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2.5 ��1�ª

1�ª (determinant)3�½^�e�±ÏLL�5

�§|�XêL«T�§|). ·�3ùp?Ø��1�

ª��/. �¢Xê���


A =

a b

c d

 .

§�1�ª½Â� ad− bc, P� det(A)½ |A|.

·K 2.1 'u��ê x, y�¢Xê�5�§| ax + by = e

cx + dy = f

´(½���=�ÙXêÝ
�1�ª�". d��§

|�)�u

x =

∣∣∣∣∣∣e b

f d

∣∣∣∣∣∣∣∣∣∣∣∣a b

c d

∣∣∣∣∣∣
, y =

∣∣∣∣∣∣a e

c f

∣∣∣∣∣∣∣∣∣∣∣∣a b

c d

∣∣∣∣∣∣
.
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y². ��§|´(½�. K a, cØ��". Ø�� a 6= 0.

dpd��{�a b e

c d f

 −→
a b e

0 d− a−1cb f − a−1ce

 .

d1�ù½n 2.5 (ii)��, d−a−1cb 6= 0. u´, ad−cb 6= 0.

��, � ad− cb 6= 0. K a, cØ��". Ø�� a 6= 0.

u´, þã���L§Ú(JØC,� d− a−1cb 6= 0. d1

�ù½n 2.5 (ii)��, ��§|´(½�. d�

y =
f − a−1ce

d− a−1cb
=

∣∣∣∣∣∣a e

c f

∣∣∣∣∣∣∣∣∣∣∣∣a b

c d

∣∣∣∣∣∣
.

�\1���§�

x =

∣∣∣∣∣∣e b

f d

∣∣∣∣∣∣∣∣∣∣∣∣a b

c d

∣∣∣∣∣∣
. �

3 8Ü

��8Ü(set)´��
(k�½Ã�)äk�Ó5��
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�N�oÜ. ~X S = {1, 2, 3}´8Ü. §��±L«�

S = {x |x´�u 4���ê}.

·�±�~^�8Ü�): ��ê8 Z+, �K�ê8 N,

�ê8 Z, knê8Q, ¢ê8 RÚEê8 C�.

8Ü¥��N¡�T8Ü¥���. XJ a´8Ü S

¥���, K·�P a ∈ S; ÄKP a /∈ S. ~X: 5 ∈ Z�
1/2 /∈ Z. Ø¹?Û���8Ü¡��8, P� ∅.
� S, T ´ü�8Ü. XJ S ¥���Ñ´ T ¥��

�,K¡ S´ T �f8,P� S ⊂ T ½ S ⊆ T . XJ S ⊂ T

� S 6= T , K¡ S´ T �ýf8, P� S $ T . AO/, �

8´?Û��8Ü�ýf8.

·�kf8ó

Z+ ⊂ N ⊂ Q ⊂ R ⊂ C.

� S, T ´ü�8Ü. d S Ú T ¥���|¤�8Ü¡�

SÚ T �¿ (union), P� S ∪ T . é?¿�8Ü S, ·�k

S ∪ ∅ = S.

~ 3.1 � S = {1, 2, 3, 4}Ú T = {0, 3, 5}. K

S ∪ T = {0, 1, 2, 3, 4, 5}.

aq/, ·��±½Âõ�ÚÃ¡õ�8Ü�¿Xe, �

Λ´���I8,z�� λéA��8Ü Sλ,K¤k Sλ¥
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���|¤�8Ü¡�ù
 Sλ�¿, P�⋃
λ∈Λ

Sλ.

~ 3.2 � R+ ´¤k�¢ê�8Ü. é?¿ x ∈ R+,

Sx = (x− 1, x + 1). K⋃
x∈Q+

Sx = (−1,+∞).

� S, T ´ü�8Ü. d S Ú T ¥��Ó��|¤�

8Ü¡� SÚ T �� (intersection),P� S ∩ T . é?¿�

8Ü S, ·�k S ∩ ∅ = ∅.

~ 3.3 � S = {1, 2, 3, 4}Ú T = {0, 3, 5}. K S ∩ T = {3}.

aq/, ·��±½Âõ�ÚÃ¡õ�8Ü��Xe, �

Λ´���I8, z�� λéA��8Ü Sλ, K3¤k Sλ

¥���|¤�8Ü¡�ù
 Sλ��, P�⋂
λ∈Λ

Sλ.

~ 3.4 � R+ ´¤k�¢ê�8Ü. é?¿ x ∈ R+,

Tx = [x− 1, x + 1]. K ⋂
x∈R+

Tx = ∅.

8Ü�¿Ú�w,÷v��ÆÚ(ÜÆ.
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Ún 3.5 � S ´8Ü, �é?¿ λ ∈ Λ, Uλ�´8Ü.

(i) XJé?¿ λ ∈ Λ, Uλ ⊂ S, K ∪λ∈ΛUλ ⊂ S;

(ii) XJé?¿ λ ∈ Λ, S ⊂ Uλ, K S ⊂ ∩λ∈ΛUλ.

y². (i) � x ∈ ∪λ∈ΛUλ. K�3 λ0 ∈ Λ¦� x ∈ Sλ0. Ï
� Uλ0 ⊂ S, ¤± x ∈ S. � (i)¤á.

(ii)� x ∈ S. Ké?¿ λ ∈ Λ, x ∈ Uλ. � x ∈ ∩λ∈ΛUλ.

� (ii)¤á. �

·K 3.6 (©�Æ) � Λ´���I8, z�� λéA�

�8Ü Sλ. 2� T ´��8Ü. K

(i) T ∩
(⋃

λ∈Λ Sλ
)

=
⋃
λ∈Λ(T ∩ Sλ);

(ii) T ∪
(⋂

λ∈Λ Sλ
)

=
⋂
λ∈Λ(T ∪ Sλ).

y². (i) � x ∈ T ∩
(⋃

λ∈Λ Sλ
)
. K x ∈ T � x ∈

⋃
λ∈Λ Sλ.

u´, �3 λ0 ∈ Λ¦� x ∈ Sλ0. dd��, x ∈ T ∩ Sλ0.
� x ∈

⋃
λ∈Λ(T ∩ Sλ). �ó�,

T ∩

(⋃
λ∈Λ

Sλ

)
⊂
⋃
λ∈Λ

(T ∩ Sλ).

��, é?¿ λ ∈ Λ

T ∩ Sλ ⊂ T
Ún 3.5(i)

=⇒
⋃
λ∈Λ

(T ∩ Sλ) ⊂ T
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�

T ∩ Sλ ⊂ Sλ ⊂

(⋃
λ∈Λ

Sλ

)
Ún 3.5(i)

=⇒
⋃
λ∈Λ

(T ∩ Sλ) ⊂
⋃
λ∈Λ

Sλ.

2�âÚn 3.5(ii),

⋃
λ∈Λ

(T ∩ Sλ) = T ∩

(⋃
λ∈Λ

Sλ

)
.

(ii) aq. �

� SÚ T ´ü�8Ü. 8Ü S \ T d3 S¥�Ø3 T

¥���|¤. ¡�� S'u T �� (difference). ~X:

Z \ {q ∈ Q|q < 0} = N.

� S1, . . . , Sk ´��8Ü. §��(k�È(Cartisian

Product)´�8Ü

{(x1, . . . , xk) |x1 ∈ S1, . . . , xk ∈ Sk}.

P� S1 × · · · × Sk. � S1, . . . , Sk Ñ�u8Ü S �. 8Ü

S × · · · × S︸ ︷︷ ︸
k

{P� Sk. ~X��¢²¡�{P� R2.

XJ8Ü¥¹kk�õ���, KT8Ü¡�k�

8. ÄK¡��Ã�8. ék�8 S, §¥����êP

� |S|½ card(S), Ù¥ card´ cardinality� �. AO/,

|∅| = 0.
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��, ·�^8ÜØ��ó5�x�5�§|�).

� L´��¢Xê'u��ê x1, . . . , xn��5�§|.

-

sol(L) = {

α1
...

αn

 |α1, . . . , αn ∈ R¦� x1 = α1, . . . , xn = αn´ L�)}.

¡�� L�)�8Ü. K L�N��=� sol(L) 6= ∅; L(
½��=� |sol(L)| = 1. 5¿�µ� Lk n���ê�

sol(L) ⊂ Rn.

~ 3.7 �5�§| LC dO2Ý
 C

C =


2 1 2 1 1

2 1 2 4 2

6 3 6 9 5


(½. O� sol(LC).

). d1�ù~ 2.6��, ÏLé C �Ð�1C�r LC

�XêÝ
z��F.�

C −→


2 1 2 1 1

0 0 0 3 1

0 0 0 0 0

 .

u´, LC �du�§| 2x1 + x2 + 2x3 + x4 = 1

3x4 = 1.

7



u´, )� x4 = 1/3, x1 = 1/3 − (1/2)x2 − x3, Ù¥ x2, x3

´?¿¢ê. �

sol(LC) = {


1
3 −

1
2u− v
u

v

1
3

 |u, v ∈ R}. �

4 N�

4.1 ½Â!~fÚa.

½Â 4.1 � S Ú T ´ü���8Ü, f ⊂ S × T . XJé

?¿� x ∈ S, �3�� y ∈ T ¦� (x, y) ∈ f . K¡ f ´

l S � T �N� (map).

Ï~·�rl S� T �N� f P�:

f : S −→ T

x 7→ y,

Ù¥, (x, y) ∈ f . Ï� y��, ¤±·�r yP� f (x). T

N��{P� f : S −→ T .

~ 4.2 lI��3ÖÆ)�ÆÒ�éAÆ)�6¶´�

�N�. �lÆ)6¶�¦�éA�ÆÒÒØ�½´N

�, ù´Ï�k­¶��U.
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±eN�38�¬²~^�.

~ 4.3 N�

f : S −→ S

x 7→ x.

¡�8Ü S þ�ðÓN�, Ï~P� idS, Ù¥ id ´

identity� �.

� S ′´8Ü S���f8, f : S → T ´N�. K

g : S ′ −→ T

x 7→ f (x)

´l S ′� T �N�. ¡�� f 3f8 S ′þ���, ¿P

� f |S′. ��, �ÄN� h : S ′ −→ T . XJ f |S′ = h, K¡

f ´ h�*Ð. w, f ´ f |S′ �*Ð. �§�*Ð�UØ

���.

~ 4.4 � S ′´ S ���f8. ½Â

iS′ : S ′ −→ S

x 7→ x

¡� S ′� S �i\.

~ 4.5 N�

p1 : S × T −→ S

(x, y) 7→ x
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¡�l S × T � S �ÝK (projection). aq/, ·��

±½Âl S × T � T �ÝK.

½Â 4.6 �ÄN� f : S −→ T .

(i) XJé?¿ x1, x2 ∈ S � x1 6= x2, ·�Ñk

f (x1) 6= f (x2).

K¡ f ´ü� (injection).

(ii) XJé?¿ y ∈ T , �3 x ∈ S ¦� y = f (x), K¡

f ´÷� (surjection).

(iii) XJ f Q´ü�q´÷�, K¡ f ´V� (bijection).

~ 4.7 ðÓN�´V�.

�ÄN�

f : R −→ R
x 7→ x2.

§QØ´ü��Ø´÷�. � R+ = {x ∈ R|x > 0}. K
f |R+ ´ü�.

i\ i′S : S ′ −→ S ´ü�, ÝK pS : S × T −→ S ´

÷�. ¼ê cos : R −→ RØ´ü�. � cos |[0,π]´ü�.
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4.2 �8Ú��8

� f : S −→ T ´N�, � S ′ ⊂ S. 8Ü

f (S ′) = {f (x) |x ∈ S ′}

¡� S ′3 f e��8. AO/, f (S)¡� f ��8, P�

im(f ), ùp im´ image� �. N� f ´÷���=�

f (S) = T .

� T ′ ⊂ T . 8Ü

f−1(T ′) = {x ∈ S | f (x) ∈ T ′}

¡� T ′ 3 f e���8(_�8). dN��½Â��

f−1(T ) = S.

� t ∈ T . ·�¡ f−1({t})´ t'u f �n�(fibre).

·��±|^n�5£ãü�!÷�ÚV�. N� f ´ü

���=�'u f �z�n��õ¹k����, f ´÷

���=�§�z�n���, f ´V���=�§�z

�n�TÐ¹k����.

~ 4.8 � f : R −→ Rdúª f (x) = sin(x)�Ñ. K

im(f ) = [−1, 1], f ((0, π)) = (0, 1], f−1({0}) = {kπ|k ∈ Z}.

4.3 N��EÜ

� f : S −→ T Ú g : T −→ U ´ü�N�. K·��
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±½Â��#�N�

φ : S −→ U

x 7→ g(f (x)).

·�¡TN�� f Ú g �EÜ(composition), P� g ◦ f .

EÜ�±ÏLe�ãL/�/L«:

S T

U.

g◦f

f

g

·K 4.9 � f : S −→ T Ú g : T −→ U ´ü�N�.

(i) XJ f Ú gÑ´ü�, K g ◦ f �´ü�;

(ii) XJ f Ú gÑ´÷�, K g ◦ f �´÷�;

(iii) XJ f Ú gÑ´V�, K g ◦ f �´V�.

y². (i) � x, y ∈ S � x 6= y. Ï� f ´ü�, ¤±

f (x) 6= f (y). qÏ� g´ü�, ¤± g(f (x)) 6= g(f (y)). u

´, g ◦ f ´ü�.

(ii) � z ∈ U . Ï� g ´÷�, ¤±�3 y ∈ T ¦�

g(y) = z. qÏ� f ´÷�,¤±�3 x ∈ S¦� y = f (x).

u´, g ◦ f (x) = g(f (x)) = g(y) = z. � g ◦ f ´÷�.

(iii)´ (i)Ú (ii)�{üíØ. �
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� f : S −→ T Ú g : T −→ S ´ü�N�. K

g ◦ f : S −→ S Ú f ◦ g : T −→ T ´ü�k¿Â�N�.

� S 6= T �, ùü�N�ØÓ. ¯¢þ, � S = T �, ��

Æ g ◦ f = f ◦ g�Ø¤á.

~ 4.10 �

f : R −→ R
x 7→ x2

Ú
g : R −→ R

x 7→ x + 1.

Ké?¿� x ∈ R, g ◦ f (x) = g(x2) = x2 + 1. 
 f ◦ g(x) =

f (x + 1) = (x + 1)2. � g ◦ f 6= f ◦ g.

~ 4.11 � f : S −→ T ´N�. y² f ◦ idS = f Ú

idT ◦ f = f .

y². � x ∈ S. K

f ◦ idS(x) = f (idS(x)) = f (x).

� f ◦ idS = f . aq/,

idT ◦ f (x) = idT (f (x)) = f (x).

� idT ◦ f = f . �

e¡·�y²N��EÜ÷v(ÜÆ.

½n 4.12 � f : S → T , g : T → U Ú h : U → V . K

h ◦ (g ◦ f ) = (h ◦ g) ◦ f.
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y². é?¿ x ∈ S,

h ◦ (g ◦ f )(x) = h(g ◦ f (x)) = h(g(f (x))

�

(h ◦ g) ◦ f (x) = (h ◦ g)(f (x)) = h(g(f (x)).

u´, h ◦ (g ◦ f ) = (h ◦ g) ◦ f. �
N��(ÜÆ�±ÏLe���ã/�/L«.

S T

U V.

g◦f

f

h◦g
g

h

=ÏLùÚ�ÞÚ7Ú�Þr S ¥����N� V ¥Ó

����. ?
, ·��±rn�¼ê f, g, h�EÜ�¤

h ◦ g ◦ f . ù�{Ñ��{�·Üõ�¼ê�EÜ.~Xé

N� φ : S −→ SÚ k ∈ Z+,

φk := φ ◦ · · · ◦ φ︸ ︷︷ ︸
k

.

d	, φ0 := idS.

4.4 N��_

½Â 4.13 � f : S −→ T ´N�. XJ�3N� g :

T −→ S ¦� g ◦ f = idS � f ◦ g = idT , K¡ f ´�_N

�, g¡� f ���_N�.
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·K 4.14 N� f : S −→ T �_��=� f ´V�.

y². � f �_� g´ f ���_N�. é?¿ x, y ∈ S
� x 6= y. ·�k

g(f (x)) = (g ◦ f )(x) = idS(x) = x.

Ón g(f (y)) = y. Ï� x 6= y, ¤± f (x) 6= f (y). � f ´ü

�. 2� z ∈ T . - x = g(z). K

f (x) = f (g(z)) = (f ◦ g)(z) = idT (z) = z.

u´, f ´÷�. nþ¤ã, f ´V�.

��, � f ´V�. Kéu?¿ t ∈ T �3���

st ∈ S¦� f (st) = t. ½Â

g : T −→ S

t 7→ st.

Ké?¿ t ∈ T , f ◦g(t) = f (g(t)) = f (st) = t. � f ◦g=idT .

é?¿ x ∈ S, - t = f (x). K x = st. ·�O�:

g ◦ f (x) = g(t) = st = x.

� g ◦ f = idS. �

·K 4.15 �N� f : S −→ T �_, K§�_N���.
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y². � g, h´ f �ü�_N�. K g ◦ f = idS. u´,

(g ◦ f ) ◦ h = idS ◦ h = h. �âN��(ÜÆ,

h = g ◦ (f ◦ h) = g ◦ idT = g. �

�N� f : S −→ T �_. K§�_P� f−1.

·K 4.16 (i) �N� f : S → T �_. K f−1 : T → S

��_�

(f−1)−1 = f.

(ii) (B�ø�5K) �N� f : S −→ T , g : T −→ U Ñ

�_. K g ◦ f ��_�

(g ◦ f )−1 = f−1 ◦ g−1.

y². (i) Ï� f ◦ f−1 = idT � f−1 ◦ f = idS, ¤± f−1�

_�Ù_�u f .

(ii) d (i)�� f−1 : T −→ S Ú g−1 : U −→ T �3.

- h = f−1 ◦ g−1. §´l U � S �N�. �â(ÜÆ, ·

�k

h ◦ (g ◦ f ) = (f−1 ◦ g−1) ◦ (g ◦ f ) = f−1 ◦ (g−1 ◦ g) ◦ f

= f−1 ◦ idT ◦ f = f−1 ◦ (idT ◦ f ) = f−1 ◦ f = idS.

aq/,

(g ◦ f ) ◦ h = (g ◦ f ) ◦ (f−1 ◦ g−1) = g ◦ (f ◦ f−1) ◦ g−1

= g ◦ idT ◦ g−1 = g ◦ (idT ◦ g−1) = g ◦ g−1 = idU .
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(Ø¤á. �

~ 4.17 � f : R −→ Rdúª f (x) = sin(x)�Ñ. K

g : [−π
2 ,

π
2 ] −→ [−1, 1]

x 7→ f (x).

K g´V�. Ù_N�´ arcsin(x).

4.5 8Ü�³

� SÚ T ´ü���8Ü. XJ�3V� f : S → T ,

K¡ SÚ T ´�³�,P� card(S) = card(T ). d	,�8

�³½Â�". w,, XJ S´k�8§K T Ú S�³�

�=�§�����ê�Ó. � Z+�³�8Ü¡��ê

8. 8ÜØ¥k±e(Ø.

(i) �ê8�Ã�f8�½´�ê�.

(ii) knê8Q´�ê�.

(iii) ¢ê8 R´Ø�ê�.

(iv) � S´8Ü, P(S)´¤k S�f8�¤�8Ü.K S

� P(S)Ø�³.

·�ÆS��5�ê��9�k�8ÚÃ�8, Ø�9�

Ã�8�³.
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5 �d'XÚS'X

5.1 ��'X

½Â 5.1 � S ´����8Ü, R´ S × S �f8. ·

�¡ R¡� Sþ�����'X. XJ (a, b) ∈ R, K¡ a

Ú bk'X R, ¿P� aRb.

~ 5.2 � R = {(x, x) |x ∈ S}. Ké?¿ a, b ∈ S, aRb�

�=� a = b. �ó�, R´ S ¥��u'X.

~ 5.3 � L´ R2¥¤k���8Ü. �

C = {(`1, `2) ∈ L2 | `1, `2kú�:}.

��'X C �Lü����½­Ü. � P = L2 \ C. K

`1P`2�L `1� `2²1�Ø­Ü.

~ 5.4 � R = {(x, y) ∈ R2 |x ≤ y}. K RÒ´¢ê8þ

� ≤'X.

5.2 �d'X

½Â 5.5 � S ´��8Ü, ∼´ S þ���'X. XJ

(i) é?¿ x ∈ S, x ∼ x (g�5),

(ii) � x, y ∈ S � x ∼ y, K y ∼ x (é¡5),

18



(iii) � x, y, z ∈ S, x ∼ y� y ∼ z, K x ∼ z (D45),

K¡ ∼´�d'X.

~ 5.6 ~ 5.2¥��u´�d'X. � T ´ R2¥¤kn

�/�8Ü. Kn�/��Ú�qÑ´�d'X.

~ 5.3¥�'X C Ø÷vD45, 'X P Ø÷vg�5,

~ 5.4¥�'X≤Ø÷vé¡5. �§�ÑØ´�d'X.

~ 5.7 � S ´¥'~¥Æ¤kÆ)�8Ü, ∼c´T8Ü
þÓ�ÓÆ'X. T'X´�d'X.

�x ∈ ZÚm ∈ Z+. K�3���ê q, r∈{0, 1, . . . ,m−1}
¦�

x = qm + r.

·�5�y��5. 2� x = um + v, Ù¥ u ∈ Z Ú
v ∈ {0, 1, . . . ,m− 1}. Ø�� v ≥ r. K (q − u)m = v − r.
Ï� m > v − r, ¤± v = r. dd�Ñ q = u. ·�¡ r

´ x'u m�{ê, q ´ x'u m�û. §�©OP�

rem(x,m)Ú quo(x,m).

XJ�3 k ∈ Z¦� x = km, K¡ m�Ø x. P�

m | x.

½Â 5.8 � m ∈ Z+. � x, y ∈ Z. ·�¡ xÚ y 'u m

Ó{, XJm | (x− y). P� x ≡m y½ x ≡ y mod m.
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e¡·�5�y≡m´�d'X.

• (g�5.)é?¿ x ∈ Z, m|(x− x), u´, x ≡m x.

• (é¡5.) � x, y ∈ Z� x ≡m y. K�3 a ∈ Z¦�
(x− y) = am. K y − x = (−a)m. �m | (y − x). ·

��� y ≡m x.

• (D45.) � x, y, z ∈ Z÷v x ≡m yÚ y ≡m z. K

�3 a, b ∈ Z¦� x − y = amÚ y − z = bm. u´,

x− z=(a + b)m. � x ≡m z.

�y�..
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