T 51 B, A A A . a2 b —
PESIHE 10.1 B e EL R

Er Orx Er
"= (ET7O7”><p)- (1)
qur OqXp qur

5l 10.6 (4EMETEH ) 3% ACR™" B rank(A)=r>0. 1]
A=BC

H¥ BeR™ a2 C € R,
UEH]. ARIBITIR 532 A= (1), e m M E4E% P Fon O
EECE A= NOR &

Er OTX n—r ET
PAQ = ) - (Era Orx(n—r))-
O(m—r)xr O(m—'r)x(n—r) O(m—r)xr

10.2  FEMEFR (1) FX

5138 10.7 X4EE M BEA AT w3k X2 —

A O A C C A O A
¢ B)] \oB)] \Bo|] \BC/|]
M rank(M) > rank(A) 4+ rank(B) L% C = O W5 5 m %,

1



TEA . XU AR AT PUOE R 2 — SR A AN B H AN
. OS] S5AE RN 52 E AN DO R R IR, B LA B3

(gg).

W AeR™ M Be R AL AW B V(A) B
A B . BYW R V(B) H—4HE.

2. AR MO, M), MY A0 TG
xK.

B 9IEM. B .., B B € R BT

o MW .o osz(p) + B M 4 4 B, M MO*D =0, ..
Il

AWM Ap) 0,, 0, 0,
“ o) ey () o B ooty Bl | 0, '
F 2, o AD + ~-+ozpff(p— Eﬁ(ozl:---:ozp:().
PET BB -+ B, B0 =0, # By = =5, =0.
W 5 AL

H W & AT %1, rank(M) > p + g = rank(A) + rank(B).
&CZO]{;X”. \_i/lj c {1,...,71} Hﬂ',

" A "y . .
MY — — MU ¢ <M(1>, - _7M(p)>.
0y

2



K, 5 e {fn+1,...,n+ 0},

—

MY e <M(n+1) M(n+q)>.

g e e ey

RYEWTF, rank(M) = p+ g = rank(A) + rank(B). O

HEIL 10.8 X LRG| P Afe B AT 7% W M 42
wT1% 7 %

EH. WA € M,(R) A B € M,(R). W M € M,,.,(R).
W rank(M) < m +n (38 _FH =M 3.10). 1 EiR5[HE,
rank(M) > m +n. # rank(M) = m +n. T7&, M 0 (25
“EHNPFER 7.14). O

5 10.9 &% A e R™* 4= B € R™". W]
rank(AB) > rank(A) + rank(B) —

UEM. R ZAE rank(AB) + s > rank(A) + rank(B). &

M = AB O c R(m—l—s)x(n—{—s).
O FE;

HRAEF| 32 10.7, rank(M) = rank(AB) + s. &A1+ H

)2



(5 ) () (5 2) (1 2)
—B E O E, —B E —B Ej
] A 4B % 3R & IS 7T g 3§ Am k) BT VA rank(M) > rank(P).
W3 10.71F 4,

rank(M) > rank(A) + rank(—B) = rank(A) + rank(B).
5l 10.10 (Sylvester 3 X)) & A€R™ " BeR"™ ™, {L#]:

rank(E,, + AB) +n = rank(E, + BA) + m.

WERH. 3%
E,+AB O
O E,
AV H
E, A E,+AB A
N = M = :
O FE, O E,




E, —A E,, O
R =@ = :
O F, O FE,+ BA

\ >4

[

ERp=Edl Ch,Cy,C5,C4 € Mm+n(R) H A3 10.7

Het

I
rank(C;) > rank(E,,) + rank(E,) = m + n.
% Oy, Cy, Cs, Cy AR, ARIEH —F F bt 6.27,
rank(M) = rank(R).
BHEIE 10.7 7 %,

rank(M) = rank(R) = rank(E,,,+AB)+n = rank(E,+BA)+m.

10.3 ZEFEFHIEKAR

5] 10.11 X AeR™" BeR™F* BiZ X £ nxkUrty
R LasE k. K I AL

AX =B (2)

a9 BT A R
i, WMAEAITRINE, GLE MG TELESE P Fon U T 4E
% Q 1# 15

Er Orx n—r
PAQ = (=)
O(m—r) X7 O(m—r) X (n—r)

5



TA, RARFNT

P_1 Er Orx(n—r) Q_lX _B
O(m—r)xr O(m—r)x(n—r)
Bp
Er Or n—r
<)) o-lx = PB.
O(m—r)xr O(m—r)x(n—r)
Z\?\
Y, P
Q—lX:Y: 1 ERnXk,P: 1 :
Y5 P,

—}t“:'j Y] € RTXk,Yé c R(H_T)Xk,Pl c RTXm7P2 c R(m—r)Xm'
W] 75 AL 5% E Ay
E, Orx(n—r) Y1
O(m—r)xr O(m—r)x(n—r) Y,
Y, P B

O(m—r)xk PQB
TR, (2) AMEBRE PB=0(_)xp,. ZZFEMHRZE,

P B
X=0Q ,
Y,

Kot Y, € RO RAERLE. A Q = (Q1,Qu), b



Ql c Rnxr, Q2 c Rnx(n—r). D]’J

X =(Q1,Q>) o = Q1P B+ QY-
— 1, Y2 Y2 — 141 \\2/_%

TR F R F o8 R
A b5 b A5 0 B SO RE 8.6, FRATT AT DU s v)
WHEFE P e PA R RRZ.

Pl PlA PlA
P2 PQA O(m—r)xn

H rank(PA) =r. T/

PA  PB
P(A|B) = ( : : ) (3)
O(m—r)xn B
HHEAN EBIAT %, (2) A g HACY
pap = M P
O(m—r)xn O(m—r)xk;-

PRl 10.12 #6742 (2) A M HAX Y rank(A) = rank(A, B).

BB . FH BT S5 R AT A rank(A) = . W (2) AR
I (4) BSOL.

rank(P (A, B)) = rank(P;A) = r = rank(A).

K4 P alili) LA rank(A, B) = rank(A).
x 2., W rank(A, B) = rank(A) = r. H (3) A] A,
PQB - O(m—r)xk E& (4) E&j EU%E%%%% (2) ﬁﬁﬁ ]

7



F=F 175X

Iml

1 ZEZMERTIRE
AT, Wer,... e, R RIFFHEDE

1.1 R" FRZEZMERH
ENX 1.1 w4t
f: R“x-;xRﬁ — R
(xl,.i,xm) = F(X1y . Xom)

AR m BN, X EE ke{l,2,...,m}, u,veR"
Fra,8 € R KMNA

f(X1, . X1, a0+ BV, Xpi1, -5 X))
= af(X1, o X1, Uy Xpa 1, - - -5 X))
+ Bf(X1y ooy X1, Vy Xt 1y - -+ 5 X )

i 1.2 —F&MLHHMAE R LR HEHE. X

@1:f(el)7°-°7an:f(en)€R'



)

o
= o+
In
5l 1.3 &
f: RZxR? — R
(x,y) +— det
H
g
X = 7y _—
)

W f R R? ey —F &SR3
BiE. X o, 8 € R,

+ Ty,

1 Y

o Yo



)

auy + By 91)

flau+ Bv,y) = det (
auy + fvg Yo
= (auy + Bur)ys — (cug + Bo)y,

= @(ulyg — qu1) + 5(U1y2 - U2?Jl)

U v
—adet [ v + B det Lo
Uz Y2 V2 Y2

=af(w,y)+B8f(v,y)
M, ZAVTIRIE f(x, au+ Bv) = af(x,u) + Bf(x,V).
W fREARMHE.
5l 1.4 % fF AR L8 —_F & B HH, uv,xy € R
o, B\ p € R. BT flau+ By, Ax + piy).
k. AR S E&RMHE:
flou+ Bv, Ax + py)
=af(u, \Xx+py) + Bf (v, x+ uy) (XFTHF—ANETLERME)
= a(Af(u,x)+pf(a,y)) +BAf(v,x)+pf(v,y))
(% F % A% T8
=alf(u,x) +apf(u,y) + BAf(v,x) + Buf(v,y).
4 7 o,
fla+v,x+y)=flu,x)+ f(wy)+ f(v.x) + f(v,y)
10



flau, ax) = o f(u, x).
I3 1.5 & f AR Em T&MEHE, ke{l,...,m}.
(X1, Xp1,0, X1, - - X)) = 0.
IERA . AT

f(Xh ceey X1, Oaxk‘—l-l) S 7Xm)

= f(x1,.. ., X;-1,0+ 0, Xp11,...,Xp)

:f(X17°'°7Xk—1707xk‘+17'°'7xm)+f(X17"'7Xk—1707Xk‘+17"'

— f(x1,.. ., Xp-1,0,Xp11, ..., X)) = 0. O

é\

f(ejlv €y - - 7ejm) = gy jo,....im> (5)

H g, 90,000 dm € {1,2,...,n}. RATRHIX n™ 522
KU EH— m BLMERBRIEA, Hik

n
X; = E L€, z:1,2,...,m.
j=1

11



1l

f(X17X27' . '7Xm)

n n n \

=F (D v, > maei > Tmje,
J1=1 Jo=1 Jm=1
n n n

= E 1, f | e E T2,),€5y, -+ E T €
Jji=1 Jo=1 Jm=1

n n n \

- E : § :xl,jle,ij ej17ej27 Tt § :xmajmejm
Ji=1ja=1 Jm=1

n n n
- § : E : § :x17j1x2,j2”'xm7jmf (ej17ej27"'7ejm)

j1:1j2:1 j?nzl

W

f(X17 X27 c E E E a]l?]Q? 7]TTL£E17]1$27.72 e

Ji1=1jo=1 Jm=1

1.2 R" ERZERIITHRE M R 2

EX 1.6 B4
f:R'x---xR" — R

N
m

(X1, X)) = f(Xy, e X)

AR A m ERFRN, R EZF 5 € {1,2,...,m},

f(Xla ceey K1y Xy X1y v v vy Xjo1, Xy Xjg 15 - - 7XTn)

- _f(X17 vy X1y Xy Xijp 1y -0y X1, Xy X1,y - 7Xm)-

12



B 1.3 1 ZBr a7 71 A2 2 ERDRRE. X2 RN

det o = —det Jr .
T2 Y2 Yo To
IR 1.7 X f AR L& m TRFARZ[H. X x,...,x,

FABANGEAF, N f(x,...,x,) =0.
1EER. AR x; = x5 :=u. AN

f(x1,X9,X3, ..., Xpm) = —f(Xo, X1, X3, ..., Xp),
BT LA
fla,u,xs3,...,%,) = —f(u,u,X3,...,Xy)
— 2f(u,u,x3,...,%X;,) =0

K240, bl f(u,u,x3,...,%,) =0. O

W f 2R En BRIXTRREHERE. RATFH m =n
a3 (5) M (6) #ES f BRA. HEIE 17, iR R
Ty dn PAMANMEEL, Woay, o =0 51,..., 7, M

.....

ANTR], TSR B X B A B

1 2 ... n
0- - . . . :
Ju J2  Jn
B0 (j1y ooy gn) = (0(1), ..., o(n)). FEARYE (6), FATH
f(X1,X0,...,X,) = Z Ao (1),0(2),...,0(n)L1,0(1)L2,0(2) " " * Tn,o(n)-

ogES)
(7)

13



"Lﬁ w = f(el, Cee en)- ﬁiﬂ‘]ﬂéﬁ%% w ;FD Ay (1)
[A) ) 5< & ARFE (5),

.....

H‘fﬁ_‘%‘ Qg (1),...,
W, Wo=m- 7 7, e R k=1,
A% o = (1,7). T4,

Ao (1),....,0(n) = f(eh 2 €i-1,€5, X1, .-, €51, €4, €541, . en)
— _f(ela e €i-1,€4,€i41, ... ,€j-1,€, €541, . . ., en)
= —w.

Wi k=1 WHRor. ¥ k>1 HWr S %t k—1 /or. ZiE k
. &r=mn 1. Wo=mnr BATE

— e fler,....en) (ALNER)

= €,W
Wr S BT
H L = A0 (7) ml A0
f(x1,X9,...,X —wZeaazla 1T2.0(2) " Tnom)-  (8)
oceSy

14



T, B R ER) n ERAEREE R AN (8) HAHR
BRI R BRI n ERHENE, Horb w AT HUE RS

2 ITHINHE X FIER %R

ENX 2.1 177 XF -

det: R" x--- xR" — R

(Xl, e ,Xn) — ZO’ESn 60371,0(1) e 'xn,a(n)a
£ P
L1,
X; = , J=12,...,n
Ln,j

1 (8) T4, det & R™ L) n BLRMERIXSFREREL.
ERR 2.2 AR (7) F w 892 L, det(ey,...,e,) = 1.
EX 2.3 8 A=(a;;) € M,(R). 2% A 691753~

mx(Aﬁhu.ﬂﬂm). (% 3
F,

det(A) = > €oiip(1) o). (REM)  (9)

oeSy

SEIE A R94TF) KT A det(A) & |A.

15



5 2.4 ARIEIEME 2.2,
det(E,) = det(eq,...,e,) = 1.
ARAEZIIL 1.5, R T AP R =5 T &, N det(A) = 0.

Fh B O 5 SCRT 20, det(A) 256 T A [0 n LG HER)
BRKL EH AR R A A

(L1) it AV = av, o e R filv € R,

—

det(A) = avdet (ff(l), L AURD v AURD ff(”)> :

(L2) det(aA) = a" det(A).

(L3) % je{1,2,....,n} H AUV =u+v. M

— - —

d@t(A) = det (14)(1)7 R A(J_l), u, A(]+1) cee fi)(m)

—

+ det (A<1>, L AUTY g AU fT(”)) .

(L4) e {1,2,...,n} HAD =7 oapvy, Ha; €R
5FD vV, € R™. I)_J.”

— .

det(A) = 3 et (AU, KUY, v AU A0
k=1

fE ERPEF  (L1) A1 (L3) o2 oy 2 Bt B+
— AR TCRLMER. PR (L4) 2 (L1) A (L3) By (H A

16



gNVE BN, P (L2) A] BLES n A A (L1) 15 H.
HARS R

—

det(ad) = det(a AW, aA?) .. aA™)
= adet(AW, aA® A (W E—FIH (L1))
= a2 det(AM, A® o A® oA™Y (W F A (L))

—

— " det(AM, 4@ A0
= " det(A).

) 2.5 3L D, = diag(\, ..., \,) BATRIXEF N -\,
UERH. AT HE

det(D,,) = det(A1e1, Agea, ..., \ney)
= /\1 det(el, )\262, ceey )\nen) ( 1—5—)%""5'] (Ll))
= >\1)\2 det(el, €9, )\383 ceey )\nen) ( j‘ﬂ% -——5'] (Ll))

= M- Andet(er, e, ... ) = A1 A
FIAATH R ECE RO PRI AT (L4), FRATIS 2.

(S1) VI HTTRE A WH AR B AL B A5 207 FF B, W
det(B) = —det(A).

(S2) ansRTTIE A P P HUAERE, T det(A) = 0;
17



(53) Wik A hESZHEHHLIEH S, W det(A4) = 0.

(54) 8 A R — AN 2] 5 — 5] ES2E B,
det(B) = det(A).

PR (S1) ok B RS R B € . PR (S2) 251 EE 1.7 (1Y
B PR (S3) AR T AN

n—1
=Y 0, A0
j=1
|
n—1
det(A) = det(AD, A2 A0=D 5 o A0)
j=1
—1
— Z det(A AP AU (6 HIH (14))
o

— 0. (RIS EAMTAIRA (52))

PR (S4) B SRR S (S3) R0 BRI, AYiix

B = (A0 4 o A® 40 W)

18



HrfraeR N

—

det(B) = det(AV + oA AR AW
— det(A) + adet(A®, AZ) APy (BB (14))
= det(A). (M ZAMTHIFAH (52))

5 2.6 % A€ M,(R). iL#: A Rk 284 det(A) = 0.
EFR. AA ARk, ML ABTAEERME KE
MG ERELCHIGARRAL(F _FFH— e 1.11
(iii)). WPER (53) 7T %=, det(A) = 0.

B 2.7 #+H n M mF LT 7] X

it WS (S1) The, det(F)) = —1 i #jHARE. &
MAFFXEF 1. R (54) T4, det(F))(a) = 1.
W (L1) T4, det(F™ (V) = A.

N HERATIRAE T AR ER AT 513 X

5 2.8 %
(&1,1 Q12 - afl,n\
A = a1 Q22 -+ Q2pn
\an,l Ap2 - afn,n)

19



)

det(AQ) = €01 ¢(1)A2,¢(2) T €(12)A1,(12)(1)02,(12)(2)

— 11022 — 1202 1.

det(A3) = €eQ] ¢(1)2,6(2)A3,¢(3) T €(12)A1,(12)(1)@2,(12)(2)A3,(12)(3)
T €(13)01,(13)(1) 32,(13)(2) @3,(13)(3) T €(23)81,(23)(1) 32,(23)(2) 33,(23)(3)
T €(123)01,(123)(1)@2,(123)(2) 43,(123)(3)
T €(213)@1,(213)(1)A2,(213)(2) @3,(213) (3)
— 1,1422033 — 412021033
— 13022031 — 41,102,303 2
+ 01,202,303 1

+ 41302103 2.

RR 2.9 %
(U1,1 U2 U3 - - U1,n\
T — 0 ugo uUggz -+ Uy
\0 0 0 - unn}
Fo
(6 0 0 0\
by ¥ 0 0
T, — 21 {22




]

det(Tu) = UL 1U22 """ Upn 71{“:' det(Tg) = 61’162’2 <. En,n-
. FAPRIEN E=/15E, T =M1FERLL
R IR (9) P — T

Qg = €gUL o(1) " " " Un,o(n),

Hpoes, MRGFEEN e {1,2,...,n}, 13 > 0(i),
Ma, =0. T a, 208 F i <o) MFIEi=1,2...,n
FROL. T o SRR B[R, FRATI1E 2

det(Tu) = Qe = €Uy e(1) """ Une(n) = ULL """ Unpn- [

N PAN I8 AR R A BT B Ok T A Bk e HE) 2
IS IE.

el 2.10 % A € M, (R). R det(A) = det(A?).

. WA = (ai))nxn M A = (@5 ;) nxn- ul aj = i,
i,7€{1,2,...,n}. W (9),

det(A") = Z €0l (1) """ Ay (n)-

oES)
%% B AT,
det(A") = €ntip(1)1* * Go(n) -
ocESy

21



ZAMA ] =Y.

det(At) - Z Coly(1),0-10(1) " " Ao(n),o~to(n):

oeSy

KN {o(1),...,0(n)} ={1,2,...,n}, BTEA

det(At) - Z Coly o=1(1) """ Upo=1(n)

ocES)

KA €, = €,-1, FTEA

det(At) = Z eg_1a1’0_1(1) s an’(,_l(n).

oceSy

HENS, = {0 ocS,), Fibk

det(A") = > em1a,m10) - Gy gi(n)-

o~les,

R (9), det(AY) = det(A). O

b v A 2 FRATT AR R A P R (L) 21 (L4) A1 (S1)
B (S4) o B A e &S AT LR BAT )L 9 dn Ak
AT AR R AN R AT AT A AR S, mT LB L 5 A
WAE. W B a2 A B AT AT 45 B B FE P,
Horpg # 5.0 M A HRES G BIRTER 5 3122 # J5 43 21 10
FiRE A B H PR (S1) AT AN det(BY) = — det(A"). FAR
P A A 210, det(B) = det(B') fl det(A) = det(A4!). &
det(B) = — det(A).

22



B 2.11 & A € My, (R) #H3F AR, SEBA: det(A) = 0.
ER. B A A" = —A, FTVA det(A) = det(—A) (44 2.10).
HABER (L2),

det(—A) = (=1)*" det(A) = — det(A).
T A&, det(A) = —det(A). A det(A) = 0.

THEAT I — AN AT B I B — A5 3R )
FA WAL 25 e BIAT B H O N R FERE AL Y B =AM et =
FERERE, SR Ja R i il 2.9 TR 25 2 17 I AWHE. /& 227
B MR RMIERSAT I AR E 225 (T
JF(S1)); TR A — IR 8 ) S5 AR AT A1 AR AN AR (1
J5i(S4)). A28 =3I AR b, 47 41 U EEfe DL = 1)

5] 2.12 FH451%

11 1 1
/ \ )0
1 -1 1 1
A= A B=1010
11 -1 1
100
\1 R
8473 X A91H.

23



T AR % = £ 7 E BT

det(A) = det = —8.

5] 2.13 BEFF n MrsEM%E

(a bbb

bab- - Db

b oo o

B9 47 5] K.
. % kBRI (S)) T

(a+(n—1)bbb - b)

det(A) = ¢TI Db

\a+(mn—1bbb - af

24



RAEM R (L) #%

(165 b)
det(A) = (a + (n — 1)b) 1” b .
\1 b b a
BARS —EmFITTI, KNA
(1 b b b))
0O a—b 0 --- 0
det(A) = (a+(n=1)0) [0 0 a—0b --- 0O = (a+(n—1)b)(a—0b)"
U

EIE 2.14 % AeM,(R). ¥ det(A)#£0 % HAXH rank(A)=n.

IERA. RIER 2.6, AT det(A) #0 = rank(A) =n.
Z, W rank(A) = n. WSS — M5 Z2RW) AT AR #R, IR
IR A A AR R BR RS (| = A1) FE R

(Um U2 Ur3 - - U1,n\

0 wugp w23 --+ Uy,

K 0 0 0 o
T2, det(A) = +det(T,). RIEHE ZFH ol H 3.2,
rank(T,) = n. ATHEH T, X AL EROTRAEE. RiE
il 2.9, det(T,) # 0. MM det(A) # 0. O

25
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L 2.15 X AeM,(R). W] det(A)#£0 H BAXH A 1%,
IR, BRSSO e 714 BRI A O

5l 2.16 FEBF 5 F &G I BN R AR 4E AR S 7T 12
UERH. B B] 2.11 ¥ %m, AEAT 3 R & 33 ARFE 5 89 4T 3] X AR
FTR. ARE LR RS R FE3FARSE AR TS VT 12

3 1THIAHH—DMER
3.1 fTIRB—1T (O RH

EX 3.1 % AeM,[R),ije{l,2,....n}. £ AFH
AT A F TR (n— 1) B Reg TR XArh A X T
i AT A § ZV8(n — 1) Br &R+ 3 (co-minor), A M, ;.
Aij= (1) M ; #&A A XT i 474 j 7168937

5 3.2 &
123
A=1456
789
l



{1,2,...,n},

n n
det(A) =) ajpdAip Ao det(A) = ap ;A
=l _ =l _
Be— TR Be— PR

ER. TS 1 W ARG ATHET (n — 1) DITERESE T
272:' U‘\U det(A) — an,nAn,n-
b5 1 89E . HAT ST RE SCAT R

det(A) = Z €ol1 (1) " " An—1,0(n—1)An,o(n)-

ocESy

y\ji—/l n 7é O'(?’L) HTJ‘; An,o(n) = 0, Fﬁu

det(A) = Z €ol10(1) """ An—1,0(n—1)Anmn-

c€Sy,0(n)=n
L
det(A) = dnn Z €rQ1r(1) """ An-1,7(n-1) — an,nMn,n — an,nAn,n-
TES,_1
5 1 BAL.
b2 2. B AE AT LA jATTRIEE. M det(A) =
CLZ'J'AZ'J.

BrE 2693E . I AHRE 1T Ay, ..., A, B, R
JETEFTEHEEREE § S 55E (5 + 1) 12 5 n FIEAN G,

27



A5G B

/ a1

B=|ay, -

\ 0

aj—11 """

an—l,l . e

ay,5—-1 ai,j+1

Ai—145-1 Aj—15+1 °°°

Ai+1,j—-1 Qit1+1 * "

ap—1,—-1 An—14+1 - °°

0 0

Aln Al \

Ai—1n Qi—15

Qi+1n  Qitlj

Qp—1n Ap—1;

0 Qj j )

W E 1, det(B) = a; jM; ;. HATHIESR (S1),

det(B) = (—1)" "7 det(A) =

W= 2 BT

28

(—1>i+j det(A) = det(A) = CLZ'JAZ'J'.



