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6.4 Ý
�¦{

·K 6.15 � ψ ∈ Hom(Rn,Rs), φ ∈ Hom(Rs,Rm). =

Rn Rs

Rm.

φ◦ψ

ψ

φ

K

φ ◦ ψ ∈ Hom(Rn,Rm).

y². � α, β ∈ R, x,y ∈ Rn. ·�O�

φ◦ψ(αx+βy) = φ(αψ(x)+βψ(y)) = αφ◦ψ(x)+βφ◦ψ(y). �

·�5í�þã ψ ◦ φ�Ý
. �d, 2� δ1, . . . , δs

´ Rs�IOÄ. � A ∈ Rm×s´ φ3 δ1, . . . , δs; ε1, . . . , εm

e�Ý
; B ∈ Rs×n´ ψ 3 e1, . . . , en; δ1, . . . , δse�Ý


. - A = (ai,k)m×sÚ B = (bk,j)s×n.

�C = (ci,j)m×n ∈ Rm×n´φ◦ψ3 e1, . . . , en; ε1, . . . , εm
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e�Ý
. ·�O�

C = (φ ◦ ψ(e1), . . . , φ ◦ ψ(en)) (Ý
L«�½Â)

=
(
φ( ~B(1)), . . . , φ( ~B(n))

)
(Ý
L«�½Â)

=

(
s∑

k=1

bk,1 ~A
(k), . . . ,

s∑
k=1

bk,n ~A
(k)

)
(�þ/ª)

=



∑s

k=1 bk,1a1,k
...∑s

k=1 bk,1am,k

 , . . . ,


∑s

k=1 bk,na1,k
...∑s

k=1 bk,nam,k


 (�I/ª)

=


∑s

k=1 bk,1a1,k · · ·
∑s

k=1 bk,na1,k
... . . . ...∑s

k=1 bk,1am,k · · ·
∑s

k=1 bk,nam,k


=

(
s∑

k=1

ai,kbk,j

)
m×n

.

�

ci,j =

s∑
k=1

ai,kbk,j, i = 1, 2, . . . ,m, j = 1, 2, . . . , n. (1)

½Â 6.16 � A = (ai,k)m×s ∈ Rm×s, B = (bk,j)s×n ∈ Rs×n.

K A Ú B �¦È C = (ci,j) ∈ Rm×n d (1) �Ñ, Ù¥

i = 1, . . . ,m, j = 1, . . . , n. ·�r C P� AB.

5) 6.17 � A = (ai,k)m×s ∈ Rm×s, B = (bk,j)s×n ∈ Rs×n.

¦È AB kØÓ��dLã�ªXe:
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(i) (N��) � φB : Rn −→ RsÚ φA : Rs −→ Rm©O

´ AÚ B éA��5N�. dþãO��� AB ´

�5N� φA ◦ φB éA�Ý
. =

φA ◦ φB = φAB.

(ii) (��þ�) �

v =


v1
...

vs

 =⇒ Av =

s∑
k=1

vk ~A
(k) =


∑s

k=1 a1,kvk
...∑s

k=1 am,kvk

 .

�

AB =
(
A~B(1), . . . , A ~B(n)

)
.

�yXe: �ªmý1 i11 j �?���´ A~B(j)

¥�1 i���. =
∑s

k=1 ai,kbk,j.

(iii) (1�þ�) �

w = (w1, . . . , ws) =⇒ wB =
∑s

k=1wk
~Bk

=
(∑s

k=1wkbk,1, . . . ,
∑s

k=1wkbk,n

)
.

�

AB =


~A1B
...

~AmB

 .

�yXe: �ªmý1 i11 j �?���´ ~Ai
~B

¥�1 j ���. =
∑s

k=1 ai,kbk,j.
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(iv) (1-��þ�) �µ

u = (u1, . . . , uk),v =


v1
...

vs

 =⇒ uv = u1v1+· · ·+usvs.

�

AB =


~A1
~B(1) · · · ~A1

~B(n)

... . . . ...

Am
~B(1) · · · ~Am

~B(n)

 =
(
~Ai
~B(j)
)
m×n

.

�yXe: �ªmý1 i11 j �?���´

~Ai
~B(j) = (ai,1, . . . , ai,s)


b1,j
...

bs,j

 =

s∑
k=1

ai,kbk,j.

~ 6.18 �

A =

1 2 3

4 5 6

 , B =


1 1 0

0 1 1

0 1 −1

 .

O� AB.

).

AB =

1 2 3

4 5 6



1 1 0

0 1 1

0 1 −1

 =

1 6 −1
4 15 −1

 .
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5¿� BAvk½Â.

~ 6.19 �

A =

1 0

0 0

 , B =

0 1

0 0

 .

O� AB Ú BA.

).

AB =

1 0

0 0

0 1

0 0

 =

0 1

0 0

 .




BA =

0 1

0 0

1 0

0 0

 =

0 0

0 0

 .

5¿� AB 6= BA.

~ 6.20 � A = (ai,j) ∈ Rm×n. y²:

diag(λ1, . . . , λm)A =


λ1 ~A1

...

λm ~Am


Ú

Adiag(λ1, . . . , λn) = (λ1 ~A
(1), . . . , λn ~A

(n)).

y². Ý
 B = diag(λ1, . . . , λm)A¥1 i11 j �?��

��u

(0, . . . , 0, λi, 0, . . . 0) ~A
(j) = λiai,j =⇒ ~Bi = λi ~Ai.
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Ý
 C = Adiag(λ1, . . . , λn)¥1 i11 j �?����u

~Ai



0
...

λj
...

0


= λjai,j =⇒ ~C(j) = λj ~A

(j).

þ~`² diagm(λ)A = Adiagn(λ) = λA. AO/,

OmA = AOn = Om×n Ú EmA = AEn = A.

Ý
�¦{��z{
·�é�5�§|Ú�5N��

L«. � A = (ai,j) ∈ Rm×n. Kàg�5�§|
a1,1x1 + · · · + a1,nxn = 0

...

am,1x1 + · · · + am,nxn = 0

Ø
�±���þ/ª
∑n

j=1 xj
~A(j) = 0m	, ��±��

¦{/ª

Ax = 0m,

Ù¥ x = (x1, . . . , xn)
t. aq/, � b ∈ Rm. K± (A|b)

�O2Ý
��5�§|, Ø
�±���þ/ª∑n
j=1 xj

~A(j) = b	, ��±��¦{/ª

Ax = b.
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� φ : Rn −→ Rm´�5N�, §3IOÄe�Ý


´ A ∈ Rm×n. Ké?¿ x ∈ Rn,

φ(x) = Ax.

·K 6.21 � A ∈ Rm×s, B ∈ Rs×k, C ∈ Rk×n. K

(AB)C = A(BC).

y². �Ä�5N�:

φA : Rs −→ Rm, φB : Rk −→ Rs, φC : Rn −→ Rk.

·�k��ã:

Rn Rk

Rs Rm.
φB◦φC=φBC

φC

φA◦φB=φAB
φB

φA

�â1�Ù1�ù½n 4.11, (φA◦φB)◦φC = φA◦(φB◦φC).
dÝ
¦{�½Â��

(φA ◦ φB) ◦ φC = φAB ◦ φC = φ(AB)C

Ú

φA ◦ (φB ◦ φC) = φA ◦ φBC = φA(BC).

u´, φ(AB)C=φA(BC). �âþ�ù½n 6.5, (AB)C=A(BC).

�
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·K 6.22 � A,B∈Rm×n, C∈Rn×k, D∈Rk×m, λ, µ∈R. K

(λA+µB)C = λ(AC)+µ(BC) Ú D(λA+µB) = λ(DA)+µ(DB).

y². �Ä�5N�:

φA : Rn −→ Rm, φB : Rn −→ Rm, φC : Rk −→ Rn.

�âþ�ù·K 6.10,

(λφA + µφB) ◦ φC = (λφA) ◦ φC + (µφB) ◦ φC.

= φ(λA+µB)C = φλAC+µBC . �âþ�ù½n 6.5,

(λA + µB)C = λ(AC) + µ(BC).

2�Ä�5N� φD : Rm −→ Rk. �âþ�ù·K

6.10,

φD ◦ (λφA + µφB) = λ(φD ◦ φA) + µ(φD ◦ φB).

= φD(λA+µB) = φλDA+µDB. �â½n ??,

D(λA + µB) = λ(DA) + µ(DB). �

·K 6.23 � A ∈ Rm×s, B ∈ Rs×n. K (AB)t = BtAt.

y². � A = (ai,k)m×s, B = (bk,j)s×n, C = (ci,j)m×n = AB.

2� At = (a′k,i)s×m Ú Bt = (b′j,k)n×s. K a′k,i = ai,k Ú

b′j,k = bk,j. -D = (dj,i)n×m = BtAt. ·�O�

dj,i =
s∑

k=1

b′j,ka
′
k,i =

s∑
k=1

ai,kbk,j = ci,j.
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� Ct = D. �

½n 6.24 � A ∈ Rm×s, B ∈ Rs×n. K

(i) rank(AB) ≤ min(rank(A), rank(B));

(ii) rank(A) + rank(B)− s ≤ rank(AB) (SylvesterØ�

ª).

y². �Ä�5N� φA : Rs −→ RmÚ φB : Rn −→ Rs.

·�ke���ã:

Rn Rs

Rm.
φAB=φA◦φB

φB

φA

(i) ��O��:

rank(AB) = dim(im(φAB)) (1�Ù1où·K 6.6 (i))

= dim(φA(im(φB)) (im(φAB) = φA(im(φB))

≤ dim(im(φB)) (1�Ù1où·K 5.17 (i))

= rank(B) (1�Ù1où·K 6.6 (i)).

aq/,

rank(AB) = dim(φA(im(φB)) (�þ¡�O�)

≤ dim(φA(Rs)) (im(φB) ⊂ Rs)

= dim(im(φA)) (φA(Rs) = im(φA))

= rank(A) (1�Ù1où·K 6.6 (i)).
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(i)¤á.

(ii)� v1, . . . ,vd´ ker(φA)∩ im(φB)��|Ä, u1, . . . ,

uk, v1, . . . , vd´ im(φB)��|Ä. K rank(B) = d + k.

äó. rank(AB) ≥ k.

äó�y². � α1φA(u1) + · · · + αkφA(uk) = 0m, Ù¥

α1, . . . , αk ∈ R. K φA(u) = 0m,Ù¥u = α1u1+· · ·+αkuk.
� u ∈ im(φB) ∩ ker(φA). u´, u ∈ 〈v1, . . . ,vd〉. Ï�
u1, . . . ,uk,v1, . . . ,vd �5Ã', ¤± α1 = · · · = αk = 0.

u´, φA(u1), . . . , φA(uk)´ im(φAB)¥��|�5Ã'�

þ. � dim(im(φAB)) ≥ k. l
, rank(AB) ≥ k. äó¤á.

déó½n(�5N��)��,

rank(A) = s− dim(ker(φA)) ≤ s− d.

u´

rank(B) + rank(A)− s ≤ d + k + s− d− s = k.

�âþãäó, (ii)¤á. �

5) 6.25 þãy²¥�äó�±\r� rank(AB) = k.

íØ 6.26 � A ∈ Rm×n, B ´ m�÷��
, C ´ n�

÷��
. K rank(A) = rank(BA) = rank(AC).

y². dþã½n�ü�Ø�ª��

rank(A)+rank(B)−m ≤ rank(BA) ≤ min(rank(B), rank(A)).
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Ï� rank(B) = m, ¤± rank(A) ≤ rank(BA) ≤ rank(A).

� rank(BA) = rank(A). ,���ª�±aq/y². �

7 �


¢êþ¤k�
�8ÜP�Mn(R).

7.1 Mn(R)þ�$�

éu?¿ A,B,C ∈ Mn(R), λ, µ ∈ R, ·�k

(A1) A +B = B + A;

(A2) (A +B) + C = A + (B + C);

(A3) A +O = A, Ù¥ O´ n�"Ý
;

(A4) A + (−A) = O.

(M1) (AB)C = A(BC);

(M2) AE = EA = A, Ù¥ E´ n�ü Ý
.

(S1) (λµ)A = λ(µA);

(S2) 1A = A.

(AM) A(B + C) = AB + AC; (A +B)C = AC +BC.
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(AS) (λ + µ)A = λA + µA; λ(A +B) = λA + λB.

(MS) (λA)(µB) = λ(A(µB)) = (λµ)(AB).

·�rMn(R)¡� Rþ� n�Ý
�ê.

PÒ. � k ∈ Z+, A ∈ Mn(R). �â¦{(ÜÆ, ·�½Â:

Ak := A · · ·A︸ ︷︷ ︸
k

.

d	 A0 := E. ����y AkA` = Ak+`Ú Ak` = (Ak)`.

~ 7.1 �A,B ∈ Mn(R). Ðm (A+B)2Ú (A+B)(A−B).

). (A + B)2 = (A + B)(A + B) = A2 + AB + BA + B2.

(A +B)(A−B) = A2 +BA− AB −B2.

�k� AB = BA�, ·�âk

(A+B)2 = A2+2AB+B2 Ú (A+B)(A−B) = A2−B2.

½Â 7.2 � A ∈ Mn(R). XJ At = A, K¡ A ´é¡

Ý
. XJ At = −A, K¡ A´�é¡Ý
. XJ�3

k ∈ Z+¦� Ak = O. K¡ A´�"Ý
. XJ A2 = A,

K¡ A´��Ý
.

5) 7.3 � A = (ai,j) ∈ Mn(R). K A é¡��=�

ai,j = aj,i, i, j ∈ {1, 2, . . . , n}. 
 A �é¡��=�
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ai.i = 0� ai,j = −aj,i, Ù¥ i, j ∈ {1, 2, . . . , n}� i 6= j. ·

�5�y'u�é¡�7�¿©^�Xe

A = −At ⇐⇒ A + At = O

⇐⇒ ai,j + aj,i = 0, i, j ∈ {1, 2, . . . , n}

⇐⇒ 2ai,i = 0, ai,j + aj,i = 0, i, j ∈ {1, 2, . . . , n}, i 6= j

⇐⇒ ai,i = 0, ai,j + aj,i = 0, i, j ∈ {1, 2, . . . , n}, i 6= j (2 6= 0).

~ 7.4 �

A =


0 1 0

0 0 1

0 0 0

 Ú B =


1 0 0

0 1 ‘0

0 9 0

 .

����y A´�"�Ú B ´���.

~ 7.5 � A = diag(λ1, . . . , λn). K Ak = diag(λk1, . . . , λ
k
n).

~ 7.6 �

A =

a c

0 b

 .

é?¿ n ∈ N, O� An.

). w,k A0 = E2Ú A1 = A. ·�O�

A2 =

a c

0 b

a c

0 b

 =

a2 c(a + b)

0 b2

 .
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Ú

A3 =

a2 c(a + b)

0 b2

a c

0 b

 =

a3 c(a2 + ab + b2)

0 b3

 .

e¡·�y²: � n > 0�,

An =

an cdn

0 bn

 ,

Ù¥ dn =
∑n−1

i=0 a
ibn−1−i.

� n = 1, 2, 3�(Ø¤á. � n > 3� n − 1�(Ø

¤á. K

An = An−1A =

an−1 cdn−1

0 bn−1

a c

0 b

 =

an can−1 + cbdn−1

0 bn

 .




can−1+cbdn−1 = c(an−1+b

n−2∑
i=0

aibn−2−i) = c

n−1∑
i=0

aibn−1−i = cdn.

(Ø¤á.

·��±�{'/r(J�¤:

An =

an ca
n−bn
a−b

0 bn

 , a 6= b, Ú An =

an ncan−1

0 an

 , a = b.

¯¢þ, ù��)
 n = 1��/.
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7.2 ��ØCþ�¥%�

d1�Ù1où~ 6.19 ��, é A,B ∈ Mn(R),
rank(AB) �UØ�u rank(BA). �ó�, �'uÝ


¦{Ø´��ØCþ.

½Â 7.7 � A = (ai,j) ∈ Mn(R). ·�¡
∑n

i=1 ai,i´ A�

, (trace). P� tr(A).

����y: é?¿ α, β ∈ R, A,B ∈ Mn(R),

tr(αA + βB) = αtr(A) + βtr(B).

·K 7.8 � A = (ai,j), B = (bi,j) ∈ Mn(R). K

tr(AB) = tr(BA).

y². � C = (cij) = ABÚD = (di,j) = BA. K

ci,i =

n∑
k=1

ai,kbk,i Ú di,i =

n∑
k=1

bi,kak,i.

u´,

tr(C) =
n∑
i=1

n∑
k=1

ai,kbk,i Ú tr(D) =

n∑
i=1

n∑
k=1

bi,kak,i.

� tr(C) = tr(D). �

~ 7.9 y²: é?¿ A,B ∈ Mn(R), AB −BA 6= E.

y². ·�O� tr(AB − BA) = tr(AB) − tr(BA) = 0 (·

K 7.8). � tr(E) = n > 0. � AB −BA 6= E. �
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½Â 7.10 � C ∈ Mn(R). XJé?¿ A ∈ Mn(R), ·�
k AC = CA. K¡ C ´¥%�.

½n 7.11 � C ∈ Mn(R). K C ´¥%���=� C ´

ê¦Ý
.

�
y²z�¥%�´ê¦Ý
, ·�I�eãÚn.

Ún 7.12 (�$óÚn) é?¿ i, j ∈ {1, . . . , k}, � E
(k)
i,j

´3 i1 j �?����u 1, 
Ù§��Ñ�u"� k

��
. Kéu A ∈ Rm×n,

E
(m)
i,j A =


O(i−1)×n

~Aj

O(m−i)×n

 Ú AE
(n)
i,j = (Om×(j−1), ~A

(i), Om×(n−j)).

y². �â��þ¦{úª, AE
(n)
i,j ¥Ø1 j�	Ñ´ 0n.


1 j�´ Aei= ~A
(i). �1���ª¤á. dd��

(E
(m)
i,j A)

t = AtE
(m)
j,i = (On×(i−1), ~A

t
j, On×(m−i)).

éþª2g=���

(E
(m)
i,j A) = (On×(i−1), ~A

t
j, On×(m−i))

t =


O(i−1)×n

~Aj

O(m−i)×n

 .

1���ª¤á. �
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½n 7.11 �y². � C = λE. Ké?¿ A ∈ Mn(R),
CA = λA� AC = λA. � CA = AC.

��, � C = (ci,j) ∈ Mn(R)´¥%�. é?¿ i, j ∈
{1, . . . , n}, E(n)

i,j C = CE
(n)
i,j . u´

O(i−1)×n

~Cj

O(n−i)×n

 = (On×(j−1), ~C
(i), On×(n−j)).

'��ªüýÝ
�1 i1��, � k 6= j �, cj,k = 0; �

k = j�, cj,j = ci,i. u´, C ´ê¦Ý
. �

7.3 �_�

½Â 7.13 � A ∈ Mn(R). XJ�3 B ∈ Mn(R) ¦�
AB = BA = E, K¡ A´�_Ý
. d�, B ¡� A�

��_Ý
.

½n 7.14 � A ∈ Mn(R). K A�_��=� A÷�.

y². � B ∈ Mn(R) ¦� AB = E. �â½n 6.24 (i),

rank(A) ≥ rank(E) = n. � rank(A) = n.

��, � A÷�. Ké?¿ b ∈ Rn, Ax = bk)(1

�Ù1nùíØ 4.3). � vj ´ �§| Ax = ej �),

j = 1, 2, . . . , n. - B = (v1, . . . ,vn). K

AB = (Av1, . . . , Avn) = (e1, . . . , en) = E.
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d1�Ù1nù~ 3.15, rank(At) = n. dþãy²���

3 C ∈ Mn(R)¦� AtC = E. � CtA = E (�1�Ù1o

ù·K 6.23). dd�Ñ, CtAB = B. l
,

Ct(AB) = CtE = Ct = B.

·��� BA = E. u´, A�_. �

5) 7.15 þã½n��±^�5N�y²Xe: XJ A

�_, K�3 B ∈ Mn(R) ¦� BA = AB = E. 5¿�

φA, φB Ñ´l Rn �g��N�. u´, φA ◦ φB = φE Ú

φB ◦ φA = φE. Ï� φE ´ðÓN�, ¤± φA ´V�. �

A÷�. (1�Ù1où·K 6.10 (iii)).

��, Ó��·K%¹ φA ´V�. d1Ô±��

K 4 ��, φ−1A ´�5N�. ��3 B ∈ Mn(R), ¦�
φ−1A = φB. ·��Ñ φA ◦ φB = φE Ú φB ◦ φA = φE. u´,

AB = BA = E.

íØ 7.16 Ý
 A∈Mn(R) �_��=��3 B∈Mn(R)
¦� AB = E ½ BA = E.

y². ù´Ï� AB = E½ BA = EÑ�íÑ A÷�. �

5) 7.17 þãíØ��±�â1�Ù1nùíØ 5.15

íÑ. ù´Ï� φA : Rn −→ Rn´ü���=�§´÷�

��=�§´V�.
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·K 7.18 � A ∈ Mm(R). XJ A�_, K�3���Ý


 B ∈ Mn(R)¦� AB = E ½ BA = E.

y². � B,C ∈ Mn(R)¦� AB = EÚ AC = E. dþã

íØ��, �3D ∈ Mn(R)¦�DA = E. �DAB = D.

l
 B = D. aqk C = D. ·��� B = C. ,��(

Øaq�y. �

dþãíØ��, �_Ý
�_´���. ·�r�

_Ý
 A�_Ý
P� A−1. �_Ý
�_���5��

±dV�_���5��íÑ(1�Ù1�ù·K 4.13).
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