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~ 9.19 �

A =


λ −1 1

−1 λ −1

1 −1 λ


¯ λ�Û�� A´�½�, A´K½�?

). A�n�^SÌfª©O´

∆1 = λ, ∆2 = det

 λ −1

−1 λ

 = λ2−1, ∆3 = det(A) = (λ−1)2(λ+2).

A�½��=� ∆1 > 0, ∆2 > 0� ∆3 > 0. = λ > 1.

AK½��=� −A�½. 
 −A�n�Ìfª´

Ω1 = −λ, Ω2 = λ2− 1, Ω3 = det(A) = −(λ− 1)2(λ+ 2).

AK½��=� Ω1 > 0, Ω2 > 0� Ω3 > 0. = λ < −2.

~ 9.20 � A ∈ SMn(R)�½. y² det(A)Ø�u A�é

��þ���È.

y². � A = (ai,j). é n8B. � n = 1�, A = (a1,1). u

´ det(A) = a1,1. (Ø¤á. � n > 1� n − 1�(Ø¤

á. r A©¬�

A =

An−1 v

vt an,n

 .
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d½n ?? (i) =⇒ (ii) �y²��, An−1 �½. u´

det(An−1) ≤ a1,1 · · · an−1,n−1. -

P =

 En−1 −A−1n−1v
O1×(n−1) 1

 .

K

P tAP =

 An−1 O(n−1)×1

O1×(n−1) an,n − vtA−1n−1v︸ ︷︷ ︸
α

 .

Ï� det(P ) = 1, ¤±þªü>�1�ª�

det(A) = det(An−1)(an,n − α).

Ï� An−1 �½, ¤± A−1n−1 �½(�~ ??). u´ α ≥ 0.

dþªÚ8Bb��

det(A) ≤ a1,1 · · · an−1,n−1an,n. �

~ 9.21 (Hadamard Ø�ª) � A ∈ Mn(R). y²:

| det(A)| ≤

√√√√ n∏
i=1

n∑
j=1

a2i,j Ú | det(A)| ≤

√√√√ n∏
i=1

n∑
j=1

a2j,i.

y². Ø�� A ∈ GLn(R). -M = AtA. d½n ?? (ii)

��M �½. �M = (mi,j). Kdþ~��

det(M) ≤ m1,1 · · ·mn,n.

2



5¿�

mi,i =

n∑
j=1

a2j,i.

¤±

det(A)2 = det(M) ≤
n∏
i=1

mi,i =

n∏
i=1

n∑
j=1

a2j,i.

ddy²
1��Ø�ª. -M = AAt. ·��±y²

1��Ø�ª. �

10 �g­�Ú­¡���©a

10.1 ��C�

3��!¥, F ´?¿��, V ´� F þ��5�m.

½Â 10.1 � φ : V −→ V ´�5(g)Ó�, v ∈ V ´��
�½��þ. N�

ρ : V −→ V

x 7→ φ(x) + v

¡� V þ��d φÚ v½Â���C� (affine transfor-

mation), Ù¥ v¡� ρ�²£�þ.

� φ´ðÓN�´, ρ¡�²£C� (translation).
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·K 10.2 (i) � ρ1, ρ2´ V þü���C�. K ρ2 ◦ ρ1
�´��C�.

(ii) ��C��_§�Ù_�´��C�.

y². (i) � ρid�5Ó� φiÚ²£�þ vi½Â, i = 1, 2.

2� x ∈ V . K

ρ2◦ρ1(x) = ρ2(φ1(x)+v1) = φ2(φ1(x)+v1)+v2 = φ2◦φ1(x)+φ2(v1)+v2.

u´ ρ2 ◦ ρ1´d�5Ó� φ2 ◦ φ1Ú²£�þ φ2(v1) + v2

½Â���C�.

(ii) � ρ´d�5Ó� φÚ²£�þ v½Â���C

�. �â (i)�y², ·�- σ´d φ−1Ú −φ−1(v)½Â�

��C�. é?¿� x ∈ V ,

σ◦ρ(x)=σ(φ(x)+v)=φ−1(φ(x)+v)−φ−1(v)=x+φ−1(v)−φ−1(v)=x.

aq/,

ρ◦σ(x)=ρ(φ−1(x)−φ−1(v))=φ(φ−1(x)−φ−1(v))+v=x−v+v=x.

u´, ρ−1 = σ. �

5) 10.3 þã·K`² V þ�¤k��C�'u ◦�
¤+.
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~ 10.4 3ù�~f¥·�ïÄ Rn þ���C�. 3I

OÄe Rn¥z��þ´d n��I���þ, z��5

Ó�éA������_Ý
. u´��C� ρ�±äN

�L«�

ρ : Rn −→ Rn


x1
...

xn

 7→ A


x1
...

xn

 +


v1
...

vn


Ù¥ A ∈ GLn(R), v1, . . . , vn´�½�¢ê.

�Ä¼ê f (x1, . . . , xn) : Rn −→ R. 3�È©¥·�

²~�CþO�r f C�,�«/ª. CþO�´��l

Rn� Rn��_N�

T : Rn −→ Rn


x1
...

xn

 7→


y1(x1, . . . , xn)

...

yn(x1, . . . , xn)

 .

��C�´�«AÏ�CþO�. |^CþO�z{¼ê
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�±^e���ã�*/L«

Rn Rn

R,

g

T

f

Ù¥ g = f◦T (x1, . . . , xn) = f (y1(x1, . . . , xn), . . . , yn(x1, . . . , xn)).

·�é¼ê g��£�±ÏLÓ� f = g ◦ T−1=��¤
'u f ��£. �,·��UI�²LõgC�O�âU

��8�. d���ãL«�

Rn Rn

R.

g

T1◦···◦Tk

f

Ún 10.5 � p ∈ R[x1, . . . , xn]�gê�u 2, Ùà 2gÜ

©P� h2. r pw¤l Rn� R�¼ê, h2w¤�A��

g.. K�3 Rnþ���C� ρ¦�

p ◦ ρ : Rn −→ R

x =


x1
...

xn

 7→
x21 + · · · + x2k − x2k+1 − · · · − x2k+`
−λxk+`+1 − µ,

Ù¥ (k, `)´ h2�\¶, λ ∈ {0, 1}� µ ∈ R.
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y². � p = h2 + h1 + h0´ p�\{©). K

p(x) = xtAx + h1(x) + h0,

Ù¥ A ∈ SMn(R). d.5½n(Ý
�)��, �3 P ∈
GLn(R)¦�

P tAP =


Ek O O

O −E` O

O O O

 (1)

. � ρ1 : Rn −→ Rndúª ρ1(x) = Px�Ñ. K

p ◦ ρ1(x) = xtP tAPx + h1(Px) + h0
(1)
= x21 + · · · + x2k − x2k+1 − · · · − x2k+`
+ 2α1x1 + · · · + 2αnxn + h0,

Ù¥ α1, . . . , αn ∈ R. ÏL���

p ◦ ρ1(x) = (x1 + α1)
2 + · · · + (xk + αk)

2

− (xk+1 − αk+1)
2 − · · · − (xk+` − αk+`)2

+ 2αk+`+1xk+`+1 + · · · + 2αnxn + ξ,
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Ù¥ ξ ∈ R. �Ä²£C�

ρ2 : Rn −→ Rn

x1
...

xk

xk+1

...

xk+`

xx+`+1

...

xn



7→



x1 − α1

...

xk − αk
xk+1 + αk+1

...

xk+` + αk+`

xx+`+1

...

xn



.

K

p ◦ ρ1 ◦ ρ2(x) = x21 + · · · + x2k − x2k+1 − · · · − x2k+`
+ 2αk+`+1xk+`+1 + · · · + 2αnxn + ξ.

�/ 1. � 2αk+`+1xk+`+1 + · · ·+ 2αnxn = 0�,- λ = 0Ú

µ = −ξ=�.

�/ 2. � 2αk+`+1xk+`+1 + · · · + 2αnxn 6= 0�, �3 j ∈
{k + ` + 1, k + ` + 2, . . . , n} ¦� αj 6= 0. � m = n −
(k + `). �Ä�� m��_�
 B, Ù¥ B �1�1´

(−2αk+`+1, . . . ,−2αn), Ù§1¥����k��´ 1ÚÙ

§Ñ´ 0. AO/, 1 j����½´". ù���_Ý
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w,�3. u´

C =

Ek+` O

O B


´ n ��_Ý
. K Cx ¥�1 k + ` + 1 ��I�u

−2αk+`+1xk+`+1 − · · · − 2αnxn. - ρ3 : Rn −→ Rndúª

ρ3(x) = C−1x�Ñ. K

p◦ρ1◦ρ2◦ρ3(x) = x21+· · ·+x2k−x2k+1−· · ·−x2k+`−xk+`+1+ξ.

(2)

- λ = 1Ú µ = −ξ=�. (þª���O��yL§�5

º 10.6). �

5) 10.6 �ª (2)�äN�yL§Xe. � y = ρ3(x),

Ù¥ y = (y1, . . . , yn)t. K

p ◦ ρ1 ◦ ρ2(y) = y21 + · · · + y2k − y2k+1 − · · · − y2k+`
+ 2αk+`+1yk+`+1 + · · · + 2αnyn + ξ.

5¿�d ρ3�½Â��:
y1
...

yk+`

 = Ek+`


x1
...

xk+`

 Ú


yk+`+1

...

yn

 = B−1


xk+`+1

...

xn

 .
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u´

p ◦ ρ1 ◦ ρ2(x) = x21 + · · · + x2k − x2k+1 − · · · − x2k+`

+ (2αk+`+1, . . . , 2αn)B−1


xk+`+1

...

xn

 + ξ

= x21 + · · · + x2k − x2k+1 − · · · − x2k+`

− ~B1B
−1


xk+`+1

...

xn

 + ξ

= x21 + · · · + x2k − x2k+1 − · · · − x2k+`

− (1, 0, . . . , 0︸ ︷︷ ︸
n−k−`−1

)


xk+`+1

...

xn

 + ξ

= x21 + · · · + x2k − x2k+1 − · · · − x2k+` − xk+`+1 + ξ.

�y�..

½n 10.7 1 � p ∈ R[x1, . . . , xn]�gê�u 2, Ùà 2g

Ü©P� h2. r pw¤l Rn� R�¼ê, h2w¤�A�

�g.. � r = rank(h2)Ú k´ h2��.5�ê. K�3

1��dA|71�ò191��íØ.
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Rnþ���C� ρ¦�

p ◦ ρ : Rn −→ R

x =


x1
...

xn

 7→ x21 + · · · + x2k − x2k+1 − · · · − x2r − µ,

Ù¥ µ ∈ R; ½�3 Rnþ���C� ρ¦�

p ◦ ρ : Rn −→ R

x =


x1
...

xn

 7→ x21 + · · · + x2k − x2k+1 − · · · − x2r − xr+1

� r < n.

y². 5¿� h2�K.5�ê�u r − k. �Ún 10.5¥

λ = 0�, ·���1��¼ê. ÄK λ = 1. ·��Ä²

£ xi 7→ xi, i ∈ {1, 2, . . . , n} \ {r + 1}, xr+1 7→ xr+1 − µ=
�. �

10.2 �g­�Ú�g­¡©a

� p ∈ R[x1, . . . , xn]. ½Â

Sp = {(α1, . . . , αn)t ∈ Rn | p(α1, . . . , αn) = 0}
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¡�d p½Â��­¡. � deg(p) = 2�, Sp¡��g�

­¡, R2¥��g�­¡¡��g­�, R3¥��g�

­¡¡��g­¡.

� deg(p) = 2, p�à�gÜ©�u q, q ���u r,

\¶´ (k, `). K r > 0� k + ` = r.

Äk�Ä�g­� (n = 2).

�/ C1. r = 2.

(1a) (k, `) = (2, 0). p = x21 +x22−µ. XJ µ < 0,K Sp = ∅;
XJ µ = 0,K Sp = {02};XJ µ > 0,K Sp´(ý)�.

(1b) (k, `) = (0, 2). � (1a)aq.

(1c) k = 1, ` = 1. p = x21 − x22 − µ. XJ µ 6= 0,K Sp´V

­�. XJ µ = 0, K Sp´ü^��u�:���.

�/ C2. r = 1.

(2a) k = 1, ` = 0. XJ p = x21 − x1, K Sp´�Ô�. X

J p = x21 − µ, K Sp = ∅ (µ < 0); Sp´ü^­Ü��

�(µ = 0); Sp´ü^²1��(µ > 0).

(2b) k = 0, ` = 1. � (2a)aq.

2�Ä�g­¡ (n = 3).

�/ S1. r = 3.
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(1a) (k, `) = (3, 0). p = x21 + x22 + x23 − µ. XJ µ < 0, K

Sp = ∅; XJ µ = 0, K Sp = {03}; XJ µ > 0, K Sp

´(ý)¥¡.

(1b) (k, `) = (0, 3). � (1a)aq.

(1c) (k, `) = (2, 1). p = x21 +x22−x23−µ. XJ µ < 0,K Sp

´ü�V­¡. XJ µ = 0, K Sp´(ý)�I¡. X

J µ > 0, K Sp´V�V­¡.

�/ S2. r = 2.

(2a) (k, `) = (2, 0). XJ p = x21 + x22 − x3, K Sp ´ý�

�Ô¡; XJ p = x21 + x22 − µ, K Sp = ∅ (µ < 0);

Sp = {03} (µ = 0); Sp (ý)�Î¡ (µ > 0).

(2b) (k, `) = (0, 2). � (2a)aq.

(2c) (k, `) = (1, 1). XJ p = x21 − x22 − x3, K Sp´V­�

Ô¡. XJ p = x21−x22−µ,K Sp´V­Î¡(µ 6= 0);

Sp´üÜ��u�^���²¡(µ = 0).

�/ S3. r = 1.

(3a) (k, `) = (1, 0). XJ p = x21−x2,K Sp´�ÔÎ¡;X

J p = x21 − µ, K Sp = ∅ (µ < 0); Sp´üÜ­Ü�²

¡ (µ = 0); Sp´üÜ²1�²¡ (µ > 0).
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(3b) (k, `) = (0, 1). � (3a)aq.

11 �é¡V�5.

3�!¥ F ´A�Ø�u 2��, V ´ F �5�m.

Ún 11.1 � f ∈ L2(V ). K f ∈ L−2 (V )��=�é?¿

x ∈ V , f (x,x) = 0.

y². � f ∈ L−2 (V ). Ï� f (x,x) = −f (x,x), ¤±

2f (x,x) = 0. u´ f (x,x) = 0. ��, �é?¿ x ∈ V ,

f (x,x) = 0. K?¿ x,y ∈ V

0 = f (x + y,x + y) = f (x,x) + f (y,x) + f (x,y) + f (y,y)

= f (y,x) + f (x,y).

dd�Ñ f (x,y) = −f (y,x). �

Ún 11.2 � f ∈ L−2 (V ), u,v ∈ V ¦� f (u,v) 6= 0, K

u,v�5Ã'.

y². Ï� f (u,v) 6= 0,¤± u,vÑØ´"�þ. b� u,v

�5�'. K�3 α ∈ F \ {0}¦� u = αv. dÚn 11.1

��, f (u,v) = f (αv,v) = αf (v,v) = 0. gñ. �

½Â 11.3 � f ∈ L−2 (V ), u,v ∈ V ¦� f (u,v) 6= 0. K

〈u,v〉¡� f �"²¡ (sympletic plane).
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Ún 11.4 � f ∈ L−2 (V ), W ´ f �"²¡, w1,w2´W

��|Ä. K f (w1,w2) 6= 0.

y: �W = 〈v1,v2〉¦� f (v1,v2) 6= 0. Ï�w1,w2´W

��|Ä, ¤±�3 α1, α2, β1, β2 ∈ F ¦�

v1 = α1w1 + α2w2 Ú v2 = β1w1 + β2w2.

u´

0 6= f (v1,v2) = f (α1w1+α2w2, β1w1+β2w2) = (α1β2−α2β1)f (w1,w2).

dd�� f (w1,w2) 6= 0. �

Ún 11.5 � V ´ F þ� n��5�m, f ∈ L−2 (V ), W

´ f �"²¡. K�3 V ¥f�m W̃ ÷vé?¿�

x ∈ W , y ∈ W̃ ¦� f (x,y) = 0, � V = W ⊕ W̃ .

y². �w1,w2´W ��|Ä,

Ui = {y ∈ V | f (wi,y) = 0},

i = 1, 2. d f �V�55��, U1, U2Ñ´f�m. �âÚ

n 11.4, f (w1,w2) 6= 0. u´w2 /∈ U1. d f ��é¡5�

� f (w2,w1) 6= 0. u´ w1 /∈ U2. = `1 = f (w1,y)Ú `2 =

f (w2,y)Ñ´'u y��"�5¼ê. u´ dim(im(`i))=1.

?
 Ui = ker(`i)��ê´ n− 1, i = 1, 2.
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- W̃ = U1 ∩ U2. Kéu?¿ y ∈ W̃ ,

f (w1,y) = f (w2,y) = 0.

d f �V�5��, é?¿� α1, α2 ∈ F ,

f (α1w1 + α2w2,y) = 0.

=éu?¿ x ∈ W , y ∈ W̃ , f (x,y) = 0.

�â�êúª, ·�k

dim(W̃ ) = dim(U1)+dim(U2)−dim(U1+U2) ≥ n−1+n−1−n = n−2.

ew ∈ W ∩ W̃ ,K�3 α1, α2 ∈ F ¦�w = α1w1 +α2w2.

qÏ�w ∈ W̃ , ¤±

f (w1,w) = 0 =⇒ α1f (w1,w1) + α2f (w1,w2) = 0.

dÚn 11.1, α1f (w1,w1) = 0. 2dÚn 11.4, α2 = 0. a

q/, l f (w2,w1) = 0�íÑ α1 = 0. u´ w = 0. =

W + W̃ ´�Ú. dd��.

dim(W ⊕ W̃ ) = dim(W ) + dim(W̃ ) ≥ 2 + n− 2 = n.

l
 V = W ⊕ W̃ . �

½n 11.6 � V ´ F þ�k���5�m, f ∈ L−2 (V ).

K�3 f �"²¡W1, . . . ,Wk Úf�m U ÷v
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(i) V = W1 ⊕ · · · ⊕Wk ⊕ U ;

(ii) f |U×U þ´"V�5.;

(iii) é?¿ i ∈ {1, 2, . . . , k}, x ∈ W1 ⊕ · · · ⊕ Wi, y ∈
Wi+1 ⊕ · · · ⊕Wk ⊕ U , ·�k f (x,y) = 0.

y². XJ f ´"V�5.,K� k = 0Ú U = V =�.·

�b� f �"� n = dim(V ). K n > 1.

é n8B. � n = 2. Ï� f �", ¤±�3 u,v ∈ V
¦� f (u,v) = 0. dÚn 11.2, ·�k V = 〈u,v〉´ f �

"²¡. d��W1 = V , k = 1Ú U = {0}=�.

� n > 1�(Øé�ê�u n��5�m¤á. Ï

� f �", ¤±�3 w1,w1 ∈ V ¦� f (w1,w2) = 0. K

W1 = 〈w1,w2〉. �âÚn 11.5, �3 V �f�m W̃1¦�

é?¿x ∈ W , y ∈ W̃1·�k f (x,y) = 0�V = W1⊕W̃1.

�Ä W̃1þ��é¡V�5. f1 = f |
W̃1×W̃1

. XJ f1´"

N�, K� k = 1Ú U = W̃1=�. ÄK§d8Bb��3

f1�"²¡W2, . . . ,WkÚ W̃1�f�m U ¦�

(i) W̃ = W2 ⊕ · · · ⊕Wk ⊕ U ;

(ii) f1|U×U þ´"V�5.;

(iii) é?¿ j ∈ {2, 3, . . . , k}, x ∈ W2 ⊕ · · · ⊕ Wj, y ∈
Wj+1 ⊕ · · · ⊕Wk ⊕ U , ·�k f1(x,y) = 0.
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K V = W1⊕ W̃ = W1⊕W2⊕ · · · ⊕Wk⊕U . ?
 f |U×U =

f1|U×U þ´"V�5.. � i ∈ {1, 2, . . . , k}, x ∈ W1 ⊕
· · · ⊕Wi, y ∈ Wi+1 ⊕ · · · ⊕Wk ⊕ U . K x = x1 + x2, Ù¥

x1 ∈ W1, x2 ∈ W2 ⊕ · · · ⊕Wi. K

f (x,y) = f (x1 + x2,y) = f (x1,y) + f (x2,y) = 0 + 0 = 0.

u´, W1,W2, . . . ,Wk, U =�¤¦. �.

½n 11.7 � V ´ F þ n��5�m, f ∈ L−2 (V ). K�

3 V ��|Ä e1, . . . , en¦� f 3TÄe�Ý
�u

M =



S2

S2

. . .

S2

O(n−2k)×(n−2k)


,

Ù¥

S2 =

 0 1

−1 0

 , 2k = rank(f ).

y². �â½n 11.6,�3 f�"²¡ f�"²¡W1, . . . ,Wk

Úf�m U ÷v½n 11.6¥�n�5�. � w2i−1,w2i

´ Wi ��|Ä. �âÚn 11.4, αi = f (w2i−1,w2i) 6=
0. - e2i−1 = α−1i w2i−1, e2i = w2i. K f (e2i−1, e2i) = 1,
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i = 1, 2, . . . , k. d�Ú©) V = W1 ⊕ · · ·Wk ⊕ U ��,

dim(U) = n − 2k. 2� e2k+1, . . . , en´ U ��|Ä. þã

�Ú©)�y e1, e2, . . . , e2k−1e2k, e2k+1, . . . , en ´ V ��

|Ä. d½n 11.6¥�1�Ú1n�5���, f 3ù|

Äe�Ý
�M . �

íØ 11.8 �A ∈ SSMn(F ). KA�´óê. � rank(A) =

2k. K

A ∼c



S2

S2

. . .

S2

O(n−2k)×(n−2k)


, Ù¥ S2 =

 0 1

−1 0

.

y². �

f (x,y) = (x1, . . . , xn)A


y1
...

yn


´ F nþ�V�5.. Ï� A�é¡,¤± f �é¡. �â

½n 11.7, A�þãÝ
ÜÓ. u´ rank(A) = 2k. �

~ 11.9 y² F þÛê��é¡�
�1�ª�u"; ó

ê��é¡�
�1�ª�u F ¥,����²�.

y². � A ∈ SSMn(F ). XJ n´Ûê, KíØ 11.9�Ñ

AØ÷�. u´ det(A) = 0. � n´óê. XJ AØ÷�,
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K(Øw,¤á. ÄK�3 P ∈ GLn(F )¦�

A = P t



S2

S2

. . .

S2

S2


P, Ù¥ S2 =

 0 1

−1 0

.

u´ det(A) = det(P t) det(S2)
n
2 det(P ) = det(P )2. �

~ 11.10 � A´�ê�þóê��é¡÷��
. y²

det(A)´,���ê�²�.

y². 5¿� A ∈ SSMn(Q). dþ~�� det(A) = a2, Ù

¥ a´,��knê. � det(A) ∈ Z+. XJ aØ´�ê,

K a2 �Ø´. ù��ª det(A) = a2 Ø�U¤á. u´

a ∈ Z+.

3þ~b�^�e
√

det(A)¡� A� Pfaffian.
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