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1. (10©) �¢ê�þ�Ý
 A =


1 0 0 1

0 1 0 1

0 0 1 1

1 1 1 −1

 . ¦ det(A)Ú A−1.

). ��O��

(A|E) −→


1 0 0 1 1 0 0 0

0 1 0 1 0 1 0 0

0 0 1 1 0 0 1 0

0 0 0 −4 −1 −1 −1 1

 .

5¿�·�ÏL1�aÐ�1C�r Az¤
þn�Ý
, 
1�aÐ�1

C�ØUC1�ª��. � det(A) = −4.

UY�Ð�C��

· · · −→


1 0 0 1 1 0 0 0

0 1 0 1 0 1 0 0

0 0 1 1 0 0 1 0

0 0 0 1 1/4 1/4 1/4 −1/4

 −→


1 0 0 0 3/4 −1/4 −1/4 1/4

0 1 0 0 −1/4 3/4 −1/4 1/4

0 0 1 0 −1/4 −1/4 3/4 1/4

0 0 0 1 1/4 1/4 1/4 −1/4

 .

u´

A−1 =
1

4


3 −1 −1 1

−1 3 −1 1

−1 −1 3 1

1 1 1 −1

 . 2
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2. (10©) � Z3 = {0̄, 1̄, 2̄}, φ : Z4
3 −→ Z2

3 ��5N�, §r Z4
3 �IOÄ

e1, e2, e3, e4©ON�:φ(e1)=ε1+ε2, φ(e2)=2̄ε2, φ(e3)=ε1, φ(e4)=2̄ε1+ε2,Ù

¥ ε1, ε2´ Z2
3�IOÄ.

(i) O� φ3IOÄ e1, e2, e3, e4; ε1, ε2e�Ý
;

(ii) ©OO� ker(φ)Ú im(φ)��|Ä.

). (i) Ý
L«

A = (φ(e1), φ(e2), φ(e3), φ(e4)) =

(
1̄ 0̄ 1̄ 2̄

1̄ 2̄ 0̄ 1̄

)
.

(ii) Ï� rank(A) = 2, ¤± im(φ)��|Ä´ ~A(1), ~A(2). ¦)± A�XêÝ


��5�§|. ·�k

A =

(
1̄ 0̄ 1̄ 2̄

1̄ 2̄ 0̄ 1̄

)
−→

(
1̄ 0̄ 1̄ 2̄

0̄ 2̄ 2̄ 2̄

)
−→

(
1̄ 0̄ 1̄ 2̄

0̄ 1̄ 1̄ 1̄

)
.

� ker(φ)�Ä´


2̄

2̄

1̄

0̄

,


1̄

2̄

0̄

1̄

. 2

3. (10©) � f(x) = x2 + x+ 3, g(x) = 2x− 1´knê�þ�õ�ª.

(i) O� q = quo(f, g, x)Ú r = rem(f, g, x).

(ii) � A =


0 0 1

0 1 0

1 0 0

 ∈ M3(Q). O� q(A)Ú r(A).

) (i) ��O��

q =
1

2
x+

3

4
, r =

15

4
.

(ii)

q(A) =
1

2


0 0 1

0 1 0

1 0 0

+
3

4
E3 =


3/4 0 1/2

0 5/4 0

1/2 0 3/4

 , r(A) =


15/4 0 0

0 15/4 0

0 0 15/4

 . 2
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4. (10©) � GLn(R)´¢ê�þ n��_�
'uÝ
¦{�¤�+. -

G = {A ∈ GLn(R) | det(A) = 1}.

(i) �y G´ GLn(R)�f+;

(ii) � H={B−1AB |A ∈ G,B ∈ GLn(R)}. ¯ H ´Ä�u G? ¿`²nd.

y². (i) � A,B ∈ G. K det(AB−1) = det(A) det(B−1) = 1. � AB−1 ∈ G.

u´, G´f+.

(ii) é A ∈ G, A = EAE−1. � G ⊂ H. ��, � C ∈ H. K�3 B ∈
GLn(R), A ∈ G¦�

C = B−1AB =⇒ det(C) = det(B−1) det(A) det(B) = det(A) = 1 =⇒ C ∈ G.

� H ⊂ G. nþ��, H = G. 2

5. (10©) �� (F,+, 0, ·, 1)þ� n�Ý


An =



2a 1 0 0 · · · 0 0 0

a2 2a 1 0 · · · 0 0 0

0 a2 2a 1 · · · 0 0 0
...

...
...

...
. . .

...
...

...

0 0 0 0 · · · 2a 1 0

0 0 0 0 · · · a2 2a 1

0 0 0 0 · · · 0 a2 2a


.

y²: det(An)=(n+ 1)an, ¿�â F �A�Ú a���(½Û� AnØ�_.

y². é n8B. n=1�, det(A1)=2a. �ª¤á. � n=2�, det(A2)=3a2.

� n > 2�(Øé�u n��Ñ¤á. K

det(An) = 2a det(An−1)− a2 det(An−2) = 2nan − (n− 1)an = (n+ 1)an.

��ª¤á.

Ý
 AnØ�_��=� (n + 1)an = 0. �� F �A��"�, AnØ�_�

�=� a = 0. � F �A�� p > 0�, AnØ�_��=� a = 0½ p|(n+ 1).

2
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6. (10©) � n > 1� A ∈ Mn(R). � A���Ý
 A∨���u 1. y² AØ�

_, ¿O�± A�XêÝ
�àg�5�§|�)�m��ê.

y². Ï� A∨ Ø÷�, ¤± AØ÷�. � AØ�_. Ï� rank(A∨) = 1, ¤

± A¥k�� n − 1�fª�". � rank(A) = n − 1. 2�âéó½n, A

�XêÝ
�àg�5�§|�)�m��ê´ n− rank(A) = 1. 2

7. (10©) � R+Ú Q+©O�L�¢êÚ�knê�8Ü.

(i) y²: �ê¼ê exp(x)´l\{+ (R,+, 0)�¦{+ (R+, ·, 1)�Ó�.

(ii) \{+ (Q,+, 0)Ú¦{+ (Q+, ·, 1)´ÄÓ�? ¿`²nd.

y². (i) Ï� exp(x) > 0, ¤± exp´l R� R+�N�. Ï�

exp(x+ y) = exp(x) exp(y),

¤± exp(x)´+Ó�. Ï� log(x)´ exp(x)�_N�, ¤± exp´V�. �

exp(x)´+Ó�.

(ii) b� φ : Q+ −→ Q´Ó�. K�3 x ∈ Q, φ(x) = 2. u´

2 = φ(x) = φ
(x

2
+
x

2

)
= φ

(x
2

)2
.

� φ(x/2) /∈ Q. gñ. 2

8. (10©) � G´Ì�+, G = 〈g〉� card(G) = n <∞.

(i) �f+ H = 〈gk〉, Ù¥ k ∈ Z+. y²: H = 〈gd〉, Ù¥ d = gcd(n, k).

(ii) � H1Ú H2´ G�f+÷v card(H1) = card(H2). y²: H1 = H2.

y². (i) �â Bezout'X, �3 u, v ∈ Z¦� uk + vn = d. u´

gd = guk+vn = (gk)u(gn)v.

Ï� gn = e, Ù¥ e´ G¥�ü �, ¤± gd = (gk)u ∈ H. � 〈gd〉 ⊂ H.

Ï� d|k, ¤±�3 m ∈ Z¦� k = md. � gk = (gd)m. u´ gk ∈ 〈gd〉. �
H ⊂ 〈gd〉. nþ��, H = 〈gd〉.

(ii) Ï� G �f+Ñ´Ì�+, ¤±�� H1 = 〈gk1〉 Ú H2 = 〈gk2〉. Ï�
card(H1) = card(H2), ¤± ord(gk1) = ord(gk2). �

n

gcd(n, k1)
=

n

gcd(n, k2)
.
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dd��, gcd(n, k1) = gcd(n, k2) := d. �â (i), H1 = 〈gd〉Ú H2 = 〈gd〉. u
´, H1 = H2. 2

9. (10©) � A´� F þ� n��
, B ∈ F [A]� BØ´"Ý
. y²:

(i) B´ F [A]¥��_���=� rank(B) = n;

(ii) B´ F [A]¥�"Ïf��=� rank(B) < n.

y². (i) XJ B 3 F [A] ¥�_, K B ∈ GLn(F ). � rank(B) = n. �

�, � rank(B) = n. K�3���"õ�ª f(x) ∈ F [x]¦� f(0) 6= 0�

f(B) = O. �

f(x) = fmx
m + fm−1x

m−1 + · · ·+ f1x+ f0,

Ù¥ fm, fm−1, . . . , f1, f0 ∈ F � f0 6= 0. ·�k

fmB
m + fm−1B

m−1 + · · ·+ f1B + f0E = O.

�

B(fmB
m−1 + fm−1B

m−2 + · · ·+ f1E) = −f0E.

dd��

B−1 = −f−10 (fmB
m−1 + fm−1B

m−2 + · · ·+ f1E) ∈ F [B] ⊂ F [A].

u´, B3 F [A]¥�_.

(ii) XJ B ´ F [A]¥�"Ïf, K�3 C ∈ F [A]÷v C 6= O � BC = O.

K B Ø�_. � rank(B) < n. ��, � rank(B) < n. K�3gê����

"õ�ª g ∈ F [x]¦� g(B) = O. �

g(x) = g`x
` + g`−1x

`−1 + · · ·+ g1x+ g0,

Ù¥ g`, g`−1, . . . , g1, g0 ∈ F , g` 6= 0. Ï� BØ�_, ¤± g0 = 0. dd��,

g(B) = B(g`B
`−1 + g`−1B

`−2 + · · ·+ g1E) = O.

d `�4�5�� C = g`B
`−1 + g`−1B

`−2 + · · ·+ g1E 6= O. Ï� BC = O�

C ∈ F [B] ⊂ F [A], ¤± B´ F [A]¥�"Ïf. 2

10. (10©) � A,B,C,D ∈ Mn(R). -M =

(
A B

C D

)
.
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(i) y²: XJ A�_, K rank(M) = n+ rank(D − CA−1B).

(ii) y²: XJ A�_� CA = AC, K det(M) = det(AD − CB).

(iii) XJ AØ�_� CA = AC, ¯�ª det(M) = det(AD − CB)´ÄE¤

á? ¿`²nd.

y². (i) � N =

(
E O

CA−1 E

)
, Ù¥ E ´ n�ü Ý
. K

NM =

(
A B

O D − CA−1B

)
.

2� L =

(
E −A−1B
O E

)
. K

NML =

(
A O

O D − CA−1B

)
.

Ï� N,L�_, ¤±

rank(M) = rank(NML) = rank(A) + rank(D − CA−1B).

(ii) d (i)��,

det(M) = det(A) det(D−CA−1B) = det(AD−ACA−1B) = det(AD−CB) (∵ AC = CA).

(iii) �ª det(M) = det(AD − CB)E¤á. ndXe. � A′ = tE + A, Ù¥

t´���½�. K A′�_�

A′C = (tE + A)C = tC + AC = tC + CA = C(tE + A) = CA′.

d (ii)��

det

(
A′ B

C D

)
= det(A′D − CB).

Ï�þãüýÑ´ t�õ�ª, ¤±� t = 0��ªE¤á. =

det(M) = det(AD − CB). 2
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