
���y um + vn = g.

äó 2. é i = 0, 1, . . . , k, uim + vin = ri.

äó 2 �y². é i 8B. i = 0, 1 �, �â u0, v0, r0 Ú

u1, v1, r1Ð©���½��,

u0m + v0n = r0 Ú u1m + v1n = r1.

� i > 2�(Øé 2, 3, . . . , i− 1Ñ¤á. d8Bb���:

ui−2m + vi−2n = ri−2 Ú ui−1m + vi−1n = ri−1.

u´, qiui−1m + qivi−1n = qiri−1. dd�Ñ,

(ui−2 − qiui−1)m + (vi−2 − qivi−1)n = ri−2 − qiri−1.

�â*Ð Euclid�{Ì�¥1 (c)ÚÚ ri = rem(ri−2, ri−1)

��: uim + vin = ri. äó 3¤á.

� i = k� ukm + vkn = rk, = um + vn = g. �

5) 7.12 XJ·��O��ê���úÏf, K3*Ð

�Î=�Ø{¥ÃIO�S� q2, q3, . . . , u0, u1, u2, u3, . . . ,

Ú v0, v1, v2, v3, . . . ,

~ 7.13 O� gcd(95, 57).

). � r0 = 95, r1 = 57. K
r2 = rem(r0, r1) = rem(95, 57) = 38,

r3 = rem(r1, r2) = rem(57, 38) = 19,

r4 = rem(r2, r3) = rem(38, 19) = 0.

1



u´, r3 = gcd(95, 57) = 19.

~ 7.14 O� u, v ∈ Z¦� u× 95 + v × 57 = gcd(95, 57).

). � r0 = 95, u0 = 1, v0 = 0, r1 = 57, u1 = 0, v1 = 1. K

r2 = rem(r0, r1) = rem(95, 57) = 38,

q2 = quo(r0, r1) = quo(95, 57) = 1

u2 = u0 − q2u1 = 1, v2 = v0 − q2v1 = −1

r3 = rem(r1, r2) = rem(57, 38) = 19,

q3 = quo(r1, r2) = quo(57, 38) = 1

u3 = u1 − q3u2 = −1, v3 = v1 − q3v2 = 2

r4 = rem(r2, r3) = rem(38, 19) = 0.

u´, (−1)︸︷︷︸
u

×95 + 2︸︷︷︸
v

×57 = 19.

~ 7.15 þ�ù½n 7.2�,��y². -:

S = {am + bn|a, b ∈ Z}.

K S ¥k��ê. - g ´ S ¥�����ê. K�3

u, v ∈ Z¦� um + vn = g.

e¡·��y g = gcd(m,n). � d ´ m,n �úÏ

f. �âþ�ùÚn 7.1 �� d|g. u´, d ≤ g. �

2



r = rem(m, g). K�3 q ∈ Z¦�m = qg + r. u´,

qum+qvn = qg =⇒ qum+qvn = m−r =⇒ (1−qu)m+(−qv)n = r.

d g�4�5Ú r ∈ {0, 1, . . . , g − 1}��, r = 0. � g|m.

Ón g|n. �

½Â 7.16 � m,n ∈ Z. XJ gcd(m,n) = 1, K¡ mÚ n

p�.

½n 7.17 � m,n ∈ ZØ��". K m,np���=�

�3 u, v ∈ Z¦� um + vn = 1.

y². �m,np�.K gcd(m,n) = 1. d½n 7.17��,�

3 u, v ∈ Z¦� um + vn = 1. ��, ��3 u, v ∈ Z¦�
um + vn = 1Ú g = gcd(m,n). Ï� g|mÚ g|n, ¤± g|1
(þ�ùÚn 7.1). � g = 1. �

·K 7.18 �m,n ∈ Z+. K

lcm(m,n) =
mn

gcd(m,n)
.

y². äó. � a, b ∈ Z+p�÷v an = bm. K an, = bm

´m,n���ú�ê.

äó�y². � ` = an. K ` = bm. Ï�m|`� n|`, ¤±
`´m,n�ú�ê. 2� s´m,n�,��ú�ê. K�

3



3�ê a′, b′¦� s = a′n = b′m. Ï� a, bp�, ¤±½n

7.17%¹�3 u, v ∈ Z¦�

ua + vb = 1 =⇒ uas + vbs = s

=⇒ ua′an + vb′bm = s (∵ a′n = b′m = s)

=⇒ `(ua′ + vb′) = s (∵ an = bm = `)

=⇒ `|s.

u´, `´��ú�ê. äó¤á.

� g = gcd(m,n). K�3��ê p, q¦�m = pgÚ

n = qg� gcd(p, q) = 1. 


mn

g
= pqg = pn = qm.

däó��, mn/g´��ú�ê. �

7.2 �ê

½Â 7.19 � p´�u 1��ê. XJ pØU�¤ü��

u 1��ê�È, K¡ p´�ê(prime).

~ 7.20 y²: ?Û�u 1��êÑ´k���ê�È.

y². � n´�u 1��ê. ·�é n8B. � n = 2�

w,. � n > 2�(Øé�u 1��u n��êÑ¤á.

XJ n´�ê, K(Øw,¤á. ÄK�3ü��u 1�

4



�u n��ê i, j ¦� n = ij, d8Bb�, iÚ j Ñ´�

ê�¦È. � n�´. �

�ê�): 2, 3, 5, 7, 11, 13, 17, 19, . . . .

~ 7.21

24 = 23 × 3, 10969629647 = 104729× 104743.

~ 7.22 y²: �êkÃ¡õ�.

y². b��ê�kk��: p1, . . . , pk. - n = p1 · · · pk+1.

dþ~��, �3,��ê�Ø n. Ø��T�ê´ p1.

�â1�Ù1oùÚn 7.1, p1|1, gñ. �

Ún 7.23 � p´�ê, a, b∈Z. XJ p|(ab), K p|a½ p|b.

y². � p - a. K gcd(p, a) = 1. K g|p. ½n 7.17, �3

u, v ∈ Z¦� up + va = 1. u´, upb + v(ab) = b. �âþ

�ùÚn 7.1, p|b. �

~ 7.24 � p´�ê, k´�u p���ê. y²:

p|
(
p

k

)
.

y². d
(
p
k

)
= p!

k!(p−k)! �� p! =
(
p
k

)
k!(p− k)!. ügA^þ

ãÚn��, p|
(
p
k

)
½ p|k!, ½ p|(p−k)!.�EA^þãÚn

�Ñ: p|
(
p
k

)
½ p|i, ½ p|j, Ù¥ 1 ≤ i ≤ kÚ 1 ≤ j ≤ p− k.

Ï��ü«�/Ø�Uu), ¤± p|
(
p
k

)
. �

5



1�Ù Ý


1 �5�'5

1.1 �I�m

�

Rn×1 = {


x1

...

xn

 |x1, . . . , xn ∈ R}.

¡� n���þ(�I)�m. �

R1×n = {(x1, . . . , xn) |x1, . . . , xn ∈ R}.

¡� n�1�þ(�I)�m. ùÆÏ·�Ï~3��m¥

£ã�5�ê�SN. u´, P Rn×1� Rn, Ù¥���¡

��þ. AO/

0n =


0
...

0

 ∈ Rn.

¡� Rn¥�"�þ. � nlþe©�(½�, 0nP� 0.

�

x =


x1

...

xn

 , y =


y1

...

yn


6



´ Rn¥��þ. ·�½Â

x + y :=


x1 + y1

...

xn + yn

 .

K�þ�\{÷ve�5Æ: ∀x,y, z ∈ Rn,

(i) (��Æ) x + y = y + x;

(ii) ((ÜÆ) (x + y) + z = x + (y + z);

(iii) (\{ü �) x + 0 = x;

(iv) (\{_) x + (−x) = 0, Ù¥ −x´r x¥z��I

�Ò�����þ.

2� λ ∈ R. ·�½Âê¦

λx :=


λx1

...

λxn

 .

K“Iþ”��þ�ê¦÷ve�5Æ: ∀λ, µ ∈ R,x ∈ Rn,

(i) (λµ)x = λ(µx);

(ii) 1x = x.

?
, \{Úê¦÷ve�©�Æµ∀λ, µ ∈ R,x,y ∈ Rn,

7



(i) λ(x + y) = λx + λy;

(ii) (λ + µ)x = λx + µx.

~ 1.1 �

x =


1

2

3

 , y =


1

−1

0

 .

K

2x + 3y = 2


1

2

3

 + 3


1

−1

0

 =


2

4

6

 +


3

−3

0

 =


5

1

6

 .

~ 1.2 �± x1, . . . , xn �¢��ê��5�§|�O2

Ý
´ B = (A|b), Ù¥ A ∈ Rm×n, b ∈ Rm. KT�§|

�±L«�

x1
~A(1) + · · · + xn ~A

(n) = b.

1.2 �5|Ü§�5�'Ú�5Ã'

½Â 1.3 � w,v1, . . . ,vk ∈ Rn. XJ�3 α1, . . . , αk ∈ R
¦�

w = α1v1 + · · · + αkvk,

K¡ w´ v1, . . . ,vk £3 Rþ¤��5|Ü.

8



� w = αv, Ù¥ α ∈ R, ·�` wÚ v “²1”. AO/,

0n� Rn¥��þÑ²1.

~ 1.4 � w,v1, . . . ,vk ∈ Rn. K A = (v1, . . . ,vk) ∈ Rn×k

Ú B = (A|w) ∈ Rn×(k+1). �â~ 1.2, ± B �O2Ý


� k ��5�§|�N��=� w´ v1, . . . ,vk ��5

|Ü.

~ 1.5 �

x =


1

2

3

 , y =


1

−1

0

 , z =


1

1

1

 .

�½ z´Ø´ xÚ y��5|Ü.

). �ÄO2Ý


B = (x,y|z) =


1 1 1

2 −1 1

3 0 1

 .

d Gauss��{��,

B =


1 1 1

2 −1 1

3 0 1

 −→


1 1 1

0 −3 −1

0 −3 −2

 −→


1 1 1

0 −3 −1

0 0 −1

 .

u´, B éA��5�§|Ø�N. � zØ´ xÚ y��

5|Ü(1�Ù1�ù½n 2.5).

9



PÒ. 3 Rn¥,

e1 :=


1

0
...

0

 , e2 :=


0

1
...

0

 , . . . , en :=


0
...

0

1

 .

5) 1.6 é?¿

x =


x1

x2

...

xn

 .

·�k x = x1e1 + x2e2 + · · · + xnen. = Rn¥�?¿�þ

Ñ´ e1, e2, . . . , en��5|Ü.

½Â 1.7 � v1, . . . ,vk ∈ Rn. XJ�3 α1, . . . , αk ∈ R,
Ø��", ¦�

α1v1 + · · · + αkvk = 0,

K¡v1, . . . ,vk£3R¤þ�5�'.ÄK,·�¡v1, . . . ,vk

£3 R¤þ�5Ã'.

dþã½Â��, ���þ v�5�'��=� v = 0.

XJ v1, . . . ,vk¥k��"�þ,K§�7,�5�'.ü

��þ�5Ã'��=�§�Ø²1.

10



~ 1.8 � A = (v1, . . . ,vk) ∈ Rn×k. �â~ 1.2, ± A�

XêÝ
� k �àg�5�§|k�²�)��=�

v1, . . . ,vk ��5�'.

~ 1.9 �

x =


1

2

3

 , y =


1

−1

0

 , z =


5

1

6

 .

�½ x,y, z´Ä�5�'.

). � A = (x,y, z). d Gauss��{��

A =


1 1 5

2 −1 1

3 0 6

 −→


1 1 5

0 −3 −9

0 −3 −9

 −→


1 1 5

0 −3 −9

0 0 0

 .

u´, ± A�XêÝ
�àg�5�§|k�²�). �

x,y, z�5�'(1�Ù1�ù½n 2.7).

~ 1.10 y²: e1, . . . , en ∈ Rn�5Ã'.

y². � α1, . . . , αn ∈ R¦� α1e1 + · · · + αnen = 0. K

α1


1

0
...

0

+· · ·+αn


0
...

0

1

 =



α1

α2

...

αn−1

αn


=



0

0
...

0

0


=⇒ α1 = · · · = αn = 0.

11



� e1, . . . , en�5Ã'.

e¡�·Ko(
'u�5|Ü!�5�'ÚÃ'�Ä

�¯¢.

·K 1.11 � v1, . . . ,vk ∈ Rn.

(i) XJ�3 i ∈ {1, . . . , k}¦� v1, . . . ,vi�5�', K

v1, . . . ,vi, . . . ,vk ��5�';

(ii) XJv1, . . . ,vi, . . . ,vk�5Ã',Ké?¿ i ∈ {1, . . . , k}
¦� v1, . . . ,vi��5Ã';

(iii) �þ v1, . . . ,vk �5�'��=�ù
�þ¥�,

��þ´Ù§�þ��5|Ü;

(iv) 2� v ∈ Rn� v1, . . . ,vk �5Ã'. K v,v1, . . . ,vk

�5�'��=��3��� α1, . . . , αk ∈ R¦�

v = α1v1 + · · · + αkvk.

y². (i)Ï� v1, . . . ,vi�5�',¤±�3 α1, . . . , αi∈R,

Ø��", ¦�

α1v1 + · · · + αivi = 0.

u´,

α1v1 + · · · + αivi + 0vi+1 + · · · + 0vk = 0.

12



Ï�3 α1, . . . , αi¥®k�"¢ê, ¤± v1, . . . ,vi, . . . ,vk

�5�'.

(ii)´ (i)�_Ä·K.

(iii)��þv1, . . . ,vk�5�'.K�3α1, . . . , αk∈R,

Ø��", ¦�

α1v1 + · · · + αkvk = 0.

Ø�� α1 6= 0. K

v1 = −(α−1
1 α2)v2 − · · · − (α−1

1 αn)vn.

��Ø�� vk ´ v1, . . . ,vk−1 ��5|Ü. K�3

β1, . . . , βk−1 ∈ R¦�

vk = β1v1 + · · · + βk−1vk−1.

u´, β1v1+· · ·+βk−1vk−1+(−1)vk = 0. �v1, . . . ,vk−1,vk

�5�'.

(iv)�v,v1, . . . ,vk�5�'.K�3β, α1, . . . , αk∈R,

Ø��", ¦�

βv + α1v1 + · · · + αkvk = 0.

K β 6= 0. ÄK,·�k α1v1 + · · ·+αkvk = 0� α1, . . . , αk

Ø��". l
íÑ v1, . . . ,vk�5�', gñ. �

v = −(β−1α1)v − · · · − (β−1αk)vk.

13



2� v = λ1v1 + · · · + λkvk = µ1v1 + · · · + µkvk. Ù¥

λ1, . . . , λk, µ1, . . . , µk ∈ R. K

(λ1 − µ1)v1 + · · · + (λk − µk)vk = 0.

Ï� v1, . . . ,vk�5Ã', ¤± λ1 = µ1, . . .λk = µk.

_·Kd (iii)����. �

±eÚn´ïá�êVg�'�.

Ún 1.12 (�5|ÜÚn)� v1, . . . ,vk;w1, . . . ,w`´Rn

¥�ü|�þ. �é?¿ j ∈ {1, 2, . . . , `}, wj ´ v1, . . . ,

vk ��5|Ü. XJ ` > k, K w1, . . . ,w`�5�'.

y². �wj =
∑k

i=1 αi,jvi, Ù¥ αi,j ∈ R, j ∈ {1, 2, . . . , `}.
2� λ1, . . . , λ`´�½�¢ê. K

∑̀
j=1

λjwj =
∑̀
j=1

λj

(
k∑
i=1

αi,jvi

)
(1)

=
∑̀
j=1

k∑
i=1

(λjαi,j)vi (©�ÆÚ(ÜÆ) (2)

=

k∑
i=1

∑̀
j=1

(λjαi,j)vi (ÚÒp�) (3)

=

k∑
i=1

∑̀
j=1

λjαi,j

vi (©�Æ) (4)

14



�Ä± λ1, . . . , λ`���ê�àg�5�§|∑̀
j=1

λjαi,j = 0, i = 1, 2, . . . , k.

�â ` > kÚ1�Ù1�ùíØ 2.8 (ùÚíØ), þã�§

|k�") λ1, . . . , λ` ∈ R. d (4)��,
∑`

j=1 λjwj = 0.

�w1, . . . ,w`�5�'. �

~ 1.13 � u1, . . . ,um ∈ Rn. y²: XJ m > n, K

u1, . . . ,um�5�'.

y². d5) 1.6��, u1, . . . ,umÑ´ e1, . . . , en��5

|Ü. �â�5|ÜÚnÚb� m > n��, u1, . . . ,um

�5�'. �

~ 1.14 (�5|Ü�D45) ��þ u, v1, . . . , vk, w1,

. . . , w`3 Rn¥. XJ u´ v1, . . . ,vk ��5|Ü�z�

viÑ´w1, . . . ,w`��5|Ü, K u�´w1, . . . ,w`��

5|Ü.

y². �u =
∑k

i=1 αiviÚvi =
∑`

j=1 βi,jwj,Ù¥αi, βi,j∈R.
K u =

∑k
i=1 αi

(∑`
j=1 βi,jwj

)
=
∑`

j=1

(∑k
i=1 αiβi,j

)
wj.

� u´ w1, . . . ,w`��5|Ü. �

1.3 �I�m¥�f�m

½Â 1.15 � U ´ Rn¥���f8. XJé?¿ x,y∈U
Ú α ∈ R,

15



(i) (\{µ45) x + y ∈ U ,

(ii) (ê¦µ45) αx ∈ U .

K¡ U ´ Rn¥�f�m(subspace).

·K 1.16 � U ´ Rn¥���f8. Ke�·K�d.

(i) U ´f�m;

(ii) U ¥?¿ü��þ��5|ÜE3 U ¥;

(iii) é?¿ u1, . . . ,uk ∈ U , u1, . . . ,uk �?¿�5|Ü

Ñ3 U ¥.

y². “(i) =⇒ (ii)”� x,y´ U ¥?¿�ü��þ, α, β

´?¿ü�¢ê. XJ U ´f�m, K αx, βy ∈ U (ê

¦µ45). l
 αx + βy ∈ U (\{µ45). ��, �

αx + βy ∈ U . � α = β = 1��\{µ45, � β = 0�

�ê¦µ45. � U ´f�m.

“(ii) =⇒ (iii)”� k = 1, 2�, (ii)%¹ u1,u2 �¤k

�5|ÜÑ3 U ¥. � k > 2 �� U ¥?Û k − 1 �

�þ��5|ÜÑ3 U ¥. é?¿ α1, . . . , αk−1, αk ∈ R,

u1, . . . ,uk−1,uk ∈ U , ·�k

k∑
i=1

αiui =

(
k−1∑
i=1

αiui

)
+ αkuk ∈ U.

“(iii) =⇒ (i)”d�5|Ü�½Â���Ñ. �
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~ 1.17 � A ∈ Rm×n, ÙéA� n�àg�5�§|P

� H. �y sol(H)´ Rn¥�f�m.

y². �

v =


α1

...

αn

 , w =


β1

...

βn


´ H �ü�). K

α1
~A(1) + · · · + αn ~A

(n) = 0m, β1
~A(1) + · · · + βn ~A

(n) = 0m.

- λ, µ´ü�¢ê, u = λv + µw. K

u =


λα1 + µβ1

...

λα1 + µβn

 .




n∑
j=1

(λαj+µβj) ~A
(j) = λ

 n∑
j=1

αj ~A
(j)

+µ

 n∑
j=1

βj ~A
(j)

 = 0m.

� u ∈ sol(H). �â·K 1.16, sol(H)´f�m. �

·K 1.18 � Λ´���I8, é?¿ λ ∈ Λ, Uλ´ Rn¥

�f�m. K
⋂
λ∈ΛUλ�´f�m.

y². � v,w ∈
⋂
λ∈ΛUλ, α, β ∈ R. Ï� v,w ∈ Uλ, Ù¥

λ´ Λ¥?¿��,¤± αu+βv ∈ Uλ (·K 1.16). dd�
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�, αu + βv ∈
⋂
λ∈ΛUλ. �

⋂
λ∈ΛUλ´f�m(·K 1.16).

�

� S1, . . . , Sk ´ Rn���f8. ·�½Â S1, . . . , Sk

�Ú�

S1 + · · · + Sk := {v1 + · · · + vk|v1 ∈ S1, . . . ,vk ∈ Sk}.

·K 1.19 � U1, . . . , Uk´ Rn�f�m. K U1 + · · ·+Uk

�´f�m.

y². � x,y ∈
∑k

i=1Ui. K�3 ui,vi ∈ Ui, i = 1, 2, . . . , k,

¦� x =
∑k

i=1 uiÚ y =
∑k

i=1 vi. Ké?¿ α, β ∈ R,

αx + βy = α

(
k∑
i=1

ui

)
+ β

(
k∑
i=1

vi

)
=

k∑
i=1

(αui + βvi).

�â·K 1.16, αui + βvi ∈ Ui, i = 1, 2, . . . , k. ·���

αx + βy ∈
∑k

i=1Ui. �
∑k

i=1Ui´f�m. �

½Â 1.20 � v ∈ RnÚ U ´ Rn�f�m. K {v}+U {

P� v + U . ¡����56/.
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