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1. (15©) ���

σ =

(
1 2 3 4 5 6 7 8 9 10

10 1 5 7 9 6 4 3 8 2

)
.

(i) r σ �¤pØ���Ì��È.

(ii) O� σ ��.

(iii) (½ σ �Ûó5.

). (i) σ = (1, 10, 2)(3, 5, 9, 8)(4, 7).

(ii) ord(σ) = lcm(3, 4, 2) = 12.

(iii) εσ = (−1)2+3+1 = 1. � σ ´ó��.

2. (15©)� e1, e2, e3, e4 ´ R4 �IOÄ, ε1, ε2, ε3 ´ R3 �IOÄ,�5N� φ : R4 → R3

÷v 
φ(e1) = ε1 + 4ε2 + 2ε3

φ(e2) = 3ε2 + 3ε3

φ(e3) = ε1 + 3ε2 + ε3

φ(e4) = ε1 + ε2 − ε3

O�:

(i) φ 3Ä. e1, e2, e3, e4; ε1, ε2, ε3 e�Ý
;

(ii) ker(φ) Ú im(φ) ��ê;

(iii) ker(φ) ��|ÄÚ im(φ) ��|Ä.
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). (i) d Aφ = (φ(e1), φ(e2), φ(e3), φ(e4)) �

Aφ =


1 0 1 1

4 3 3 1

2 3 1 −1

 .

(ii) O�

Aφ −→


1 0 1 1

0 3 −1 −3
0 3 −1 −3

 −→

1 0 1 1

0 3 −1 −3
0 0 0 0

 .

� rank(Aφ) = 2. u´, dim(im(φ)) = 2. déó½n��, dim(ker(φ)) = 4− 2 = 2.

(iii) Ï� dim(im(φ)) = 2 � Aφ �cü��5Ã', ¤± ~A
(1)
φ Ú

~A
(2)
φ ´ im(φ) ��|

Ä. ¦)± Aφ �XêÝ
�àg�5�§|�

x1 = −x3 − x4, Ú 3x2 = x3 + 3x4.

� ker(φ) ��|Ä´ 
−1
1
3

1

0

 ,


−1
1

0

1

 .

3. (10©) � R þ�Ý
 A =

(
0 1 1

1 0 1

)
, B =


1 0

0 1

−1 0

 . O�:

(i) AB Ú BA;

(ii) O� rank(AB) Ú rank(BA).

). (i) ��O��

AB =

(
0 1 1

1 0 1

)
1 0

0 1

−1 0

 =

(
−1 1

0 0

)

Ú

BA =


1 0

0 1

−1 0


(
0 1 1

1 0 1

)
=


0 1 1

1 0 1

0 −1 −1

 .
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(ii) w, rank(AB) = 1. 5¿�

BA −→


0 1 1

1 0 1

0 0 0

 .

� rank(BA) = 2.

4. (15©) � U ´ Rn ¥�f�m. é x,y ∈ R, XJ x− y ∈ U , K¡ x Ú y 'u U �

d, P� x ∼U y.

(i) �y: ∼U ´ Rn þ��d'X.

(ii) y²: x 'u ∼U ��da�u x+ U , =8Ü {x+ u |u ∈ U}.

y². (i) é?¿ x ∈ Rn, x − x = 0 ∈ U . � x ∼U x. g�5¤á. � x,y ∈ Rn ÷v

x ∼U y. K x− y ∈ U . � y − x ∈ U . dd��, y ∼U x. é¡5¤á. 2� z ∈ Rn ÷

v x ∼U y Ú y ∼U z. K x− y,y − z ∈ U . �

x− z = (x− y) + (y − z) ∈ U.

·��� x ∼U z. D45¤á.

(ii) � y ∈ Rn ÷v x ∼U y. K y = x + (y − x) � y − x ∈ U . � y ∈ x + U . ��, �

y ∈ x+ U . K�3 u ∈ U ¦� y = x+ u. � y − x = u ∈ U . dd��, y ∼U x. u´,

x �da´ x+ U . �

5. (10©) � m,n ∈ Z+ � gcd(m,n) = 1. y²:

(i) é?¿ k ∈ Z, ± x, y ���ê��§ mx+ ny = k k�ê);

(ii) �

S :=

{(
a

b

)
| a, b ∈ Z,ma+ nb = 0.

}
.

�ä S ´Ø´ R2 ¥�f�m, ¿`²nd.

y². (i)�â Bezout'X,�3 u, v ∈ Z, ¦� um+ vn = 1. � m(uk)+n(vk) = k. d

d��, x = uk Ú y = vk ´�ê).

(ii) Ï� v =

(
n

−m

)
∈ S �

√
2v /∈ S, ¤± S Ø´f�m. �

6. (10©) � V,W ⊂ Rn ´f�m, §��Ä.©O´ v1, . . . ,vk Ú w1, . . . ,w`.
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(i) y²: V +W ´�Ú(= V ∩W = {0}) ��=� v1, . . . ,vk,w1, . . . ,w` ´ V +W

��|Ä.

(ii) � V +W ´�Ú. O�d8Ü S = {vi +wj | i = 1, 2, . . . , k, j = 1, 2, . . . , `} )¤�
f�m��ê.

y². (i) � V ∩W = {0}. K�êúª%¹ dim(V +W ) = ` + k. Ï� V +W �d

v1, . . . ,vk,w1, . . . ,w` )¤, ¤±ù|�þ¹k V +W ���Ä.. 2d

dim(V +W ) = k + `

��,

v1, . . . ,vk,w1, . . . ,w`

7,´ V +W �Ä.

��, b� v1, . . . ,vk,w1, . . . ,w` ´ V +W ��|Ä. K dim(V +W ) = k + `. d

�êúª��, V ∩W = {0}.
(ii) 8Ü S ¥�z��þ´8Ü

T = {v1 +w1,v2 +w1, . . . ,vk +w1,w1 −w2, . . . ,w1 −w`}.

��5|Ü. ù´Ï� vi +wj = (vi +w1)− (w1 −wj), Ù¥ i = 1, . . . , k, j = 1, . . . , `.

?
, T ⊂ 〈S〉. � 〈S〉 = 〈T 〉. e¡y² T ¥��þ�5Ã'.

� α1, . . . , αk, β2, . . . , β` ∈ R ¦�

α1(v1 +w1) + · · ·+ αk(vk +w1) + β2(w1 −w2) + · · ·+ β`(w1 −w`) = 0.

K

α1v1 + . . .+ αkvk + (α1 + · · ·+ αk + β2 + · · ·+ β`)w1 − β2w2 − · · ·+ β`w` = 0.

d (i) ��, v1, . . . ,vk,w1, . . . ,w` �5Ã'. � α1 = · · · = αk = β2 = · · · = β` = 0. Ï�

T ¥�þ�5Ã'� 〈T 〉 = 〈S〉, ¤± dim(〈S〉) = k + `− 1. �

7. (10©) � A,D ∈ Mn(R), Ù¥ D ´é�Ý
�Ùé��þ���üüØÓ. y²µ

(i) rank(DA) ≥ rank(A)− 1;

(ii) XJ DA = AD, K A �´é�Ý
.
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y². (i) � D = diag(λ1, . . . , λn), Ù¥ λ1, . . . , λn ∈ R, üüØÓ. � rank(D) ≥ n − 1.

d Sylvester Ø�ª,

rank(DA) ≥ rank(A) + rank(D)− n ≥ rank(A) + n− 1− n = rank(A)− 1.

(ii) Ï�

DA =


λ1 ~A1

...

λn ~An

 Ú AD =
(
λ1 ~A

(1), . . . , λn ~A
(n)
)
.

� A = (ai,j). K DA = AD %¹ λiai,j = λjai,j,= (λi−λj)ai,j = 0. � i 6= j �, λi 6= λj.

dd�� ai,j = 0, = A ´é�Ý
.

8. (15©) � φ : Rn −→ Rn ´�5N�. y²:

(i) é?¿ k ∈ Z+, ker(φk) ⊂ ker(φk+1);

(ii) �3 ` ∈ Z+, ¦� ker(φ`) = ker(φ`+1);

(iii) XJ ker(φ`) = ker(φ`+1), Ké?¿� m ∈ Z+,

ker(φ`) = ker(φ`+m) � im(φ`) = im(φ`+m).

y². (i) � x ∈ ker(φk). K φk(x) = 0. u´, φk+1(x) = φ(φk(x)) = φ(0) = 0. �

x ∈ ker(φk+1).

(ii) b�ù�� ` Ø�3. K (i) ¥�(Ø%¹

ker(φ) $ ker(φ2) $ ker(φ3) $ · · · .

u´, ·�k�êØ�ª:

dim(ker(φ)) < dim(ker(φ2)) < dim(ker(φ3)) < · · · .

ù�é?¿ k > 0, dim(ker(φk)) ≤ n �gñ.

(iii) ky: é?¿ m ∈ Z+,

ker(φ`) = ker(φ`+m)

ém8B.�m = 1�,(Øw,. �m > 1� ker(φ`) = ker(φ`+m−1). � x ∈ ker(φ`+m).

K φ`+m(x) = 0. u´, φ`+m−1(φ(x)) = 0. � φ(x) ∈ ker(φ`+m−1). d8Bb���

φ(x) ∈ ker(φ`). � x ∈ ker(φ`+1). dd��, x ∈ ker(φ`). ·��� ker(φ`+m) ⊂ ker(φ`).

2d (i) �Ñ, ker(φ`) = ker(φ`+m).
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déó½n��, é?¿ k ∈ Z+, dim(ker(φk)) + dim(im(φk)) = n. 2d

ker(φ`) = ker(φ`+m)

��, dim(im(φ`)) = dim(im(φ`+m)).� y ∈ im(φ`+m). K�3 x ∈ Rn¦� y = φ`+m(x).

� y = φ`(φm(x)). dd��, y ∈ im(φ`). = im(φ`+m) ⊂ im(φ`). 2�âþ¡��ê�

ªíÑ im(φ`) = im(φ`+m). �
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