
A^�ÉÚn�, e�úª´k^�. Ùy²´þ�

ùÚn 10.1�{üA^. Er Or×p

Oq×r Oq×p

 =

 Er

Oq×r

 (Er, Or×p). (1)

~ 10.6 (Ý
¦{©)) � A∈Rm×n� rank(A)=r>0. K

A = BC

Ù¥ B ∈ Rm×rÚ C ∈ Rr×n.

y². �â�ÉÚnÚ (1), �3m��_Ý
 P Ú n�

�_Ý
 Q¦�

PAQ =

 Er Or×(n−r)

O(m−r)×r O(m−r)×(n−r)

 =

 Er

O(m−r)×r

 (Er, Or×(n−r)).

u´,

A = P−1

 Er

O(m−r)×r


︸ ︷︷ ︸

B

(Er, Or×(n−r))Q
−1︸ ︷︷ ︸

C

.

10.2 Ý
��£Ø¤�ª

Ún 10.7 �Ý
M äk±eo«©¬/ª��A O

C B

 ,

A C

O B

 ,

C A

B O

 ,

O A

B C

 .

K rank(M) ≥ rank(A) + rank(B)�� C = O��Ò¤á.

1



y². ùo«/ª�±ÏL1�aÐ�C�Ú=�p�=

z. Ï�Ð�C�Ú=�ØUCÝ
��, ¤±Ø�b�

M =

A O

C B

 .

� A ∈ Rm×nÚ B ∈ Rk×`. � ~A(1), . . . , ~A(p)´ Vc(A)��

|Ä, ~B(1), . . . , ~B(q)´ Vc(B)��|Ä.

äó. ��þ ~M (1), . . . , ~M (p), ~M (n+1), . . . , ~M (n+q) �5Ã

'.

äó�y². � α1, . . . , αp, β1, . . . , βq ∈ R¦�

α1
~M (1)+ · · ·+αp ~M (p)+β1 ~M

(n+1)+ · · ·+βq ~M (n+q) = 0m+k.

K

α1

 ~A(1)

~C(1)

+· · ·+αp

 ~A(p)

~C(p)

+β1

 0m

~B(1)

+· · ·+βq

 0m

~B(q)

 =

0m

0k

 .

u´§α1
~A(1) + · · · + αp ~A

(p) = 0m. � α1 = · · · = αp = 0.

?
 β1 ~B
(n+1) + · · · + βq ~B

(n+q) = 0k. � β1 = · · · = βq = 0.

äó¤á.

däó��, rank(M) ≥ p + q = rank(A) + rank(B).

� C = Ok×n. � j ∈ {1, . . . , n}�,

~M (j) =

 ~A(j)

0k

 =⇒ ~M (j) ∈ 〈 ~M (1), . . . , ~M (p)〉.

2



aq/, � j ∈ {n + 1, . . . , n + `}�,

~M (j) ∈ 〈 ~M (n+1), . . . , ~M (n+q)〉.

�âäó, rank(M) = p + q = rank(A) + rank(B). �

íØ 10.8 �þãÚn¥ AÚ B ´�_�
, KM �´

�_�
.

y². � A ∈ Mm(R)Ú B ∈ Mn(R). KM ∈ Mm+n(R).
K rank(M) ≤ m + n (1�Ù1nù~ 3.10). dþãÚn,

rank(M) ≥ m + n. � rank(M) = m + n. u´, M �_(1

�Ù1Êù½n 7.14). �

~ 10.9 � A ∈ Rm×sÚ B ∈ Rs×n. y²

rank(AB) ≥ rank(A) + rank(B)− s.

y². ��y rank(AB) + s ≥ rank(A) + rank(B). �

M =

AB O

O Es

 ∈ R(m+s)×(n+s).

�âÚn 10.7, rank(M) = rank(AB) + s. ·�O�

N :=

Em A

O Es

M =

Em A

O Es

AB O

O Es

 =

AB A

O Es

 ,

3



P := N

En O

−B Es

 =

AB A

O Es

En O

−B Es

 =

 O A

−B Es

 .

Ï�Ý
¦{Ø�UO\�, ¤± rank(M) ≥ rank(P ).

dÚn 10.7�Ñ,

rank(M) ≥ rank(A) + rank(−B) = rank(A) + rank(B).

~ 10.10 (Sylvester�ª) � A∈Rm×n, B∈Rn×m. y²:

rank(Em + AB) + n = rank(En +BA) +m.

y². �

M =

Em + AB O

O En

 ∈ Mm+n(R).

·�O�

N :=

Em A

O En


︸ ︷︷ ︸

C1

M =

Em + AB A

O En

 ,

P := N

Em O

−B En


︸ ︷︷ ︸

C2

=

Em A

−B En

 ,

Q :=

Em O

B En


︸ ︷︷ ︸

C3

P =

Em A

O En +BA

 ,

4



R := Q

Em −A
O En


︸ ︷︷ ︸

C4

=

Em O

O En +BA

 .

5¿� C1, C2, C3, C4 ∈ Mm+n(R)�Ún 10.7%¹

rank(Ci) ≥ rank(Em) + rank(En) = m + n.

� C1, C2, C3, C4Ñ÷�. �â1�Ù1ÊùíØ 6.27,

rank(M) = rank(R).

2dÚn 10.7��,

rank(M) = rank(R) =⇒ rank(Em+AB)+n = rank(En+BA)+m.

10.3 Ý
�§¦)

~ 10.11 � A ∈ Rm×n, B ∈ Rm×k. 2�X ´ n× k��
��Ý
. ¦Ý
�§

AX = B (2)

�¤k).

). �â�ÉÚn, �3 m��_Ý
 P Ú n��_Ý


 Q¦�

PAQ =

 Er Or×(n−r)

O(m−r)×r O(m−r)×(n−r)

 .

5



u´, ��§�du

P−1

 Er Or×(n−r)

O(m−r)×r O(m−r)×(n−r)

Q−1X = B.

=  Er Or×(n−r)

O(m−r)×r O(m−r)×(n−r)

Q−1X = PB.

-

Q−1X = Y =

Y1
Y2

 ∈ Rn×k, P =

P1

P2

 ,

Ù¥ Y1 ∈ Rr×k, Y2 ∈ R(n−r)×k, P1 ∈ Rr×m, P2 ∈ R(m−r)×m.

K�§=C� Er Or×(n−r)

O(m−r)×r O(m−r)×(n−r)

Y1
Y2


=

 Y1

O(m−r)×k

 =

P1B

P2B

 .

u´, (2)k)��=� P2B=O(m−r)×k. �T^�¤á�,

X = Q

P1B

Y2

 ,

Ù¥ Y2 ∈ R(n−r)×k ´?¿Ý
. - Q = (Q1, Q2), Ù¥

6



Q1 ∈ Rn×r, Q2 ∈ Rn×(n−r). K

X = (Q1, Q2)

P1B

Y2

 = Q1P1B︸ ︷︷ ︸
A)

+ Q2Y2︸ ︷︷ ︸
àgÜ©Ï)

.

|^þ~¥�ÎÒÚþgùÂ5º 8.6, ·��±b��

_Ý
 P ÷v PA´�F.. K

PA =

P1

P2

A =

P1A

P2A

 =

 P1A

O(m−r)×n


� rank(P1A) = r. u´

P (A|B) =

 P1A P1B

O(m−r)×n P2B

 . (3)

ddÚþ~��, (2)k)��=�

P (A|B) =

 P1A P1B

O(m−r)×n O(m−r)×k.

 . (4)

·K 10.12 Ý
�§ (2)k)��=� rank(A) = rank(A,B).

y². |^þ¡~f�(J�� rank(A) = r. � (2)k).

K (4)¤á. �

rank(P (A,B)) = rank(P1A) = r = rank(A).

Ï� P �_, ¤± rank(A,B) = rank(A).

��, � rank(A,B) = rank(A) = r. d (3) ��,

P2B = O(m−r)×k. � (4)¤á. =Ý
�§ (2)k). �

7



1nÙ 1�ª

1 õ­�5�é¡¼ê

3�!¥, � e1, . . . , en´ Rn�IOÄ.

1.1 Rn þ�õ­�5¼ê

½Â 1.1 N�:

f : Rn × · · · × Rn︸ ︷︷ ︸
m

−→ R

(x1, . . . ,xm) 7→ f (x1, . . . ,xm)

¡� m­�5�, XJé?¿ k∈{1, 2, . . . ,m}, u,v∈Rn

Ú α, β ∈ R·�k

f (x1, . . . ,xk−1, αu + βv,xk+1, . . . ,xm)

= αf (x1, . . . ,xk−1,u,xk+1, . . . ,xm)

+ βf (x1, . . . ,xk−1,v,xk+1, . . . ,xm).

~ 1.2 �­�5¼êÒ´ Rnþ��5¼ê. �

α1 = f (e1), . . . , αn = f (en) ∈ R.

8



K

f : Rn −→ R
x1
...

xn

 7→ α1x1 + · · · + αnxn.

~ 1.3 �

f : R2 × R2 −→ R

(x,y) 7→ det

x1 y1

x2 y2

 ,

Ù¥

x =

x1
x2

 ,y =

y1
y2

 .

K f ´ R2þ��­�5¼ê.

�y. � α, β ∈ R,

u =

u1
u2

 ,v =

v1
v2

 ∈ R2.

9



K

f (αu + βv,y) = det

αu1 + βv1 y1

αu2 + βv2 y2


= (αu1 + βv1)y2 − (αu2 + βv2)y1

= α(u1y2 − u2y1) + β(v1y2 − v2y1)

= α det

u1 y1

u2 y2

 + β det

v1 y1

v2 y2


= αf (u,y) + βf (v,y).

aq/, ·���y f (x, αu + βv) = αf (x,u) + βf (x,v).

� f ´�­�5¼ê.

~ 1.4 � f ´ R2 þ��­�5¼ê, u,v,x,y ∈ R2,

α, β, λ, µ ∈ R. Ðm f (αu + βv, λx + µy).

). |^õ­�5O�:

f (αu + βv, λx + µy)

= αf (u, λx + µy) + βf (v, λx + µy) ('u1��C��5)

= α(λf (u,x) + µf (u,y)) + β(λf (v,x) + µf (v,y))

('u1��C��5)

= αλf (u,x) + αµf (u,y) + βλf (v,x) + βµf (v,y).

AO/

f (u + v,x + y) = f (u,x) + f (u,y) + f (v,x) + f (v,y)

10



Ú

f (αu, αx) = α2f (u,x).

Ún 1.5 � f ´ Rnþm­�5¼ê, k∈{1, . . . ,m}. K

f (x1, . . . ,xk−1,0,xk+1, . . . ,xm) = 0.

y². ·�O�

f (x1, . . . ,xk−1,0,xk+1, . . . ,xm)

= f (x1, . . . ,xk−1,0 + 0,xk+1, . . . ,xm)

= f (x1, . . . ,xk−1,0,xk+1, . . . ,xm) + f (x1, . . . ,xk−1,0,xk+1, . . . ,xm)

=⇒ f (x1, . . . ,xk−1,0,xk+1, . . . ,xm) = 0. �

-

f (ej1, ej2, . . . , ejm) = aj1,j2,...,jm, (5)

Ù¥ j1, j2, . . . , jm ∈ {1, 2, . . . , n}. ·�|^ù nm�¢ê

5O���m­�5¼ê�L�ª. 2�

xi =
n∑
j=1

xi,jej, i = 1, 2, . . . ,m.

11



K

f(x1,x2, . . . ,xm)

= f

(
n∑

j1=1

x1,j1ej1,
n∑

j2=1

x2,j2ej2, . . . ,
n∑

jm=1

xm,jmejm

)

=
n∑

j1=1

x1,j1f

(
ej1,

n∑
j2=1

x2,j2ej2, . . . ,
n∑

jm=1

xm,jmejm

)

=
n∑

j1=1

n∑
j2=1

x1,j1x2,j2f

(
ej1, ej2, . . . ,

n∑
jm=1

xm,jmejm

)
...

=
n∑

j1=1

n∑
j2=1

· · ·
n∑

jm=1

x1,j1x2,j2 · · ·xm,jmf (ej1, ej2, . . . , ejm)

�

f (x1,x2, . . . ,xm) =
n∑

j1=1

n∑
j2=1

· · ·
n∑

jm=1

aj1,j2,...,jmx1,j1x2,j2 · · · xm,jm.

(6)

1.2 Rn þ�õ­�é¡�5¼ê

½Â 1.6 N�:

f : Rn × · · · × Rn︸ ︷︷ ︸
m

−→ R

(x1, . . . ,xm) 7→ f (x1, . . . ,xm)

¡�m­�é¡�, XJé?¿ i, j ∈ {1, 2, . . . ,m},

f (x1, . . . ,xi−1,xi,xi+1, . . . ,xj−1,xj,xj+1, . . . ,xm)

= −f (x1, . . . ,xi−1,xj,xi+1, . . . ,xj−1,xi,xj+1, . . . ,xm).

12



~ 1.3¥��1�ª´ 2­�é¡�. ù´Ï�

det

x1 y1

x2 y2

 = − det

y1 x1

y2 x2

 .

Ún 1.7 � f´Rnþ�m­�é¡¼ê. XJx1, . . . ,xm

¥kü��þ��, K f (x1, . . . ,xm) = 0.

y². Ø�� x1 = x2 := u. Ï�

f (x1,x2,x3, . . . ,xm) = −f (x2,x1,x3, . . . ,xm),

¤±

f (u,u,x3, . . . ,xm) = −f (u,u,x3, . . . ,xm)

=⇒ 2f (u,u,x3, . . . ,xm) = 0.

Ï� 2 6= 0, ¤± f (u,u,x3, . . . ,xm) = 0. �

� f ´ Rnþ n­�é¡�5¼ê. ·�|^m = n

�úª (5)Ú (6)í� f �L�ª. dÚn 1.7, XJeI

j1, . . . , jn¥kü��Ó, K aj1,...,jn = 0. e j1, . . . , jnüü

ØÓ, Kù
eIéA����

σ =

 1 2 · · · n

j1 j2 · · · jn

 .

= (j1, . . . , jn) = (σ(1), . . . , σ(n)). 2�â (6), ·�k

f (x1,x2, . . . ,xn) =
∑
σ∈Sn

aσ(1),σ(2),...,σ(n)x1,σ(1)x2,σ(2) · · · xn,σ(n).

(7)

13



� w = f (e1, . . . , en). ·�5ïÄ wÚ aσ(1),...,σ(n)�

m�'X. �â (5),

aσ(1),...,σ(n) = f (eσ(1), . . . , eσ(n)).

e¡·�y²:

äó. aσ(1),...,σ(n) = εσw.

y². � σ = τ1 · · · τk, Ù¥ τ1, . . . , τk ´é�. XJ k = 1,

K�� σ = (i, j). u´,

aσ(1),...,σ(n) = f (e1, . . . , ei−1, ej,xi+1, . . . , ej−1, ei, ej+1, . . . , en)

= −f (e1, . . . , ei−1, ei, ei+1, . . . , ej−1, ej, ej+1, . . . , en)

= −w.

äó3 k = 1�¤á. � k>1�äóé k−1¤á. �Ä k

�. - π = τ2 · · · τk. K σ = τ1π. ·�k

aσ(1),...,σ(n) = f (eσ(1), . . . , eσ(n))

= f (eτ1π(1), . . . , eτ1π(n))

= −f (eπ(1), . . . , eπ(n))

= −επf (e1, . . . , en) (8Bb�)

= εσw.

äó¤á.

ddäóÚ (7)��

f (x1,x2, . . . ,xn) = w
∑
σ∈Sn

εσx1,σ(1)x2,σ(2) · · · xn,σ(n). (8)

14



u´,z�Rnþ� n­��5¼êÑäk/ª (8)�äk

þã/ª�¼ê7, n­��5, Ù¥ w��?¿¢ê.

2 1�ª�½ÂÚÄ�5�

½Â 2.1 1�ª¼ê:

det : Rn × · · · × Rn︸ ︷︷ ︸ −→ R

(x1, . . . ,xn) 7→
∑

σ∈Sn εσx1,σ(1) · · · xn,σ(n),

Ù¥

xj =


x1,j
...

xn,j

 , j = 1, 2, . . . , n.

d (8)��, det´ Rnþ� n­�5�é¡¼ê.

5) 2.2 �â (7)¥ w�½Â, det(e1, . . . , en) = 1.

½Â 2.3 � A = (ai,j) ∈ Mn(R). Ý
 A�1�ª´

det
(
~A(1), . . . , ~A(n)

)
. (¼ê�)

�d/,

det(A) =
∑
σ∈Sn

εσa1,σ(1) · · · an,σ(n). (Xê�) (9)

Ý
 A�1�ªP� det(A)½ |A|.

15



~ 2.4 �â5) 2.2,

det(En) = det(e1, . . . , en) = 1.

�âÚn 1.5,XJ�
A¥k���u",K det(A) = 0.

d¼ê��½Â��, det(A)´'u A��� n­�5�

¼ê. dd�Ñe�Ä�5�.

(L1) XJ ~A(j) = αv, Ù¥ α ∈ RÚ v ∈ Rn.

det(A) = α det
(
~A(1), . . . , ~A(j−1),v, ~A(j+1), . . . , ~A(n)

)
.

(L2) det(αA) = αn det(A).

(L3) � j ∈ {1, 2, . . . , n}� ~A(j) = u + v. K

det(A) = det
(
~A(1), . . . , ~A(j−1),u, ~A(j+1), . . . , ~A(n)

)
+ det

(
~A(1), . . . , ~A(j−1),v, ~A(j+1), . . . , ~A(n)

)
.

(L4) � j ∈ {1, 2, . . . , n}� ~A(j) =
∑m

k=1 αkvk,Ù¥ αi ∈ R
Ú vi ∈ Rn. K

det(A) =

m∑
k=1

αk det
(
~A(1), . . . , ~A(j−1),vk, ~A

(j+1), . . . , ~A(n)
)
.

3þã5�¥ (L1)Ú (L3)¤á´Ï�õ­�5¼ê'u

��C�´�5�. 5� (L4)´ (L1)Ú (L3)�íØ(^8
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B{����). 5� (L2)�±ÏL ng|^ (L1)�Ñ.

äNL§Xe

det(αA) = det(α ~A(1), α ~A(2), . . . , α ~A(n))

= α det( ~A(1), α ~A(2), . . . , α ~A(n)) (é1��^ (L1))

= α2 det( ~A(1), ~A(2), α ~A(3) . . . , α ~A(n)) (é1��^ (L1))

...

= αn det( ~A(1), ~A(2), . . . , ~A(n))

= αn det(A).

~ 2.5 y²: Dn = diag(λ1, . . . , λn)�1�ª�uλ1 · · ·λn.
y². ·�O�

det(Dn) = det(λ1e1, λ2e2, . . . , λnen)

= λ1 det(e1, λ2e2, . . . , λnen) (é1��^ (L1))

= λ1λ2 det(e1, e2, λ3e3 . . . , λnen) (é1��^ (L1))

...

= λ1 · · ·λn det(e1, e2, . . . , en) = λ1 · · ·λn.

|^1�ª¼ê´�é¡�Ú5� (L4), ·���:

(S1) ����
 A ¥üØÓ�� ����
 B, K

det(B) = − det(A).

(S2) XJ�
 A¥kü��Ó, K det(A) = 0;
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(S3) XJ A¥,�´Ù§���5|Ü, K det(A) = 0.

(S4) r A¥,����ª\�,��þ��Ý
 B, K

det(B) = det(A).

5� (S1)5g�é¡¼ê�½Â. 5� (S2)´Ún 1.7�

��íØ. 5� (S3)í�L§Xe: Ø��

~A(n) =

n−1∑
j=1

αj ~A
(j).

K

det(A) = det( ~A(1), ~A(2), . . . , ~A(n−1),

n−1∑
j=1

αj ~A
(j))

=

n−1∑
j=1

αj det( ~A
(1), ~A(2), . . . , ~A(n−1), ~A(j)) (é1 n�^ (L4))

= 0. (éÚª¥z�1�ª^ (S2))

5� (S4)�í�L§� (S3)aq. äNL§Xe, Ø��

B = ( ~A(1) + α ~A(2), ~A(2), . . . , ~A(n)),

18



Ù¥ α ∈ R. K

det(B) = det( ~A(1) + α ~A(2), ~A(2), . . . , ~A(n))

= det(A) + α det( ~A(2), ~A(2), . . . , ~A(n−1)) (é1��^ (L4))

= det(A). (é1��1�ª^ (S2))

~ 2.6 � A ∈ Mn(R). y²: AØ÷�%¹ det(A) = 0.

y². Ï� A Ø÷�, ¤± A ���þ�5�'. �,

���þ´Ù§���5|Ü(1�Ù1�ù·K 1.11

(iii)). d5� (S3)��, det(A) = 0.

~ 2.7 O� n�Ð�Ý
�1�ª.

). d5� (S1)��, det(F
(n)
i,j ) = −13 i 6= j �¤á. Ä

KÙ1�ª�u 1. d5� (S4) ��, det(F
(n)
i,j )(α) = 1.

d5� (L1)��, det(F
(n)
i (λ)) = λ.

e¡·�5ïÄXê��1�ª½Â.

~ 2.8 �

An =


a1,1 a1,2 · · · a1,n

a2,1 a2,2 · · · a2,n
... ... . . . ...

an,1 an,2 · · · an,n

 .
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K

det(A2) = εea1,e(1)a2,e(2) + ε(12)a1,(12)(1)a2,(12)(2)

= a1,1a2,2 − a1,2a2,1.

det(A3) = εea1,e(1)a2,e(2)a3,e(3) + ε(12)a1,(12)(1)a2,(12)(2)a3,(12)(3)

+ ε(13)a1,(13)(1)a2,(13)(2)a3,(13)(3) + ε(23)a1,(23)(1)a2,(23)(2)a3,(23)(3)

+ ε(123)a1,(123)(1)a2,(123)(2)a3,(123)(3)

+ ε(213)a1,(213)(1)a2,(213)(2)a3,(213)(3)

= a1,1a2,2a3,3 − a1,2a2,1a3,3
− a1,3a2,2a3,1 − a1,1a2,3a3,2
+ a1,2a2,3a3,1

+ a1,3a2,1a3,2.

·K 2.9 �

Tu =


u1,1 u1,2 u1,3 · · · u1,n

0 u2,2 u2,3 · · · u2,n
... ... ... . . . ...

0 0 0 · · · un,n


Ú

T` =


`1,1 0 0 · · · 0

`2,1 `2,2 0 · · · 0
... ... ... . . . ...

`n,1 `n,2 `n,3 · · · `n,n


20



K

det(Tu) = u1,1u2,2 · · ·un,n Ú det(T`) = `1,1`2,2 · · · `n,n.

y². ·�5y²þn��/, en��/aq.

� Tu = (ui,j)n×n. K� i < j�, ui,j = 0. 3 det(Tu)�

ÚªL« (9)¥���´

aσ = εσu1,σ(1) · · ·un,σ(n),

Ù¥ σ ∈ Sn. XJ�3,� i ∈ {1, 2, . . . , n},¦� i > σ(i),

K aσ = 0. u´, aσ 6= 0%¹ i ≤ σ(i)é¤k i = 1, 2 . . . , n

¤á. � σ7,´ðÓN�. ·���

det(Tu) = ae = εeu1,e(1) · · ·un,e(n) = u1,1 · · ·un,n. �

e¡·�ÏLÝ
=�rþ¡'u��5�í2�

1��/.

·K 2.10 � A ∈ Mn(R). K det(A) = det(At).

y². � A = (ai,j)n×n Ú At = (a′i,j)n×n. K a′i,j = aj,i,

i, j ∈ {1, 2, . . . , n}. �â (9),

det(At) =
∑
σ∈Sn

εσa
′
1,σ(1) · · · a′n,(n).

d=�½Â��,

det(At) =
∑
σ∈Sn

εσaσ(1),1 · · · aσ(n),n.
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TÚª�­��:

det(At) =
∑
σ∈Sn

εσaσ(1),σ−1σ(1) · · · aσ(n),σ−1σ(n).

Ï� {σ(1), . . . , σ(n)} = {1, 2, . . . , n}, ¤±

det(At) =
∑
σ∈Sn

εσa1,σ−1(1) · · · an,σ−1(n).

Ï� εσ = εσ−1, ¤±

det(At) =
∑
σ∈Sn

εσ−1a1,σ−1(1) · · · an,σ−1(n).

2Ï� Sn = {σ−1 |σ ∈ Sn}, ¤±

det(At) =
∑

σ−1∈Sn

εσ−1a1,σ−1(1) · · · an,σ−1(n).

�â (9), det(At) = det(A). �

þã·K%¹·��yL�5� (L1)� (L4)Ú (S1)

� (S4) ¥¤k��þÑ�±�¤1�þ. ~X5�:

“��Ý
üØÓ11�ªCÒ”, �±ÏL±e�{

�y. � B ´�� A �1 i 1Ú1 j 1���Ý
,

Ù¥ i 6= j. Kr At ¥1 i �Ú1 j �������

Ý
´ Bt. d5� (S1) �� det(Bt) = − det(At). 2�

â·K 2.10, det(B) = det(Bt) Ú det(A) = det(At). �

det(B) = − det(A).
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~ 2.11 � A ∈ M2n+1(R)�é¡. y²: det(A) = 0.

y². Ï� At = −A, ¤± det(A) = det(−A) (·K 2.10).

�â5� (L2),

det(−A) = (−1)2n+1 det(A) = − det(A).

u´, det(A) = − det(A). l
 det(A) = 0.

O�1�ª���Ä��{´ÏL1�Ú1�aÐ

�C�r�½�1�ªéA�Ý
z�þn�½en�

/Ý
, ,�|^·K 2.9O��½1�ª��. I�5

¿�´: A^�g1�aÐ�C�1�ª��¬CÒ(5

�(S1)); 
A^�g1�aÐ�C�1�ª��ØC(5

�(S4)). �|^1naÐ�C��, 1�ª�¦±·��

¢ê.

~ 2.12 O�Ý


A =


1 1 1 1

1 −1 1 1

1 1 −1 1

1 1 1 −1

 Ú B =


0 0 1

0 1 0

1 0 0


�1�ª��.
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y². |^1�aÐ�1C���

det(A) = det


1 1 1 1

0 −2 0 0

0 0 −2 0

0 0 0 −2

 = −8.

|^1�aÐ�1C���

det(B) = − det


1 0 0

0 1 0

0 0 1

 = −1.

~ 2.13 Ðm n�Ý


A =


a b b · · · b

b a b · · · b
... ... ... . . . ...

b b b · · · a


�1�ª.

). õgA^5� (S4)��

det(A) =


a + (n− 1)b b b · · · b

a + (n− 1)b a b · · · b
... ... ... . . . ...

a + (n− 1)b b b · · · a

 .
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�â5� (L1)�

det(A) = (a + (n− 1)b)


1 b b · · · b

1 a b · · · b
... ... ... . . . ...

1 b b · · · a

 .

2|^1�aÐ�1C�, ·�k

det(A) = (a+(n−1)b)



1 b b · · · b

0 a− b 0 · · · 0

0 0 a− b · · · 0
...

...
... . . . ...

0 0 0 · · · a− b


= (a+(n−1)b)(a−b)n−1.

½n 2.14 �A∈Mn(R). K det(A) 6=0��=� rank(A)=n.

y². �â~ 2.6, ·�k det(A) 6= 0 =⇒ rank(A) = n. �

�, � rank(A) = n. KÏL1�Ú1�aÐ�1C�, ·

��±r AC¤�F.(þn�)Ý


Tu =


u1,1 u1,2 u1,3 · · · u1,n

0 u2,2 u2,3 · · · u2,n
... ... ... . . . ...

0 0 0 · · · un,n

 .

u´, det(A) = ± det(Tu). �â1�Ù1�ùÚn 3.2,

rank(Tu) = n. ·�íÑ Tué��þ���Ñ�". �â

·K 2.9, det(Tu) 6= 0. l
 det(A) 6= 0. �
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íØ 2.15 � A∈Mn(R). K det(A) 6=0��=� A�_.

y². dþã½nÚ1�Ù1Êù½n 7.14����. �

~ 2.16 y²¢êþ�Ûê��é¡Ý
ÑØ�_.

y². d~ 2.11��, ?ÛÛê��é¡Ý
�1�ªÑ

�u". �âþãíØ, Ûê��é¡Ý
ÑØ�_.

3 1�ª�?�Ú5�

3.1 1�ªU�1(�)Ðm

½Â 3.1 � A ∈ Mn(R), i, j ∈ {1, 2, . . . , n}. �K A¥1

i1Ú1 j ���� (n− 1)��
�1�ª¡� A 'u

i 1Ú j ��(n − 1)�{fª(co-minor), P� Mi,j. 


Ai,j := (−1)i+jMi,j ¡� A'u i1Ú j ���ê{fª.

~ 3.2 �

A =


1 2 3

4 5 6

7 8 9

 .

K

M1,1 = det

5 6

8 9

 Ú A2,3 = (−1)2+3 det

1 2

7 8

 = −M2,3.
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½n 3.3 � A = (ai,j) ∈ Mn(R). Kéu?¿� i, j ∈
{1, 2, . . . , n},

det(A) =
n∑
k=1

ai,kAi,k︸ ︷︷ ︸
U�1Ðm

Ú det(A) =
n∑
k=1

ak,jAk,j︸ ︷︷ ︸
U��Ðm

.

y². äó 1. � A¥���1¥c (n− 1)���Ñ�u

". K det(A) = an,nAn,n.

äó 1�y². d1�ª�½Â��

det(A) =
∑
σ∈Sn

εσa1,σ(1) · · · an−1,σ(n−1)an,σ(n).

Ï�� n 6= σ(n)�, an,σ(n) = 0, ¤±

det(A) =
∑

σ∈Sn,σ(n)=n

εσa1,σ(1) · · · an−1,σ(n−1)an,n.

�

det(A) = an,n
∑

τ∈Sn−1

ετa1,τ(1) · · · an−1,τ(n−1) = an,nMn,n = an,nAn,n.

äó 1¤á.

äó 2. �A¥1 i1¥�k1 j����". K det(A) =

ai,jAi,j.

äó 2�y². rA¥1 i1� ~Ai+1, . . . , ~AnÅ�éN,,

�r¤�Ý
�1 j��1 (j + 1)��1 n�Å�éN,

27



·���Ý


B =



a1,1 · · · a1,j−1 a1,j+1 · · · a1,n a1,j
... . . . ... ... . . . ... ... ...

ai−1,1 · · · ai−1,j−1 ai−1,j+1 · · · ai−1,n ai−1,j

ai+1,1 · · · ai+1,j−1 ai+1,j+1 · · · ai+1,n ai+1j

... . . . ... ... . . . ... ...

an−1,1 · · · an−1,j−1 an−1,j+1 · · · an−1,n an−1,j

0 · · · 0 0 · · · 0 ai,j


.

däó 1, det(B) = ai,jMi,j. d1�ª5� (S1),

det(B) = (−1)n−i+n−j det(A) = (−1)i+j det(A) =⇒ det(A) = ai,jAi,j.

äó 2¤á.
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