,...,5\n:)\n
= A,...,\, €ER. O
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I 13.7 (i) X Ae L(V) # Hermitian. W] A £V &
XAz E AT 4R diag(hy, ..., \y), EF
Ay Ay ARRSLRE AL BT,

(11) X A € M,(C) # Hermitian. W A ~, diag(A1, ..., \n),
b A, A RER G E B L.

(iii) 45 A3, & Hermitian E %A= &t Hermitian B3 694%
TEARAR AT RS0 4L
IER X EFUEH A, N, RFEGE AR Oy A2

A Hermitian H A ~,, diag(\1, ..., \,), Frlldiag(Ag, ..., \,)
72 #} Hermitian ). HH AT A,

diag( A1, ..., \p)" = —diag(Aq, ..., Ay)
:>5\1:—)\1,...,5\n: —A\n
= A, .., M €{yv—1l|lye R} O
EIE 13.8 (i) RAcLV)RU-EF. MAEV
Xl ER A TSR diagh, ..., \), EF
Ay A WERABEKRFT L
(i1) & A € M,,(C)#® Hermitian. W A ~, diag(A1, ..., ),
(iii) 45 A\ M, U-#E 5 Fa U-HF 69 55 AEAR 89 B R AR K AR5
T 1
14



EBL XEFGE A, N, IR KSET 1L BRIV ARU
FEREH A ~, diag(A1, ..., \n), BBl diag(Aq, ..., \) HE U
KERE. H kAT s,

diag(\1, . .., An)* = diag(\TL L A0

S M=M= 0
= M|=--=\|=1 O

14 EEHET

EX 14.1 % A € L(V) £ Hermitian H 5. 2= X3 T4
ZxeV\{0}, (Ax)x) > 0. M#H A£IEERT.

Rl 14.2 R A€ L(V). MAERLEHEMRECEV 69%F
{5 0E X F 9454 E 7

Rl 14.3 L A€ L(V). N AER S HANE € e 4FIE4R
#R A E K.

JEH. KA A J& Hermitian 1, B PAAAAE V 1 — A 847 1E

TH ey, ... e, [HH AFEI%HE N RFHERL diag(A, ..., \)

H X, ..o\ eROFRAHE, Ale;) = Nej, i = 1,2,...,n
iR A IR, W

(A(ei)]ez-) >0 = ()\Zez|ez) >0 = \; >0, 2=1,...,n.
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RZ, WAL A €RT x=z100+ - + 208, # 0. NI

(A(X)|X) = (z": )\ixiez" zn:%'ej) = z”: ;x> 0.
i=1 j=1 i=1

MAREEHET. O

EIR 144 B AcLV)RFERHET. WNAEEE—GF
ERHT B1EF B =AHBeClA.

HEIL 145 L Ac M,(C) ¥ EZ. NAEEAE—WF IR
#E% B € M, (C) #/% A= B? . B € C[A].

I 14.6 % A € GL,(C) T, N A f£"E—hy E % 45 %
S A U-4EM%E T £/ A= ST.

WP 14.7 L Ac L(V) TiE, WNEEE—WEZHETS
Fo U-HF T #43 A=8T.
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