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1. (10©) � V ´� F þ��5�m, e1, e2, e3 ´ V ��|Ä. � A ∈ L(V ) ÷v

A(e1) = e3, A(e2) = e1 − e3, A(e3) = −e1. O�:

(i) (3©) A3 e1, e2, e3�Ý
;

(ii) (3©) rank(A)Ú dim(ker(A));

(iii) (4©) Ì�f�m F [A] · e2��ê.

). (i) d A½Â��,

A =


0 1 −1
0 0 0

1 −1 0

 .

(ii) Ï� rank(A) = 2, ¤± rank(A) = 2. déó½n��, dim(ker(A)) = 1.

(iii) ��O��

A0(e2) = e2, A(e2) = e1 − e3, A2(e2) = A(e1 − e3) = e3 + e1.

Ï� e2, e1 − e3, e3 + e1�5Ã', ¤± dim(F [A] · e2) = 3.

2. (10©) � A ∈ Mn(C), ÙA�õ�ªÚ4�õ�´©OP� χAÚ µA. �âeã^

��Ñ A� JordanIO. JA¿`²nd.

(i) (3©) χA(t) = (t− 1)2(t− 2), µA(t) = (t− 1)(t− 2).

(ii) (3©) χA(t) = (t+ 1)5, µA(t) = (t+ 1)3, A�� λ = −1�AÛ­ê� 2.

(iii) (4©) χA(t) = (t− 2)4(t+ 2)3, µA(t) = (t− 2)2(t+ 2)2, A�� λ=2�AÛ­

ê� 3.
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). (i) dA�õ�ª�gê��, n = 3. Ï�4�õ�ªÃ­�, ¤± A�é�

z. �âA����ê­ê��

JA = diag(1, 1, 2).

(ii) dA�õ�ª�gê��, n = 5. d4�õ�ª��, JA ¥���� Jordan

¬´ J3(−1). dAÛ­ê^��� JA¥�kü� Jordan¬. u´,

JA = diag(J3(−1), J2(−1)).

(iii) dA�õ�ª�gê��, n = 7. d4�õ�ª��, JA ¥���� Jordan

¬´ J2(2)Ú J2(−2). dAÛ­ê�^���, 'uA�� 2� Jordan¬�n¬.

2|^�ê­ê�^��

JA = diag(J2(2), J1(2), J1(2), J2(−2), J1(−2)).

3. (10©) � R4´IOî¼�m, U ´±

A =


1 0 −1 0

1 1 0 −1
2 1 −1 −1


�XêÝ
�àg�5�§|�)�m. P U⊥� U ���Ö. O�

(i) (5©) dim(U) Ú dim(U⊥);

(ii) (5©) U⊥��|ü ��Ä.

)(i) |^pd��{��

A =


1 0 −1 0

1 1 0 −1
2 1 −1 −1

 −→

1 0 −1 0

0 1 1 −1
2 1 −1 −1

 −→

1 0 −1 0

0 1 1 −1
0 1 1 −1

 −→

1 0 −1 0

0 1 1 −1
0 0 0 0

 .

u´, rank(A) = 2. �âéó½n, dim(U) = 2. 2�â dim(U) + dim(U⊥) = 4,

dim(U⊥) = 2.

(ii) Ï� dim(U⊥) = 2� ~A1, ~A2�5Ã', ¤±

U⊥ = 〈 ~At1, ~At2〉.

d Gram-Schmidt��z,

v1 =
1√
2


1

0

−1
0

 , v′2 =


1

1

0

−1

− 1

2


1

0

−1
0

 =


1
2

1
1
2

−1

 , v2 =
2√
10


1
2

1
1
2

−1

 .

u´, U⊥��|ü ��Ä´ v1,v2.
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4. (10©) �n�¢é¡Ý


A =


2 1 −1
1 2 1

−1 1 2

 ,

ÙA�õ�ª´ t(t− 3)2. O���Ý
 P Úé�Ý
 D¦� D = P tAP .

). Ý
 Aü�A�� λ1 = 0Ú λ2 = 3. d§���ê­ê��,

D = diag(0, 3, 3). (5©)

Ï� A�é�z, dim(V λ2) = 2. u´,

rank(λ2E − A) = rank


1 −1 1

∗ ∗ ∗
∗ ∗ ∗

 = 1.

� V λ2 ´ x1 − x2 + x3�)�m, =

V λ2 = 〈(1, 1, 0)t, (1, 0,−1)t〉.

Ï� V = V λ1 ⊕ V λ2 � V λ1⊥V λ2, ¤± V λ1 =
(
V λ2

)⊥
. �

V λ1 = 〈(1,−1, 1)t〉.

d Gram-Schmidt��z��

V λ1 = 〈 1√
3
(1,−1, 1)t〉

Ú

V λ2 = 〈 1√
2
(1, 1, 0)t,

1√
6
(−1, 1, 2)t〉.

dd�Ñ

P =


1√
3

1√
2
− 1√

6

− 1√
3

1√
2

1√
6

1√
3

0 2√
6

 . (5©)

5. (10©) O� J5(0)
2Ú J5(0)

3� JordanIO..

). � A = J5(0)
2. K χA(t) = t5.

n1 = rank(A0) + rank(A2)− 2rank(A) = 5 + 1− 2× 3 = 0.

n2 = rank(A) + rank(A3)− 3rank(A2) = 3 + 0− 2× 1 = 1.

u´, A� JordanIO.´ diag(J3(0), J2(0)). (5©)
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� B = J5(0)
3. K χB(t) = t5.

n1 = rank(B0) + rank(B2)− 2rank(B) = 5 + 0− 2× 2 = 1.

n2 = rank(B) + rank(B3)− 2rank(B2) = 2 + 0− 0 = 2.

u´, B � JordanIO.´ diag(J2(0), J2(0), J1(0)). (5©)

6. (10©) � V ´� F þ��5�m, A ∈ L(V )�_. y²:

(i) (5©) XJ v ∈ V ´ AA��þ, K v�´ A−1�A��þ;

(ii) (5©) XJW ⊂ V ´ A-ØCf�m, KW �´ A−1-ØCf�m.

y². (i) � A(v) = λv, Ù¥ λ ∈ F . Ï� A�_, ¤± λ 6= 0. K

v = λA−1(v) =⇒ A−1(v) = λ−1v.

� v´ A−1�A��þ.

(ii) Ï� A�_, ¤± AW �´ü�. Ï� AW ∈ L(W ), ¤± AW ´÷�. � AW
´V�. � w ∈ W . K�3 v ∈ W ¦� A(v) = w. � A−1(w) = v ∈ W . u´,

W �´ A−1-ØC�.

,y. dÝ
¦_�õ�ª{��, A−1 ∈ F [A]. dd��, �3 p ∈ F [t]¦�
A−1 = p(A).

(i) � A(v) = λv, Ù¥ λ ∈ F . K

A−1(v) = p(A)(v) = p(λ)v.

� v´ A−1�A��þ.

(ii) � x ∈ W . Ï� A(x) ∈ W , ¤±

A−1(x) = p(A)(x) ∈ W.

�W �´ A−1-ØC�.

7. (10©) � V ´îª�m, v´ V �ü �þ. �

A : V −→ V

x 7→ 2(x|v)v − x
.

(i) (5©) y²: A´�5�f.

(ii) (5©) y²: AQ´é¡�fq´���f.
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y². (i) � α, β ∈ R,x,y ∈ V . K

A(αx+βy) = 2(αx+βy|v)v−(αx+βy) = α(2(x|v)v−x)+β(2(y|v)v−y) = αA(x)+β(A(y)).

u´, A´�5�f.

Ï� v´ü �þ, ¤± V k�|ü ��Ä e1 = v, e2, . . . , en. KA(e1) = e1�

A(ej) = −ej, j = 2, 3, . . . , n. � A3 e1, . . . , e2e�Ý
´

A = diag(1,−1, . . . ,−1).

(ii) Ï� Aé¡, ¤± Aé¡. Ï� AtA = E, ¤± A��. � A��.

8. (10©) � V ´� F þ��5�m, A ∈ L(V ). � p ∈ F [t] \ F ¦� A�4�õ�
ª µA(t) = pkq, Ù¥ q ∈ F [t]� gcd(p, q) = 1, y²:

(i) (5©) V = ker(pk)⊕ ker(q)� kØ�u p3 A�A�õ�ª¥�­ê,

(ii) (5©) ker
(
p(A)k−1

)
$ ker

(
p(A)k

)
= ker

(
p(A)k+1

)
.

y². (i) Ï� µA(A) = O� gcd(pk, q) = 1, ¤±ØØ©)½n%¹

V = ker(pk)⊕ ker(q).

�â Cayley-Hamilton½n, pk|χA. � p3 χA¥�­ê�u½�u k.

(ii) XJ ker(pk−1(A)) = ker(pk(A)), K(i) ¥ØØ©)%¹

V = ker(pk−1(A))⊕ ker(q(A)).

� pk−1q"z A. u´, µA = pkq|pk−1q, gñ.

Ï� µA|pk+1q, ¤±ØØ©)½n%¹

V = ker(pk+1(A))⊕ ker(q(A)).

�

dim(ker(pk+1(A))) + dim(ker(q(A))) = dim(ker(pk(A))) + dim(ker(q(A))).

u´

dim(ker(pk+1(A))) = dim(ker(pk(A))).

nþ¤ãÚ¯¢

ker
(
p(A)k−1

)
⊂ ker

(
p(A)k

)
⊂ ker

(
p(A)k+1

)
,

·�k

ker
(
p(A)k−1

)
$ ker

(
p(A)k

)
= ker

(
p(A)k+1

)
.
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9. (10©) � A,B ∈ Mn(R). y²:

(i) (5©) XJ A´��Ý
� det(A) = −1, K −1´ A�A��;

(ii) (5©) XJ A´�½Ý
�B´�é¡Ý
, K A+B´�_Ý
.

y². (i) Ï� A´��Ý
, ¤±�3��Ý
 P ¦�

P tAP = diag(N(cos(θ1), sin(θ1)), . . . , N(cos(θs), sin(θs)), 1, . . . , 1︸ ︷︷ ︸
k

,−1, . . . ,−1︸ ︷︷ ︸
`

).

u´, det(A) = (−1)`. Ï� det(A) = −1, ¤± ` > 0. � −1´ A���A��.

(ii) Ï� A�½, ¤±�3 P ∈ GLn(R)¦� P tAP = E. - C = P tBP . K C ´

�é¡�. ��3��Ý
 Q¦�

QtCQ = diag(N(0, β1), . . . , N(0, βs), 0, . . . , 0).

u´

QtP t(A+B)PQ = Qt(P tAP + P tBP )Q

= Qt(E + C)Q

= E +QtCQ

= E + diag(N(0, β1), . . . , N(0, βs), 0, . . . , 0)

= diag(N(1, β1), . . . , N(1, βs), 1, . . . , 1).

u´ det(QtP t(A+B)PQ) = (1 + β2
1) · · · (1 + β2

s ) 6= 0. � A+B �_.

,y. (i) O�

det(E+A) = det(AtA+A) = det(At+E) det(A) = − det(At+E) = − det(E+A).

u´, det(E + A) = 0 =⇒ det(−E − A) = 0. � −1´ A�A��.

(ii) b� A+B ´Ø�_�. K�3�" x ∈ F n¦� (A+B)x = 0. u´

xt(A+B)x = 0.

éþª¦=��

xt(A−B)x = 0.

dd�Ñ 2xtAx = 0 =⇒ xtAx = 0. Ï� A�½, ¤± x = 0. gñ.

10. (10©)

(i) (4©) � A ∈ Mn(R), B ∈ GLn(R). y²: XJ A�_, K ABÚ BA�q.

(ii) (4©) � A,B ∈ Mn(R). y²: ABÚ BA�A�õ�ª��.
16� �8�



2021-2022ÆcSGÆÏ ��)ÁK;^�

(iii) (2©) XJr (ii)¥�¢ê� R�¤� F , AB Ú BA�A�õ�ª´ÄE�

�, ¿`²nd.

y². (i) Ï� AB = B−1(BA)B, ¤± AB ∼s BA.

(ii)�3¢ê a > 0¦�é?¿ ε ∈ (0, a), εE+B�_. �A(εE+B) ∼s (εE+B)A.

Ï�A�õ�ª´�qØCþ, ¤±

det(tE − A(εE +B)) = det(tE − (εE +B)A).

5¿�ù��ª¥'u t�XêÑ´ ε�õ�ª. ¤±� ε = 0�þã�ªE,¤

á, =

det(tE − AB)) = det(tE −BA). 2

(iii) E,¤á. r (ii)¥ ε�¤ F [t]þ����½�. K εE + B �1�ªØ�u

". � εE + B �_. u´, r F �¤ F [ε]�©ª�, d (i)��, A(εE + B) ∼s
(εE +B)A. �

det(tE − A(εE +B)) = det(tE − (εE +B)A).

5¿�þã�ªüàÑ´'u tÚ ε�õ�ª. � ε = 0�, ·�k

det(tE − AB) = det(tE −BA).

,y(ii) Ú(iii).

�{�. �Ä©¬Ý


P =

(
E O

−A E

)
, Q =

(
tE B

tA tE

)
.

²O�, ·�k

PQ =

(
tE B

O tE − AB

)
, QP =

(
tE −BA B

O tE

)
.

d det(PQ) = det(QP )��,

tn det(λE − AB) = tn det(tE −BA).

l


det(tE − AB) = det(tE −BA).

�{n. �Ä©¬Ý


M =

(
E −A
O E

)
, P =

(
AB O

B O

)
.
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N´wÑM ∈ GL2n(F )�

M−1 =

(
E A

O E

)
.

- Q :=M−1PM ,²O�, ·���

Q =

(
O O

B BA

)
.

l
 χP = χQ,=

tn det(tE − AB) = tn det(tE −BA).

�

det(tE − AB) = det(tE −BA).

�{o. �â Sylvester�ª(�dA|7Ö1�ò1 103�1 9K) ��,

det(E + AB) = det(E +BA).

� t´� F þ��½�. rþª¥ A�¤ −1
t
A�

det

(
E − 1

t
AB

)
= det

(
E − 1

t
BA

)
.

u´,
(−1)n

tn
det (tE − AB) =

(−1)n

tn
det (tE −BA) .

dd�Ñ det (tE − AB) = det (tE −BA).
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