
1�Ù �m�/ª

9 ¢�g.

3�!¥, V ´ Rþ� n��5�m.

9.1 .5½n

½n 9.1 (Sylvester) � q ´ V þ��g.. K�3 q �

�|5�Ä e1, . . . , en¦�3TÄe q�Ý
�
Ek O O

O −E` O

O O O


� k + ` = rank(q). ?
, XJ q 3,�|5�Äe�Ý


´ 
Es O O

O −Et O

O O O


K k = sÚ t = `.

y². � r = rank(q). dþ�!íØ 7.179Ùy²��,

�3 q��|Ä¦� q3TÄe�Ý
´

A = diag(λ1, . . . , λr, 0, . . . , 0),
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Ù¥ r = rank(q), λ1, . . . , λr ∈ R \ {0}. ·�N�Ä.¥�
��^S, ·��?�Ú�

λ1, . . . , λk ∈ R+, λk+1, . . . , λk+` ∈ R−, � k + ` = r.

- P � n��_Ý


diag
(

(
√
λ1)
−1, . . . , (

√
λk)
−1, (

√
−λk+1)

−1, . . . , (
√
−λk+`)−1, 1, . . . , 1

)
.

K

P tAP =


Ek O O

O −E` O

O O O

 .

� e1, . . . , enÚ ε1, . . . , εn´ü| q�5�Ä, ¤éA�Ý


©O´

B =


Ek O O

O −E` O

O O O

 Ú C =


Es O O

O −Et O

O O O

 .

� x = x1e1 + · · · + xnen = y1ε1 + · · · + ynε. K

q(x) = x21+· · ·+x2k−x2k+1−· · ·−x2r = y21+· · ·+y2s−y2s+1−· · ·−y2r .

b� k > s. K ` < t. ù´Ï� k + ` = s + t = r. -

U = 〈e1, . . . , ek〉, W = 〈εs+1, . . . , εn〉. K

dim(U∩W ) = dim(U)+dim(W )−dim(U+W ) ≥ k+n−s−n = k−s > 0.
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u´d�"�þ v ∈ U ∩W . d U ÚW �)¤���,�

3 α1, . . . , αk ∈ R,Ø��", Ú βs+1, . . . , βn ∈ R ¦�

v = α1e1 + · · · + αkek = βs+1εs+1 + · · · + βnεn.

u´

q(v) = α2
1 + · · ·+α2

k > 0 � q(v) = −β2
s+1−· · ·−β2

r ≤ 0.

gñ. �

|^þã½n¥�PÒ, ·�kXe½Â.

½Â 9.2 ¡ k ´ q ��.5�ê, `´ q �K.5�ê,

(k, `)´ q�\¶.

þã½n�Ý
�Xe.

íØ 9.3 � A ∈ SMn(R). K�3 k, ` ∈ N¦�

A ∼c


Ek O O

O −E` O

O O O


� k + ` = rank(q). ?
, XJ

A ∼c


Es O O

O −Et O

O O O


K k = sÚ t = `.
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|^þãíØ¥�PÒ, ·�dXe½Â.

½Â 9.4 ¡ k´ A��.5�ê, `´ A�K.5�ê,

(k, `)´ A�\¶.

íØ 9.5 � A,B ∈ SMn(R). K A ∼c B ��=� AÚ B

k�Ó�\¶.

y². � A�\¶´ (k, `), B�\¶´ (s, t).

XJ A ∼c B, Kd∼c�D4ÆÚé¡Æ�Ñ

A ∼c


Ek O O

O −E` O

O O O

 =⇒ B ∼c


Ek O O

O −E` O

O O O

 .

�âíØ 9.3, (k, `)�´ B�\¶.

��§� (k, `) = (s, t). K

A ∼c


Ek O O

O −E` O

O O O

 Ú B ∼c


Ek O O

O −E` O

O O O

 .

Ï�∼c´�d'X, ¤± A ∼c B. �

~ 9.6 �

q : Mn(R) −→ R
A 7→ tr(A2).
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y² q´�g.¿¦Ù\¶.

y². � A = (ai,j). K

q(A) = tr(A2) =

n∑
i=1

n∑
j=1

ai,jaj,i =

n∑
i=1

a2i,i +
∑

1≤i<j≤n
2ai,jaj,i.

u´, q´�g.. �Ä�_�IC�

zi,i = ai,i, i = 1, 2, . . . , n, Ú ai,j = zi,j+zj,i, aj,i = zi,j−zj,i,

Ù¥ i, j ∈ {1, 2, . . . , n}, i 6= j. K

q =

n∑
i=1

z2i,i +
∑

1≤i<j≤n
2(z2i,j − z2j,i).

u´, q��.5�ê´

n(n + 1)

2


K.5�ê´
n(n− 1)

2
.

l
 q�\¶� (
n(n + 1)

2
,
n(n− 1)

2

)

9.2 £�¤�½�g.

½Â 9.7 � q´ V þ��g..
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(i) XJéu?¿ x ∈ V , q(x) ≥ 0, K¡ q ´��½�

(semi-positive definite);

(ii) XJéu?¿ x ∈ V \ {0}, q(x) > 0, K¡ q´�½

� (positive definite);

(iii) XJéu?¿ x ∈ V , q(x) ≤ 0, K¡ q ´�K½�

(semi-negative definite);

(iv) XJéu?¿ x ∈ V \ {0}, q(x) < 0, K¡ q´K½

� (negative definite);

(v) XJ q QØ´��½�Ø´�K½�, K¡ q ´Ø

½� (indefinite).

� A ∈ SMn(R), qA ´ Rn þ3IOÄeÝ
� A��g

.. XJ qA ´��½(�½�, �K½�, K½�, Ø½

�), K¡A´��½(�½�,�K½�,K½�,Ø½�).

·K 9.8 � dim(V ) = n� q´ V þ��g.. §�\¶

´ (k, `).

(i) q´��½���=� ` = 0;

(ii) q´�½���=� k = n;

(iii) q´�K½���=� k = 0;
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(iv) q´K½���=� ` = n;

(v) q´Ø½���=� k > 0� ` > 0.

y². � q35�Ä e1, . . . , ene�5�.´

q(x) = x21 + · · · + x2k − x2k+1 − · · · − x2k+`,

Ù¥ x = x1e1 + · · · + xnen´ V ¥�?¿�þ.

(i)e ` = 0,K q(x) = x21 + · · ·+x2k ≥ 0. = q��½. ��,

b� ` > 0. - x = ek+1. K q(x) = −1 < 0. gñ. � ` = 0.

(ii) e k = n, K q(x) = x21 + · · · + x2n. u´, � x 6= 0�,

q(x) > 0, = q �½. ��, b� k < n. - x = en. K

q(en) = 0. u´ qØ´�½�. gñ.

(iii) � (i)aq.

(iv) � (ii)aq.

(v) üØ (i), (iii)�/=�. �

5) 9.9 ��½, �½, �K½, K½ÚØ½�g.©O

ke�5�.

x21+· · ·+x2k, x21+· · ·+x2n, −x21−· · ·−x2` , −x21−· · ·−x2n,

Ú

x21 + · · · + x2k − x2k+1 − · · · − x2k+`,

3���5�.¥ k > 0, ` > 0.
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aq/, ·�k

·K 9.10 � A ∈ SMn(R). §�\¶´ (k, `).

(i) A´��½���=� ` = 0;

(ii) A´�½���=� k = n;

(iii) A´�K½���=� k = 0;

(iv) A´K½���=� ` = n;

(v) A´Ø½���=� k > 0� ` > 0.

~ 9.11 y² (a) ∈ M1(R)´�½���=� a > 0. �½

A =

1 2

2 1


´Ø´�½�.

y². Ý
 (a)éA Rþ��g. q(x) = ax2. 
 q �½

��=� a > 0.

|^1���C�½ Jacobiúª��

A ∼c

1 0

0 −3

 =⇒ A�\¶´ (1, 1).

u´ A´Ø½�.
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~ 9.12 � p, q ∈ Q(V )´��½�. y² p + q �´��

½�; eþã p, q¥�k��´�½�, K p+ q�´�½

�.

y². � p, q ´��½�. Ké?¿� x ∈ V , p(x) ≥ 0,

q(x) ≥ 0. u´

(p + q)(x) = p(x) + q(x) ≥ 0.

2� p´�½�. Kéu?¿� x ∈ V \ {0}, p(x) > 0.

u´

(p + q)(x) = p(x) + q(x) > 0. �

aq/�y²e�(Ø.

5) 9.13 � A,B ∈ SMn(R)´��½�, K A + B �´

��½�; ?�Ú� A,B¥�k��´�½�, K A +B

�´�½�.

� q ∈ Q(V ). ½Â

Cq = {v ∈ V | q(v) = 0}.

¡ Cq� q(½�I¡(cone).

~ 9.14 � q ∈ Q(V ). y² Cq ´ V �f�m��=� q

´��½½�K½�.

y². � q�\¶´ (k, `).
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� Cq ´ V ¥�f�m. XJ k > 0 � ` > 0. �

â.5½n q 3 V �,|Ä e1, . . . , ek, ek+1, . . . , en e�

5�.´ q(x) = x21 + · · · + x2k − x2k+1 + · · · + x2k+`, Ù

¥ x = x1e1 + · · · + xkek + xk+1ek+1 + · · · + xnen. u´

q(ek + ek+1) = 1− 1 = 0� q(ek − ek+1) = 0. dd��

ek+ek+1, ek−ek+1 ∈ Cq =⇒ 2ek ∈ Cq =⇒ q(2ek) = 0 =⇒ 4 = 0.

gñ. u´ k = 0½ ` = 0. = q´�K½½��½�.

��, Ø�� q´��½�. �â.5½n q3 V �

,|Ä e1, . . . , ek, ek+1, . . . , ene�5�.´

q(x) = x21 + · · · + x2k.

� U = 〈ek+1, . . . , en〉. K U ⊂ Cq. � v = v1e1 + · · · +
vnen ∈ Cq. K

q(v) = v21 + · · · + v2k = 0.

Ï� v1, . . . , vk ∈ R, ¤± v1 = · · · = vk = 0. u´

v = vk+1ek+1 + · · · + vnen ∈ U,

= Cq ⊂ U . nþ¤ã, U = Cq. �

9.3 £�¤�½Ý
��d^�

¢ê����Ä�5�´µ� x1, . . . , xn ∈ R. K

x21+ · · ·+x2n ≥ 0; x21+ · · ·+x2n = 0 =⇒ x1 = · · · = xn = 0.
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ù�5��Ý
�Xe: �

x =


x1
...

xn

 ∈ Rn, xtx ≥ 0; xtx = 0 =⇒ x = 0.

Ún 9.15 � A ∈ Rm×n. K AtA ∈ SMn(R), ��½�

rank(AtA) = rank(A).

y². O� (AtA)t = At(At)t = AtA�Ñ AtA ∈ SMn(R).

� x = (x1, . . . , xn)t ∈ Rn, y = Ax ∈ Rm. K

xt(AtA)x = yty ≥ 0.

� AtA��½.

� U, V ´©O´± AÚ AtA�Xê�àg�5�§

|�)�m. K U ⊂ V . ��, � x ∈ V . K

AtAx = 0n ∈ Rn.

u´, yty = 0. dd�Ñ y = 0m ∈ Rm, = x ∈ U . dd�

Ñ U = V . AO/, dim(U) = dim(V ). d�§|��éó

½n, rank(A) = rank(AtA). �

½n 9.16 � A ∈ SMn(R). K

(i) A��½��=��3 B ∈ Mn(R)¦� A = BtB.

(ii) A�½��=��3 B ∈ GLn(R)¦� A = BtB.
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y². (i) � A ��½. KdÝ
��.5½n�3

P ∈ GLn(R)¦�

P tAP =

Er O

O O

 ,

Ù¥ r = rank(A), �´ A��.5�ê. u´

A =
(
P−1

)tEr O

O O

P−1 =
(
P−1

)tEr O

O O

Er O

O O

P−1︸ ︷︷ ︸
B

= BtB.

��, �âÚn 9.15, A = BtB´��½�.

(ii)�A�½. KdÝ
��.5½n�3P∈GLn(R)

¦� P tAP = En. u´, A =
(
P−1

)t
P−1. ��, �âÚn

9.15, A = BtB´��½�. Ï� B�_, ¤± A÷�. u

´, A��.5�ê�u n. �

~ 9.17 � A´�½Ý
. y² det(A)>0� A−1��½.

y². dþã½n (ii), A = P tP , Ù¥ P ∈ GLn(R). K

det(A) = det(P )2 > 0, �

A−1 = (P tP )−1 = P−1
(
P t
)−1

= P−1
(
P−1

)t
.

2dþã½n (ii), A−1�½. �

½n 9.18 � A ∈ SMn(R). � ∆k ´ A� k �^SÌf

ª, k = 1, 2, . . . , n. Ke�·K�d.
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(i) A�½;

(ii) A�?Û k�ÌfªÑ�u";

(iii) ∆1 > 0, . . . , ∆n > 0.

y². (i) =⇒ (ii)�B´dA¥1 i1, . . . , ik1Ú i1, . . . , ik

��¤�fÝ
. Ù¥ 1 ≤ i1 < · · · < ik ≤ n. -

x ∈ Rn, é?¿ j ∈ {1, 2, . . . , n} \ {i1, i2, . . . , ik}, 1 j �

�I�u", 1 i` ��I�u xi`, ` = 1, 2, . . . , k. 2-

y = (xi1, . . . , xik)
t. b� y 6= 0k. K x 6= 0n. u´

0 < xtAx = ytBy.

d y�?¿5��, B�½. �âþ~, det(B) > 0.

(ii) =⇒ (iii) w,.

(iii) =⇒ (i) d Jacobiúª,

A ∼c diag

(
∆1

∆0
,

∆2

∆1
, . . . ,

∆n

∆n−1

)
,

Ù¥ ∆0 = 1. u´ AÜÓu��é�Ý
, Ùé��þ�

��Ñ´�¢ê. u´ A��.5�ê�u n. �

~ 9.19 �

A =


λ −1 1

−1 λ −1

1 −1 λ


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¯ λ�Û�� A´�½�, A´K½�?

). A�n�^SÌfª©O´

∆1 = λ, ∆2 = det

 λ −1

−1 λ

 = λ2−1, ∆3 = det(A) = (λ−1)2(λ+2).

A�½��=� ∆1 > 0, ∆2 > 0� ∆3 > 0. = λ > 1.

AK½��=� −A�½. 
 −A�n�Ìfª´

Ω1 = −λ, Ω2 = λ2− 1, Ω3 = det(A) = −(λ− 1)2(λ+ 2).

AK½��=� Ω1 > 0, Ω2 > 0� Ω3 > 0. = λ < −2.
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