
Ö¿á�

�½. 3eãSN¥ F ´�, V ´ F þ�k���5�m.

§1 *Ð�ØØ©)½n

½n 1.1 (*Ð�ØØ©)½n) � A ∈ L(V ), f(t) ∈ F [t] \ {0} � f(A) = O. �
f = q1q2 · · · qs, Ù¥ q1, . . . , qs ∈ F [t] üüp�. é i ∈ {1, 2, . . . , s}, - Ki = ker(qi(A))
Ú Ai = AKi

. K

(i) V = K1 ⊕ · · · ⊕Ks.

(ii) � Ui = K1 + · · ·+Ki−1 +Ki+1 + · · ·+Ks. K qi(A) 3 Ui þ����f´�_�.

y². (i) é s 8B. � s = 1 �, V = K1. �(Ø (i) ´²��.

� s > 1 � s − 1 �½n¤á. - q = q2 · · · qs. K gcd(q1, q) = 1. �âØØ©)½

n(1�Ù1�gùÂ½n 3.3),

V = K1 ⊕ ker(q(A)). (1)

� B ´ A 3 ker(q(A)) þ���N�. Ï� ker(q(A)) ´ A-f�m(1�Ù1ngùÂ

·K 5.5), ¤± B ´ ker(q(A)) þ��5�f. Ï� q(A) 3 ker(q(A)) þ´r¤k�þ
ÑN¤"�þ, ¤± q(B) ´ ker(q(A)) þ�"�f. é B, ker(q(A)), Ú q = q2 · · · qs ^
8Bb��

ker(q(A)) = ker(q2(B))⊕ · · · ⊕ ker(qs(B)).

2�â (1) �

V = K1 ⊕ ker(q2(B))⊕ · · · ⊕ ker(qs(B)). (2)

e¡·��y Ki = ker(qi(B)), i = 2, . . . , s. Ï� B ´ A ����f, ¤±

ker(q2(B)) ⊂ K2.

��, � v ∈ K2. d (1) ��, v = v1 + w, Ù¥ v1 ∈ K1 Ú w ∈ ker(q(A)). �
p = q1q3 · · · qs. K gcd(p, q2) = 1. dd���3 u, v ∈ F [t] ¦�

up+ vq2 = 1.

u´

u(A)p(A) + v(A)q2(A) = E .
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rþª�^3 v þ¿|^ q2(A)(v) = 0 �

u(A)p(A)(v1 +w) = v.

Ï� q1|p � q1(A)(v1) = 0, ¤± u(A)p(A)(v1) = 0. u´, þª%¹

v = u(A)p(A)(w).

Ï� w ∈ ker(q(A)) � ker(q(A)) ´ A-ØC�, ¤± u(A)p(A)(w) ∈ ker(q(A)). dd�
�, v ∈ ker(q(A)). � B(v) ´û½Â�. Ï� q2(A)(v) = 0 %¹ q2(B)(v) = 0, ¤±

v ∈ ker(q2(B)), =
K2 ⊂ ker(q2(B)).

� K2 = ker(q2(B)). Ón��, Ki = ker(qi(B)), i = 3, . . . , s. 2�â (2), (i) ¤á.

(ii) ·�÷^y² (i) ��PÒ5y² q1(A) 3 U1 þ����f´ U1 þ��_�

f. Ï� gcd(q1, q) = 1, ¤±�3 a, b ∈ F [t] ¦�

a(t)q1(t) + b(t)q(t) = 1.

u´,

a(A)q1(A) + b(A)q(A) = E . (3)

d (i) �y²��, U1 = ker(q(A)). é?¿ u ∈ U1, ·�r (3) �^3 u þ�

a(A)q1(A)(u) = u,

= a(A)q(A) 3 U1 þ´ðÓN�. u´, q(A)|U �_�f´ a(A). ÏL��eI§·�
�±íÑ (ii) é i = 2, 3, . . . , s Ñ¤á. �

íØ 1.2 � A ∈ L(V ), µA = pm1
1 · · · pms

s ´ µA 3 F [t] þ�Ø��Ïª©). K�

Ki = ker(pmi
i (A)), i = 1, 2, . . . , s. K

(i) V = K1 ⊕ · · · ⊕Ks.

(ii) � Ui = K1 + · · ·+Ki−1 +Ki+1 + · · ·+Ks. K pi(A) 3 Ui þ����f´�_�,

i = 1, . . . , s.

(iii) A 3 Ki þ����f�4�õ�ª´ pmi
i , i = 1, . . . , s.

y². (i) �*Ð�ØØ©)½n¥ f = µA, qi = pmi
i , i = 1, . . . , s. K*Ð�ØØ©)½

n%¹ (i) Ú qi(A) 3 Ui þ�_. Ï� qi(A) ��3 Ui þ´ü�, ¤± pi(A) ��3 Ui

þ�´ü�.
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(iii) � µi ´ A 3 Ki þ����f�4�õ�ª, i = 1, . . . , s. K1�Ù1�ùÚ

n 4.2 %¹

µi|pmi
i , i = 1, . . . , s. (4)

2�â1�Ù1nù½n 5.9,

µA = lcm(µ1, . . . , µs).

òþªé' µA �Ø��©)

µA = pm1
1 · · · pms

s

Ú (4), ·��� (iii). �

§2 'u�fÚ�þ�4�õ�ª

� A ∈ L(V ),v ∈ V, f(t) ∈ F [t]. XJ f(A)(v) = 0, K¡ f(t) ´ÏL A "z v �

õ�ª. �"!gê���ÏL A "z v �õ�ª¡�ÏL A "z v �4�õ�ª.

T4�õ�ªP� µA,v, §Ï~´Ä��.

5¿� µA(A)(v) = O(v) = 0. u´, µA,v �3. � f(A)(v) = 0. dõ�ª�{Ø

{��

f(t) = q(t)µA,v(t) + r(t),

Ù¥ q, r ∈ F [t], deg(r) < deg(µA,v). �\ A � O = q(A)µA,v(A) + r(A). üýÓ��
^3 v þ��

0 = q(A)µA,v(A)(v) + r(A)(v) = 0+ r(A)(v).

u´, r(A)(v) = 0. Ï� deg(r) < deg(µA,v), ¤± r(t) = 0. dd�Ñ µA,v|f . AO/,

µA,v|µA.
e¡�(Øk��A^.

·K 2.1 � A ∈ L(V ). K �3 v ∈ V ¦� µA,v = µA.

�
y²T·K, ·�ky²��ÛÜ(J.

Ún 2.2 � A ∈ L(V ) � µA = pk, Ù¥ p ∈ F [t] Ø��ÚÄ�. K�3 v ∈ V ¦�

µA,v = µA.

y². Ï� µA,v|µA � p Ø��, ¤± µA,v = pmv , Ù¥ 1 ≤ mv ≤ k. b�Ø�3 v ¦

� mv = k. Ké?¿ v ∈ V , mv ≤ k − 1. u´ pk−1 = qvµA,v, Ù¥ qv ∈ F [t]. ·�k

pk−1(A) = qv(A)µA,v(A) =⇒ pk−1(A)(v) = qv(A)µA,v(A)(v) = qv(A) (µA,v(A)(v)) = 0.
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d v �?¿5�Ñ pk−1(A) = O, � µA = pk gñ. �

Ùg, ·��ÑlÛÜ(JLÞ��N(J�óä. 5¿�1�Ù1�gùÂ·K

6.5 `²é?¿ f ∈ F [t], ker(f(A)) ´ A-ØC�.

·K 2.1 �y². |^þãíØ 1.2 ¥�PÒ, é i ∈ {1, 2, . . . , s}, - Ai P A 3 Ki þ

����f. K Ai ∈ L(Ki). �âíØ 1.2, µAi
´ F [t] ¥��Ø��õ�ª��g. �

âÚn 2.2, �3 vi ∈ Ki ¦� µAi
= µAi,vi

.

- v = v1 + · · ·+ vs. K,

0 = µA,v(A)(v) = µA,v(A)(v1) + · · ·+ µA,v(A)(vs).

Ï� V = K1⊕ · · · ⊕Ks, �z� Ki Ñ´ A ØC�, ¤± µA,v(A)(vi) ∈ Ki. d�Ú�Ä

�5�(�1�Ù1�ù½n 1.11 (ii)), µA,v(A)(vi) = 0. u´, µAi,vi
|µA,v, i = 1, 2, . . . , s.

dd��, µAi
|µA,v, i = 1, 2, . . . , s. l µA = lcm(µA1 , . . . , µAs)|µA,v. qÏ� µA,v|µA.

·�k µA = µA,v. �

§3 2ÂA�f�m©)

� dim(V ) = n > 0 Ú A ∈ L(V ). -

µA = pm1
1 · · · pms

s ,

Ù¥ p1, . . . , ps ∈ F [t] \ F , Ä�, Ø���üüp�, m1, . . . ,ms ∈ Z+. -

V (pi) = ker(pmi
i (A)), i = 1, 2, . . . , s.

·�¡ V (pi) ´�f A 'uØ��Ïf pi �2ÂA�f�m. KíØ 1.2 �ã�

½n 3.1 (2ÂA�f�m©)–4�õ�ª�) |^þãPÒ,

(i) V = V (p1)⊕ · · · ⊕ V (ps).

(ii) � Ui = V (p1) + · · · + V (pi−1) + V (pi+1) + · · · + V (ps). K pi(A) 3 Ui þ����

f´�_�, i = 1, . . . , s.

(iii) A 3 V (pi) þ����f�4�õ�ª´ pmi
i , i = 1, . . . , s.

Ún 3.2 |^þãPÒ, � k, ` ∈ Z+ ÷v k < mi < `. K

ker(pi(A)k)  V (pi) = ker(pi(A)`).
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y². �â�5N��EÜ, ·�k

ker(pi(A)k) ⊂ V (pi) ⊂ ker(pi(A)`).

� Ai ´ A 3 V (pi) þ����f, µi ´ Ai �4�õ�ª, i = 1, . . . , s.

XJ ker(pi(A)k) = V (pi),K pi(Ai)
k 3 V (pi)þ´"�f. dd�Ñ µi(t)|pi(t)k (1

�Ù1�ùÚn 4.2). �âþã½n (iii), pmi
i |pki . � mi ≤ k, gñ. ddíÑ,

ker(pi(A)k)  V (pi).

2b� v ∈ ker(pi(A)`)\V (pi).dþã½n (i)��,�3 vi ∈ V (pi)Ú ui ∈ Ui\{0}
¦�

v = vi + ui.

òþªüýÓ��^ pi(A)` ¿|^ mi < ` � pi(A)`(ui) = 0. dþã½n (ii) ��,

pi(A) 3 Ui þ����f�_. � pi(A)` 3 Ui þ����f��_. dd�Ñ ui = 0.

gñ. dd��

V (pi) = ker(pi(A)`). �

½n 3.3 (2ÂA�f�m©)–A�õ�ª�) � A ∈ L(V ), �

χA(t) = pn1
1 · · · pns

s ,

Ù¥ p1, . . . , ps ∈ F [t] \ F , Ä�, Ø��, üüp�. K

(i) V = V (p1)⊕ · · · ⊕ V (ps).

(ii) � Ui = V (p1) + · · · + V (pi−1) + V (pi+1) + · · · + V (ps). K pi(A) 3 Ui þ����

f´�_�, i = 1, . . . , s.

(iii) A 3 V (pi) þ����f�A�õ�ª´ pni
i , i = 1, . . . , s. AO/,

dim(V (pi)) = ni deg(pi).

y². �â\r�� Hamilton-Cayley ½n(1�Ù1Êù½n 10.2), µA 3 F [t] ¥�Ø

��©)´

µA = pm1
1 · · · pms

s ,

Ù¥ 0 < mi ≤ ni, i = 1, 2, . . . , s. �â½n 3.1 (i) Ú (ii), ±9Ún 3.2, (Ø (i) Ú (ii)

¤á.
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� Ai ´ A 3 V (pi) þ����f, i = 1, 2, . . . , s. �â½n 3.1 (iii), µAi
= pmi

i . 2

�â\r�� Hamilton-Cayley ½n, χAi
= p`ii . d1�Ù1nù~ 7.14 ��,

χA = χA1 · · ·χAs = p`1i · · · p`ss .

�âõ�ªØ��©)���5, ·��� `i = ni, i = 1, 2, . . . , s. ?,

dim(V (pi)) = deg(χAi
) = ni deg(pi),

i = 1, 2, . . . , n. �
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