
1�Ù �5�f

1 ØÓÄ.e�5N��Ý
L«

3�!¥ F ´?¿�, V ÚW ´ F þ��5�m,

e1, . . . , en´ V ��|Ä, ε1, . . . , εm´W ��|Ä.

1.1 �5N�e�Ý
£ÎÒ!ESÚ~f¤

Ún 1.1 � φ ∈ Hom(V,W ), v1, . . . ,vk ∈ V , M ∈ F k×`.

K½Â

φ(v1, . . . ,vk) := (φ(v1), . . . , φ(vk)).

K

φ((v1, . . . ,vk)M) = (φ(v1), . . . , φ(vk))M.

y². �M = (mi,j)k×`. K

(v1, . . . ,vk)M =

(
k∑
i=1

mi,1vi, . . . ,
k∑
i=1

mi,`vi

)
.
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u´

φ((v1, . . . ,vk)M) = φ

(
k∑
i=1

mi,1vi, . . . ,
k∑
i=1

mi,`vi

)

=

(
φ

(
k∑
i=1

mi,1vi

)
, . . . , φ

(
k∑
i=1

mi,`vi

))

=

(
k∑
i=1

mi,1φ(vi), . . . ,
k∑
i=1

mi,`φ(vi)

)
= (φ(v1), . . . , φ(vk))M. �

� φ ∈ Hom(V,W ),

φ(ej) = a1,jε1 + · · · + am,jεm = (ε1, . . . , εm)


a1,j

...

am,j

 ,

j = 1, 2, . . . , n. ¡

A =


a1,1 a1,2 · · · a1,n

a2,1 a2,2 · · · a2,n
... ... . . . ...

am,1 am,2 · · · am,n


´ φ3Ä. e1, . . . , enÚ ε1, . . . , εme�Ý
(L«). � V

ÚW �Ä.À½� φ�Ý
´���. ·�k

φ(e1, . . . , en) = (ε1, . . . , εm)A.
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� x = x1e1 + · · · + xnenÚ φ(x) = y1ε1 + · · · + ymεm. K
y1
...

ym

 = A


x1
...

xn

 .

~ 1.2 � V = F n, W = Fm, e1, . . . , enÚ ε1, . . . , εmÑ´

IOÄ. K φ�Ý
L«´

(φ(e1), . . . , φ(en)).

~ 1.3 � φ : V −→ W dúª ∀ x ∈ V, φ(x) = 0W �Ñ.

K φ3 V ÚW �?¿Ä.e�Ý
Ñ´ Om×n.

~ 1.4 � φ : V −→ V dúª ∀ x ∈ V, φ(x) = x�Ñ. K

φ3 V �?¿Ä. e1, . . . , en; e1, . . . , ene�Ý
Ñ´ En.

~ 1.5 � V ´W �f�m, φ : V −→ W dúª ∀ x ∈
V, φ(x) = x �Ñ. � W �Ä´ e1, . . . , en, en+1, . . . , em.

K φ�Ý
´  En

O(m−n)×n

 .

~ 1.6 �5�m V þ��5¼ê. �1�Ù1nù~

5.6.
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~ 1.7 � A ∈ Fm×n, φ : F n×k −→ Fm×k dúª ∀ X ∈
F n×k, φ(X) = AX �Ñ. ¦ φ3IOÄe�Ý
.

). é j = 1, 2, . . . , k,

−−−→
φ(X)(j) = A ~X(j).

u´ 
−−−→
φ(X)(1)

...
−−−→
φ(X)(k)

 =


A O · · · O
O A · · · O
... ... . . . ...

O O · · · A


km×kn︸ ︷︷ ︸

B


~X(1)

...

~X(k)

 .

Ý
 B ´ φ 3IOÄe�Ý
. d�IOÄ�^SX

e. � Ei.j ∈ F n×k, i ∈ {1, 2, . . . , n}, j ∈ {1, 2, . . . , k};
Li,j ∈ Fm×k, i ∈ {1, 2, . . . ,m}, j ∈ {1, 2, . . . , k}©O´ü
�Ý
�m�IOÄ. K F n×k �IOÄü�´

E1,1, E2,1, . . . , En,1, . . . , E1,k, . . . , En,k.

aq/, Fm×k �IOÄü�´

L1,1, L2,1, . . . , Lm,1, . . . , L1,k, . . . , Lm,k.

1.2 �5N�3ØÓÄ.e�Ý


½n 1.8 � φ ∈ Hom(V,W ). 2� e′1, . . . , e
′
n´ V �,�
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|Ä, ε′1, . . . , ε
′
m´W �,�|Ä, �

(e′1, . . . , e
′
n) = (e1, . . . , en)P Ú (ε′1, . . . , ε

′
m) = (ε1, . . . , εm)Q,

Ù¥ P ∈ GLn(F )Ú Q ∈ GLm(F ). XJ φ3 e1, . . . , en;

ε1, . . . , εm e�Ý
´ A, K φ3 e′1, . . . , e
′
n; ε

′
1, . . . , ε

′
m e

�Ý
´ Q−1AP .

y². d (e′1, . . . , e
′
n) = (e1, . . . , en)P ÚÚn 1.1�

(φ(e′1), . . . , φ(e′n)) = (φ(e1), . . . , φ(en))P.

u´

(φ(e′1), . . . , φ(e′n)) = (ε1, . . . , εm)AP = (ε′1, . . . , ε
′
m)Q−1AP. �

þã½n`²�5N�3ØÓÄ.e�Ý
k��Ó.

½n 1.9 � φ ∈ Hom(V,W ), A ∈ Fm×n´ φ3ÎÒ�½

Ä.e�Ý
. � B ∈ Fm×n. K B ´ φ3 V ÚW ,|

Äe�Ý
��=� A ∼e B, = rank(A) = rank(B).

y². � B ´ φ3 V ÚW ,|Äe�Ý
. �â½n

1.8, �3 P ∈ GLn(F )Ú Q ∈ GLm(F )¦� B = Q−1AP .

u´, A ∼e B.

��, � A ∼e B. K�3 M ∈ GLm(F ) Ú N ∈
GLn(F )¦� B = MAN . -ÄC�:

(e′1, . . . , e
′
n) = (e1, . . . , en)N, (ε′1, . . . , ε

′
n) = (ε1, . . . , εn)M−1.
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K B´ φ3þã#Ä.e�Ý
. �

½Â 1.10 � φ ∈ Hom(V,W ), A´ φ3 V ��|ÄÚW

��|Äe�Ý
. K rank(A)¡� φ��, P� rank(φ).

~ 1.11 O�~ 1.7¥ φ��. �Ý
 B d~ 1.7�Ñ.

K rank(φ) = rank(B) = krank(A).

íØ 1.12 � φ ∈ Hom(V,W )� rank(φ) = r. K�3 V

��|Ä e′1, . . . , e
′
nÚW ��|Ä ε′1, . . . , ε

′
m¦�3TÄ

e φ�Ý
´

M =

Er O

O O


m×n

� r = dim(im(φ)).

y². � d = dim(ker(φ)), e′n−d+1, . . . , e
′
n´ ker(φ)��|

Ä. r§*¿� V ��|Ä

e′1, . . . , e
′
n−d, e

′
n−d+1, . . . , e

′
n.

Ï� im(φ)=〈φ(e′1), . . . , φ(e′n)〉�φ(e′n−d+1)= · · ·=φ(e′n)=0W ,

¤±

im(φ) = 〈φ(e′1), . . . , φ(e′n−d)〉.

Ï� dim(im(φ)) = n− d (éó½n), ¤±

ε′1 = φ(e′1), . . . , ε
′
n−d = φ(e′n−d)
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´ im(φ)��|Ä. òÙ*¿�W ��|Ä

ε′1, . . . , ε
′
n−d, ε

′
n−d+1, . . . , ε

′
m.

K φ3þãÄ.e�Ý
�uM . AO/, r = n− d. �

~ 1.13 e¡·�|^�5N��*:­#y²�ÉÚ

n(þÆÏ1�Ù18ùÚn 8.5) � A ∈ Fm×n. y²�

3Ý
 L ∈ GLm(F )Ú R ∈ GLn(F )¦�

LAR =

Er O

O O


m×n

.

y². �â·K 1.8, �� φ ∈ Hom(V,W )¦� φ3Ä.

e1, . . . , en Ú ε1, . . . , εm e�Ý
�u A. díØ 1.12, �

3 V ��|Ä e′1, . . . , e
′
nÚW ��|Ä ε′1, . . . , ε

′
m¦�3

TÄe φ�Ý
´

M =

Er O

O O


m×n

.

� (e′1, . . . , e
′
n) = (e1, . . . , en)P Ú (ε′1, . . . , ε

′
m) = (ε1, . . . , εm)Q,

Ù¥ P ∈ GLn(F ), Q ∈ GLm(F ). �â½n 1.11§

M = Q−1AP. �

5) 1.14 �âíØ 1.12, 1�Ù1�ù·K 4.14 (iii)�

��

dim(ker(φ)) + rank(φ) = dim(V ).
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~ 1.15 � φ : Fm×n −→ F n×m dúª φ(X) = X t �Ñ.

¦ rank(φ).

). Ï� φ´ü�, ¤± dim(ker(φ)) = 0. u´

rank(φ) = mn.

íØ 1.16 � φ ∈ Hom(V,W ). K

(i) φ´ü���=� rank(φ) = dim(V ).

(ii) φ´÷���=� rank(φ) = dim(W ).

y². (i) φü��=� ker(φ) = {0V } (1�Ù1�ù·K

2.2)��=� rank(φ) = dim(V ) (þã5º).

(ii) φ ÷��=� dim(im(φ)) = dim(W ) ��=�

rank(φ) = dim(W ) (íØ 1.12). �

íØ 1.17 � φ ∈ Hom(V,W )� dim(V ) = dim(W ). K±

eäó�d

(i) φ´ü�.

(ii) φ´÷�.

(iii) φ´V�.

y². � n = dim(V ), r = rank(φ).
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(i) =⇒ (ii). dþãíØ (i), r = n. u´ r = dim(W ). l


, φ´÷�(þãíØ (ii)).

(ii) =⇒ (iii). dþãíØ (ii), r = n. u´ r = dim(V ). l


, φ´ü�(þãíØ (i)), = φ´V�.

(iii) =⇒ (i). w,. �

íØ 1.18 � φ ∈ Hom(V,W ), A´ φ3Ä. e1, . . . , enÚ

ε1, . . . , εme�Ý
. K

(i) φ´ü���=� A�÷�, = rank(A) = n.

(ii) φ´÷���=� A1÷�, = rank(A) = m.

(iii) φ´V�, K A´�_�
.

y². 5¿� A ∈ Fm×n.

(i) φü��=� rank(φ) = n, = rank(A) = n. (íØ

1.16 (i))

(ii) φ÷��=� rank(φ) = m, = rank(A) = m. (í

Ø 1.16 (ii))

(iii) d (i)Ú (ii)���Ñ. �

1.3 �5N��EÜ

·K 1.19 � φ ∈ Hom(V,W )3 e1, . . . , en; ε1, . . . , εme�

Ý
´ A. � Z ´ F þ��5�m δ1, . . . , δk ´ Z ��
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|Ä, ψ ∈ Hom(W,Z)3 e1, . . . , em; δ1, . . . , δk e�Ý
´

B ∈ F k×m. K ψ ◦ φ ∈ Hom(V, Z)3 e1, . . . , en; δ1, . . . , δk

e�Ý
´ BA ∈ F k×n.

V W

Z

ψ◦φ

φ

ψ

y². 'u ψ ◦ φ´�5N���y�þÆÏ1�Ù·K
4.1. O�

ψ ◦ φ(ej) = (ψ(ε1), . . . , ψ(εn)) ~A(j) = (δ1, . . . , δk)B ~A(j),

j = 1, 2, . . . , n. u´

(ψ ◦ φ(e1), . . . , ψ ◦ φ(en)) = (δ1, . . . , δk)B( ~A(1), . . . , ~A(n))

= (δ1, . . . , δk)BA.

N� ψ ◦ φ3À½Ä.e�Ý
´ BA. �

~ 1.20 � A ∈ Fm×n, rank(A) = r > 0. K�3�÷�Ý


 L ∈ Fm×rÚ1÷�Ý
 R ∈ F r×n¦� A = LR.

y². � φ ∈ Hom(V,W ) 3Ä. e1, . . . , en Ú ε1, . . . , εm

e�Ý
�u A. K rank(φ) = r. u´ ker(φ) ��ê

´ n − r. (�5º 1.14.) l
 V/ ker(φ) ��ê�u r.

(�1�Ù1�ùÚn 4.13.) d�5N�Ä�½n I �

�, φ = φ̄ ◦ π, Ù¥ π : V −→ V/ ker(φ) ´�5÷�,
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φ̄ : V/ ker(φ) −→ W ´�5ü�. � δ1, . . . , δr´ V/ ker(φ)

�|Ä, R ´ π 3 e1, . . . , en; δ1, . . . , δr e�Ý
, L ´ φ̄

3 δ1, . . . , δr; ε1, . . . , εme�Ý
. K A = LR (·K 1.10),

� L�÷�, R1÷�. �

þã(JQ3þÆÏ^Ý
�ÉEây²(�þÆÏ1�

Ù18ù~ 10.7).

1.4 �5Ó�

½n 1.21 �

Φ : Hom(V,W ) −→ Fm×n

φ 7→ A, φ3À½Ä.e�Ý

.

K Φ´�5Ó�.

y². � φ, ψ ∈ Hom(V,W ), A = Φ(φ)Ú B = Φ(ψ). 2�

α, β ∈ F . é j = 1, 2, . . . , n,

(αφ + βψ)(ej) = αφ(ej) + βψ(ej)

= α(ε1, . . . εm) ~A(j) + β(ε1, . . . εm) ~B(j)

= (ε1, . . . εm)(α ~A(j) + β ~B(j))

= (ε1, . . . εm)~C(j), Ù¥ C = αA + βB.

u´, Φ(αφ + βψ) = C = αA + βB = αΦ(φ) + βΦ(ψ). N

� Φ´�5�.
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� A ∈ Fm×n, φA ∈ Hom(V,W )÷v

φ(ej) = (ε1, . . . , εm) ~A(j),

j = 1, 2, . . . , n. d�5N�Ä�½n II�� φ�3. dÝ


L«�½Â��, A´ φ3À½Ä.e�Ý
.

Θ : Fm×n −→ Hom(V,W )

A 7→ φA
.

�â½Â���y�: Θ ◦ Φ(φ) = φ� Φ ◦ Θ(A) = A. �

dþã½n��, dim(Hom(V,W )) = mn. �

1.5 éóN�

� φ ∈ Hom(V,W ). K

φ∗ : W ∗ −→ V ∗

f 7→ f ◦ φ

´lW ∗� V ∗�N�.

V W

F

f◦φ

φ

f

Ún 1.22 � φ, ψ ∈ Hom(V,W ), σ ∈ Hom(U, V ), τ ∈
Hom(W,Z), α ∈ F . K

(φ + ψ) ◦ σ = φ ◦ σ + ψ ◦ σ,
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τ ◦ (φ + ψ) = τ ◦ φ + τ ◦ ψ,

Ú

(αφ) ◦ σ = φ ◦ (ασ) = α(φ ◦ σ).

y². � u ∈ U . K

(φ + ψ) ◦ σ(u) = (φ + ψ)(σ(u))

= φ(σ(u)) + ψ(σ(u))

= φ ◦ σ(u) + ψ ◦ σ(u).

d u�?¿5�� (φ + ψ) ◦ σ = φ ◦ σ + ψ ◦ σ. aq�y

τ ◦ (φ + ψ) = τ ◦ φ + τ ◦ ψ.

(αφ) ◦ σ(u) = (αφ)(σ(u)) = αφ(σ(u)) = αφ ◦ σ(u),

�

φ ◦ (ασ(u)) = φ(ασ(u)) = αφ(σ(u) = αφ ◦ σ(u).

u´, (αφ) ◦ σ = φ ◦ (ασ) = α(φ ◦ σ). �

e¡·�5�y φ∗ ∈ Hom(W ∗, V ∗). � α, β ∈ F ,

f, g ∈ W ∗.

φ∗(αf+βg) = (αf+βg)◦φ = αf◦φ+βg◦φ = αφ∗(f )+βφ∗(g).

�y�.. ·�¡ φ∗´ φ�éóN�.

13



·K 1.23 �φ ∈ Hom(V,W )3Ä. e1, . . . , enÚ ε1, . . . , εm

e�Ý
� A = (ai,j)m×n. KéóN� φ∗ 3éóÄ

ε∗1, . . . , ε
∗
mÚ e∗1, . . . , e

∗
ne�Ý
´ At.

y². ·�kO� φ∗(ε∗i ) 3 e1, . . . , en e�Ý
, i =

1, 2, . . . ,m. é?¿ j ∈ {1, 2, . . . , n},

φ∗(ε∗i )(ej) = ε∗i (φ(ej)) = ε∗i (a1,jε1 + · · · + am,jεm) = ai,j.

Kéu x = x1e1 + · · · + xnen,

φ∗(ε∗i )(x) = ai,1x1 + · · · + ai,nxn

= ai,1e
∗
1(x) + · · · + ai,ne

∗
n(x)

= (ai,1e
∗
1 + · · · + ai,ne

∗
n)(x).

u´,

φ∗(ε∗i ) = ai,1e
∗
1+· · ·+ai,ne∗n = (e∗1, . . . , e

∗
n)


ai,1

...

ai,n

 = (e∗1, . . . , e
∗
n) ~At

(i)
.

dd�Ñ At´ φ∗3 ε∗1, . . . , ε
∗
mÚ e∗1, . . . , e

∗
ne�Ý
. �

T·K�����íØ´ φÚ φ∗����.

2 �5�f�êÚÝ
�q

3�!¥ V ´� F þ� n��5�m, e1, . . . , en´

V ��|Ä. 8Ü Hom(V, V )P� L(V ), Ù¥���¡�
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�5�f. �5�fÏ~^ A,B, . . . , L«. AO/ O�
L V þ�"�f(N�), E �L V þ�ð��f(N�).

� A ∈ L(V ). �f A3 e1, . . . , en; e1, . . . , ene�Ý


§{¡A�3 e1, . . . , ene�Ý
.

2.1 Ý
��q

� ε1, . . . , εn´ V �,�|Ä, �

(ε1, . . . , εn) = (e1, . . . , en)P,

Ù¥ P ∈ GLn(F ). ��f A ∈ L(V ) 3 e1, . . . , en e�

Ý
�u A. �â½n 1.8, A3 ε1, . . . , εne�Ý
�u

P−1AP . ·��¯K´XÛÀ� V ��|Ä¦� A3T
Äe�Ý
¦�U{ü("��¦�Uõ,�"�Ñy�¦

�Uk5Æ).

½Â 2.1 � A,B ∈ Mn(F ). XJ�3 P ∈ GLn(F )¦�

B = P−1AP , K¡ B � A�q. P� B ∼s A.

�y�q´�d'XXe. é?¿ A ∈ Mn(F ), A =

E−1AE. u´ A ∼s A. g�5¤á. � B ∼s A. K�

3 P ∈ GLn(F ) ¦� B = P−1AP . u´ A = PBP−1,

A ∼s B. é¡5¤á. � A ∼s B, B ∼s C. K�3

P,Q ∈ GLn(F )¦� B = P−1AP Ú C = Q−1BC. u´

C=Q−1P−1APQ=(PQ)−1A(PQ), = A∼sC. D45¤á.
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ü�Ý
�q��=�§�´Ó���5N�3Ø

ÓÄ.e�Ý
. u´·��¯K��d/Qã��½Ý


 A ∈ Mn(F )ïÄ¿O�� A�q�¦�U{ü�Ý
.

·K 2.2 � A,B ∈ Mn(F ). XJ A ∼s B, K

rank(A) = rank(B), det(A) = det(B), tr(A) = tr(B).

y². � B = P−1AP , Ù¥ P ∈ GLn(F ). Ï�¦±�_

Ý
ØUCÝ
��, ¤± rank(B) = rank(A). d1�ª

¦{½n��, det(B) = det(P−1) det(A) det(P ) = det(A).

�
y² tr(A) = tr(B). ·�Äk5¿�,´��Ø

Cþ, =é?¿M = (mi,j), N = (ni,j) ∈ Mn(F ),

tr(MN) = tr(NM).

(�þÆÏ1�Ù1 5ù·K 7.8.)

·�d tr(B) = tr(P−1AP ) = tr(PP−1A) = tr(A). �

~ 2.3 y²: 1 0

0 0

 �s

0 1

0 0

 .

y². Ï�ùü�Ý
�,ØÓ, ¤±§�Ø�q.

~ 2.4 �

A =

1 0

0 1

 , B =

1 1

0 1

 .
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¯ AÚ B ´Ä�q?

y². � P ∈ GL2(F )¦� B = P−1AP . K PB = AP ,

= P (E + C) = P . Ù¥

C =

0 1

0 0

 .

u´ PC = O. Ï� P �_, ¤± C = O. gñ. ùü�

Ý
Ø�q. �

2.2 �5�f�ê

·�®²�� (L(V ),+,O,ê¦)´ F þ��5�m.

5¿�?Ûü� V þ��5�fÑ�±EÜ, �é?¿

A,B, C ∈ L(V ),

A ◦ (B ◦ C) = (A ◦ B) ◦ C Ú A ◦ E = E ◦ A = A.

2dÚn 1.22��, (L(V ),+,O, ◦, E)´���.d	é?

¿ α ∈ F ,

α(A ◦ B) = (αA) ◦ B = A ◦ (αB).

ù�5�¦�·�¡ L(V )´ F þ����ê.

½n 2.5 �

Φ : L(V ) −→ Mn(F )

A 7→ A, A3 e1, . . . , ene�Ý
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K ΦQ´�5Ó�q´�Ó�(d�¡ Φ´�êÓ�).

y². �â½n 1.9, Φ ´�5Ó�. � A,B ∈ L(V ),

§�3 e1, . . . , en e�Ý
©O´ A,B. �â·K 1.10,

Φ(A ◦ B) = AB = Φ(A)Φ(B). ����y Φ(E) = En. �.

�
{', A ◦ B��¤ AB. � A ∈ L(V ). XJ A
�_, K¡ A´�_�f. XJ�3 λ ∈ F ¦�é?¿
x ∈ V , A(x) = λx, K¡ A´ê¦�f. d� A = λE . X

J�3 k ∈ Z+¦� Ak = O, K¡ A´�"�f. XJ

A2 = A, K¡A´���f.

dþã½n��, A´�_(ê¦, �", ��)�f�

�=� Φ(A)´(ê¦, �", ��)Ý
.

~ 2.6 � D : R[x]n −→ R[x]ndúª D(f ) = f ′½Â. K

Dn = O. T�f3 1, x, . . . , xn−1 e�Ý
�1�Ù1n

ù~ 5.7.

~ 2.7 � U1, U2 ´ V �f�m÷v V = U1 ⊕ U2. � πi

´ V 'uþã�Ú� Ui �ÝK, i = 1, 2. Ï�'u�Ú

�ÝKäk��5(�1�Ù1Ôù·K 12.2(ii)), ¤±

π1Ú π2Ñ´���. � e1, . . . , ed´ U1�Ä, ed+1, . . . , en

´ U2�Ä. K e1, . . . , ed, ed+1, . . . , en´ V �Ä. 3TÄe

π1Ú π2�Ý
©O´Ed O

O O

 Ú

O O

O En−d

 .
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